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Preface 

THE present work is the translation of a volume published in 
German by Theodor Steinkopff about a year ago. 1 Atomic 

Spedra and Atomic Structure constitutes the first part of a more 
comprehensive course on atomic and molecular spectra. which 
the author has prepared and given recently. 

Though in the past few years several excellent accounts have 
been written on the subject of atomic spectra ( cf. bibliography), 
thtire is still a need for an elementary introduction that is espe­
cially adapted to the beginner in this field and also to those who 
require a certain knowledge of the subject because of its appli­
cations in other fields. 

For these two groups of readers the discussion of too many 
details and special cases does not seem desirable, since it is likely 
to obscure !he fundamentally important points. Conseq·uently, 
in this book the main stress is la.id on the basic principles of the 
subject. Great pains have been taken to explain them as clearly 
as possible. To this end numerous diagrams and spectrograms 
are given as illustrations. Always the experimental results serve 
as the starting point of the theoretical considerations. Compli­
cated mathematical developments have been avoided. Instead, 
the results of such calculations have been accepted without proof, 
reference being given to sources where proof can be found. 
Throughout the work an effort has been made to emphasize the 
physical significance of the theoretical deductions. 



vi Preface 

Rather liberal use.has been made of small type in the printing 
of certain portions of the text. These, together with. the fv0t­
notes, contain theoretical explanations and details that may very 
well be omitted in a first reading without interfering with an 
understanding of the fundamental points. Throughout the book, 
in making this distinction between small and ordinary type, the 
author has kept in mind the needs of those readers who wish to 
obtain a thorough knowledge of only the more important prin­
ciples. The part printed in ordinary type is self-sufficient and_ 
adequate for that purpose. 

In view of the applications, particula-:rly to the study of molec­
ular spectra and molecular structure, some points have been more 
extensively treated than others that might appear more impor­
tant from the point of view of atomic spectra alone. In general, 
completeness has not been attempted except in Tables 17 and 
18, which give, respectively, nuclear spin values and ionization 
potentials. In these tables, results published up to the begin­
ning of the present year have been considered. 

A discussion of X-ray spectra has been omitted, as one can be 
found in almost any advanced physics text. 

Naturally in the course of the translation the author has used 
every opportunity to improve the original German presentation. 
It is believed that in many instances the explanations have been 
clarified. Also, certain recent findings have been added. 

The author is greatly indebted to Dr. J. W. T. Spinks for his 
willingness to undertake the translation and for his prompt and 
careful work in carrying it out. He also owes many thanks to 
Dr. R. N. H. Haslam, who was kind enough to read the entire 
proof and made numerous and valuable suggestions for improving 
the presentation. Finally, the author wishes to express his appre­
ciation to Dr. E. U. Condon, Editor of ' the PRENTICE-HALL 
PHYsxcs SERIES, and the staff of Prentice-Hall, Inc., for their 
helpful co-operation during the publication of this volume. 

G.H. 
1 G. Herzberg, Atomspektren und Atomstruktur (Dresden, 1936). 
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Introduction 

DURING the last few decades the investigation of atomic 
and molecular spectra has had a decisive influence on 

the development of our present ideas of atomic and molec­
ular st1:ucture. This investigation has shown above all 
that only certain discrete energy states are possible for an 
atom or molecule. The investigation of atomic spectra in 
particular, with which we shall occupy ourselves in this 
book, has given us information about the arrangement and 
motion (angular momenta) of the electrons in an atom. 
Furthermore, it has led to the discovery of electron spin and 
to a theoretical understanding of the periodic system of the 
elements. The data on the fundamental properties of 
different atoms obtained by means of spectra form a basis 
for an understanding of m~lecule formation and the chem­
ical and physical properties of the elements. 

In this book we shall be concerned exclusively with 
optical line spectra in the restricted sense of the term-that 
is, with atomic spectra in the region from 40 A to the far 
infrared, and not with X-ray spectra, which extend from 
approximately IOOA to lower wave lengths. The essential 
difference between optical line spectra and X-ray spectra is 
that the former correspond to energy changes of the outer 
electrons of an atom, and the latter to energy changes of the 
inner electrons. 

Observation of spectra. The separ'ation of light into its 
spectral components can be accomplished either by refrac­
tion or diffraction·. Both phenomena depend upon the wave 
iength, but in opposite ways: the greater the wave length, 
the greater is the diffraction of light; but the greater the 
wave length, the smaller is the refraction of light. For the 
separation of light by diffraction, gratings are used; for 
separation by refraction, prisms. Both methods may be 

1 
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Introduction 

employed except in the region below 1250 A, where a grating 
is necessary. The prism method has the advantage oi 
greater light intensity, whereas the grating method gener­
ally affords greater resolving power.1 The construction and 
use of spectroscopes and spectrographs will not be dealt 
with here. Information on these topics is given in bibli­
ography references at the end of this book: (la), (2a), (3), 
(4), (11), (14). 

Spectra in the far infrared can be investigated only with 
thermopiles or bolometers; however, below 13,000A. photo­
graphic plates are generally used. By using a photographic 
plate a large region of the spectrum may be obtained at one 
time. 

Lenses, prisms, and windows of glass can be used only in 
the region from 3µ to 3600A. At lower wave lengths, glass 
absorbs light almost completely and this necessitates the 
use of quartz or fluorite. Quartz begins to absorb ap­
preciably at 1800A, and therefore fluorite must be used 
below this wave length. Fluorite itself begins to absorb 
strongly at 1250A, so that below this wave length only 
reflection gratings can be used, with complete exclusion of 
lenses and windows.2 Since air absorbs strongly at 1900A, 
the whole spectrograph must be evacuated for photographs 
below this wave length. Also, in this region the gelatin on 
the photographic plates absorbs, and makes necessary the 
use of specially prepared plates.3 

Light sources. There are many possibilities for the pro­
duction of light for spectroscopic investigations. The 
principal ones are temperature radiation and all kinds of 
luminescence-electroluminescence, chemiluminescence, and 
fluorescence. 

In temperature radiation of gases, the atoms or molecules 
are excited to light emission by collision with other atoms or 

1 Shortly before the short wave-length limit of transmission, a prism can 
in some cares provide a greater resolving power than a grating. 

2 Melvin (40) has recently found that LiF transmits down to 1080 A. 
• These difficulties disappear for the very penetrating X-rays below 4 A. 
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m!.llecules, t he necessary energy being derived from the 
linetic energy of the colliding particles. Therefore a high 
temperature is required. Such emission occurs, for ex­
ample, in flames, although it is then of ten mixed with 
chemiluminescence. Excitation of gases by high tempera-­
ture alone is obtained, however, in any electric furnace of 
sufficiently high temperature-for example, in the King 
furnace. 

Luminescence includes all forms of light emission in which 
kinetic heat energy is not essential for the mechanism of 
excitation. Electroluminescence includes luminescence from 
all kinds of electrical discharges-such as sparks, arcs, or 
Geissler tubes of different kinds operating on direct or alter­
nating current of low or high frequency. Excitation in 
these cases results mostly from electron or ion collision; that 
is, the kinetic energy of electrons or ions accelerated in an 
electric field is given up to the atoms or molecules of the gas 
present and causes light emission. Chemiluminescence re­
sults when energy set free in.a chemical reaction is converted 
to light energy (see Chapter VI). The light from many 
chemical reactions (for example, Na + Clz) and from many 
flames is of this type. Photoluminescence, or fluorescence, 
results from excitation by absorption of light (for example, 
in fluorescein, iodine vapor, sodium vapor, and so on). The 
term phosphorescence is usually applied to luminescence 
which continues after excitation by one of the above 
methods has ceased. 

Emission and absorption. By any of the foregoing 
methods, characteristic emission spectra can be obtained for 
each substance. They usually vary for a given substance 
according to the mode of excitation. 4 

To obtain the absorption spectrum of a substance, light 
with a continuous spectrum (as that from a filament lamp) 
is passed through an absorbing layer of the substance being 

• Conversely, conclusions as to the mode of excitation may be drawn from 
the kind of spectrum observed. 

7 
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investigated and is then analyzed with a spectrograph. Ve 
obtain light lines (absorption lines) or bands on a dark 
background on the photographic plate.5 (See Fig. 2.) 
The intensity of the absorption can be altered by varying 
the thickness of the absorbing layer, or, in the case of gases, 
by changing the pressure. 

Examples. Examples of simple and complicated optical 
line spectra are given in Figs. 1, 2, 3, 4, 5, 6. In the spectra 
of H, Na, and Mg (Figs. 1-4), regularities are immediately 
apparent, whereas with Hg and Fe such regularities are not 
easily recognizable. Actually, both the complicated and 
the simple spectra consist of series of lines, or series of line 
groups (cf. the figures), whose separation and intensity de­
crease regularly toward shorter wave lengths. When the 
number of these series is large, a complicated spectrum 
results. Two such series are indicated in the Hg spectrum 
(Fig. 5). Fig. 7 shows a typical example of a band spectrum 
(PN) for comparison with the line spectra. It obviously 
shows a completely different type of regularity. This 
difference led quite early to the assumption that line spectra 
are emitted or absorbed b·y atoms, band spectra by molecules. 
This assumption has in the course of time been completely 
justified, notably by the fact that with it all the details of 
a spectrum can be explained satisfactorily. It has also been 
independently verified by the experiments of W. Wien on 
canal rays, and by the determination of line width, which, 
as a result of the Doppler effect, depends on mass. 

Spectral analysis. As already stated, each chemical 
element gives rise to a characteristic line spectrum by 
suitable excitation (flame, arc, spark, electric discharge) . 
Converseiy, the appearance of a line spectrum can be used 
as an analytical test for the presence of an element-a test 
which has the advantage that extraordinarily small amounts 
of an element can be detected. This method of analysis, 

6 Obviously, the reverse holds for visual observation--<lark lines appear on 
a light background. 
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called spectral analysis, has recently been considerably de­
veloped [see bibliography: (15), (16), (17), (18), (19)], but 
the results will not be discussed here. Rather, we shall 
c-oncern ourselYes with the structure of atomic spectra and 
the conclusions which can be drawn regarding atomic 
struc· turc. However, a knowledge of t he structure of the 
spectrum is of some importance to the spectro-analyst, 
particularly in the choice of suitable lines for spectro­
analytical tests. 

Units. In the infrared, wave lengths are usually meas­
ured in terms ofµ: lµ = 10-3 mm. In the ordinary optical 
region, wave lengths are measured in Angstrom units: 
lA = 10- M cm. For wave lengths above 2000A, the value 
in air under standard conditions, Aair 6 is generally used, 
while Avnc is usually employed for wave lengths below 2000A 
since these wave lengths are almost always measured with 
a vacuum spectrograph. 

For the purpose of investigating regularities in spectra 
and their connection with atomic structure, it is very helpful 
to use, instead of the wave length of a given line, the fre­
quency or a value that is proportional to the frequency. 
The frequency (number of vibrations per second) is: 

, Cnir Cvac 
JI=-=->..,.;. hvac 

where c is the velocity of light. That is, 11
1 is usually a very 

large number. (For >-no = 1000A, v' = 3 X 1015.) Be- • 
cause of this and also because the accuracy of >- sometimes 
is markedly greater than that of c, wave numbers are gener­
ally used in spectroscopy: 

v' 1 1 
11=-·-=-=--

Cvac hvac n.,;rhnir 

• When n h; the rerractive index or air for the wave length concerned, 

, . _ >-vnc 
/\a.tr -

n 

Therefore >-air is somewhat.smaller than >- voe-



Introduction 9 

where nair is the refractive index for the wave length 
considered. The value v is simply the reciprocal of the 
wave length in vacuo-that is, the number of waves in 
1 cm. in vacuo. (Dimensions, cm-1 ; for Avae = 1000 A, 
vvac = 100,000 cm-1. ) In order to obtain the vacuum wave 
number, we must first convert the wave length in air to the 
wave length in vacuo by multiplying by nair, and then 
take the reciprocal value. This computation is much 
simplified by using such tables as the Kayser Tabelle der 
Schwingungszahlen (21). 

As will be further explained in Chapter I, the frequency 
v' and the energy E of a light quantum are related by the 
fundamental equation E = hv', where his Planck's constant 
(h = 6,624 X 10-27 erg sec.). The frequency or the wave 
number can therefore serve as a measure of the energy. 
When a single atom or molecule emits light of wave number 
v, the emitted light quantum has an energy E = hv' = hcv. 
Therefore 1 cm-1 is equivalent to 1.9858 X 10-16 ergs- per 
molecule. If we consider the elementary act for one mol 
instead of a single atom or molecule, we .must multiply by 
the number of molecules in one mol, N = 6.0228 X 1023• 

Then 1 cm-1 is equivalent to 11.960 X 10; ergs per mo!, or 
2.8575 cal. per mol. using the chemical atomic wei6ht scale. 

Finally we must mention the electron-volt, which is very 
widely used in atomic physics. One electron-volt is the 
entirgy of an electron which has been accelerated through a 
potential of 1 volt. 7 The kinetic energy acquired by an 
electron of charge e falling through a potential V (in 
electrostatic units) is e V ergs. With e = 4.8025 X 10-10 

electrostatic units and one volt = 1/299. 776 electrostatic 
uniti-, it follows that one electron-volt is equivalent to 
1.6020 X 10- 12 ergs per molecule, which corresponds to 
8067.5 cm-• or 23,053 cal. per mo!. All these con\'e·r~ion 
factors are collected together in Table I. 

7 The volt usc<l hel'e is the absolute volt, which differs slightly frcm the in­
ternational: l voltint = l.00034 voltabs, 
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TABLE 1 

C'OXVERSTO:\' FACTORS OF EXERGY UXITS 

l·nit rm- • erl!R/molf'r11le ral. /mol,11,,., electron-volts 

I ern-1 .. • • . •• . 1 1.9858 x10-1e 2.8575 1.2395, 
I erg/mole<·11le . 5.0358 X 10" l 1.-1390 X 10" 6.2421 X 1011 

I ral. /mol,.1,,,., . . 0.34996 6.9494 X 10- 11 1 4.3379 X 10-s 
I ele<"trun-volt . 8067.5 1.60203 X 10- 12 23053 1 

The values for e, h, N and c are taken from Birge (14-1). 
These values differ rather considerably from those used in the 
original printing of this book; but they are only insignificantly 
different from those used in the author's Molecular Spectra and 
l\lolecular Structure I: Diatomic Molecules. 



CHAPTER I 

The Simplest Line Spectra and the Elements 
of Atomic Theory · 

1. The Empirical Hydrogen Terms 

The Balmer series and the Balmer formula. The 
simplest line spectrum is that of the H atom, which is itself 
the simplest atom (see Fig. 1). This spectrum consists, in 
the visible and near ultraviolet, of a series of lines whose 
separation and intensity decrease in a perfectly regular 
manner toward shorter wave lengths. Similar series are 
emitted by the alkali atoms, though in greater number and 
overlapping one another (see Fig. 3). The spectra of all the 
other elements likewise consist of such series, which, how­
ever, on account of much overlapping, are not always so 
easily recognizable. 

The apparent regularity of the so-called hydrogen series 
was first mathematically formulated by Balmer. He found 
that the wave lengths of the lines could be represented 
accurately by the formula: 

2 
>. = n1 G 

n12 - 4 

where n1 = 3, 4, 5, · · ·, and G is a constant. The equation 
is now generally written in the form: 

v=R(.!_ _ _!__) 
22 ni2 

where v is the wave number of the line (see Introduction, 
p. 8). In this equation a single constant R, the Rydberg 
com,tant, appears and has the value 109,677.581 cm-1 

( = 1:-3.595 voltR) .1 In spite of the simplicity of the formula, 
extraordinarily close agreement is obtained between experi-

1 Cf. lli1 ge (145). 
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mental and calculated values, th~ 
agreement being within the limits 
of spectroscopic accuracy (1 : 107

), 

Other hydrogen series. W h en 
the number 2 in the Balmer formula 
is replaced by n2 = 1, 3, 4, 5, · · ·, 
and n1 is allowed to take the values 
2, 3, · · · ; 4, 5, · · · ; 5, 6, · · · ; 6, 
7, · · ·, respectively, other series of 
wave numbers or wave lengths are 
obtained. The spectral lines of H 
corresponding to these series have 
actually been observed and are found 
to have exactly the predicted wave 
lengths. The first series (n2 = I) 
was discovered by Lyman in the far 
ultraviolet; the others, in the infra­
red, by Paschen (n2 = 3), Brackett 
(n2 = 4), and Pfund (n2 = 5). 

All these line series of the H atom 
can be represented by one formula: 

R R 
v = - - - (I, 1) 

n22 n12 

where n2 and n1 > n2 are integers, 
and n2 is constant for a given series. 
With increasing values of the order 
number n1, v approaches a limit 
v .. = R/ni2. That is, the separation 
of consecutive members of a given 
series decreases so that v cannot 
exceed a fixed limit, the series limit. 
In principle, an infinite number of 
lines lie at the series limit. 

Fig. 8 gives a schematic represen­
tation of the complete H spectrum. 

Representation of spectral lines 
by terms. According to formula 
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(I, 1) the waYe number of any line of the H-atom spec­
trum is the differenre between two members of the series, 
T(n) = R/n2, having different values of n . These: mem­
bers are called terms. The lines of other elements also 
can be represented as the diJ!erence betwelfn two such terms. 
This conclusion follows empirically from the fact that they 
likewise form series. Therefore, quite generally the for­
mula for the wave number of a line is: 

II = T2 - T1 (I, 2) 

However, the term T usually has a somewhat more com­
plicated form than that for the H spectrum. In addition, 
the first and second members of the formula are obtained 
from different term series (see below). 

The converse of the fact that each spectral line can be 
represented as the difference between two terms is embodied 
in the Rydberg-Ritz combination principle, which states that, 
with certain limitations, the difference between any two 
terms of an atom gives the wave number of a spectral line 
of the atom. For example, the difference between T(4) 
and T(lO) for hydrogen gives the sixth line of the Brackett 
series. 

2. The Bohr Theory of Balmer Terms 

The fundamental relation between the terms of an atom 
and its structure was first recognized by Bohr. Even 
though the Bohr theory is now extended and altered in some 
essential respects by the new wave or quantum mechanics, 
we must deal with it briefly at, this point, since a knowledge 
of this theory considerably simplifies an understanding of 
modern theories. In fact, a number of phenomena in spec­
troscopy can be dealt with by using the Bohr theory alone. 

Basic assumptions. ...\.crording to the Rutherford-Bohr 
theory, the atom consists of a heavy nucleus with a charge 
Ze, about which Z electrons rotate. (Z = the ordinal 
number in the periodic system of the elements-that is, the 
atomic number.) In order to explain the characteristic 
light emission by atoms, Bohr proposed two basic assump­
tions. (1) Of the infinite number of orbits of an electron 
about an atomic nucleus, which are possible according to 
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classical mechanics, only certain discrete orbits actually 
occur. These fulfill certain quantum conditions. Further­
more, in contradiction to the classical Maxwell theory, the 
electron, in spite of accelerated motion, emits no electro­
magnetic waves (light) while in one of these discrete orbits. 
(2) Radiation is emitted or absorbed by a transition of the 
el,ectron from one quantum state to another-by a quantum 
jump-the energy difference between the two states being 
emitted or absorbed as a light quantum of energy hv' 
(h = Planck's constant, 11' = frequency). The light quan­
tum is emitted when the atom goes from a state of higher 
energy to one of lower energy, and is absorbed in the 
converse case (conservation of energy). The relation 
hv' = En1 - En1 therefore holds, En1 and E,.

1 
being the 

energies of the upper and lower states, respectively. This 
relation is the Bohr frequency condition. The index n of E 
distinguishes the different orbits and their energy values 
from one another. 

The wave number of the emitted or absorbed light is 
obtained from the frequency condition: 

.,, E,., E... (I 3) 
"= c = h·c - h·~ ' 

From the similarity between equations (I, 2) and (I, 3)­
in both cases II is the difference between two quantities 
which can take only discrete values, that is, which can be 
numbered by integers- we see that, apart from a factor, the 
terms of equations (I, 1) and (I, 2) are equal to the energies 
of the quantum states. The E values contain an arbitrary 
additive constant. If we take the additive constant so that 
E = 0 when the electron is completely removed from the 
nucleus, the energy values of the different quantum states 
will be negative, since, by the return of an electron to such 
a state, energy will be liberated. (A positively charged 
nucleus attracts electrons.) The terms in (I, 1) and (I, 2) 
are positive quantities (for hydrogen, T = R /n2) . Therefore 
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Here - E = W is the work that must be done in order to 
remove an electron from a given orbit to infinity (separation 
energy). Apart from the factor he, the terms are therefore 
equal to the separation energies of the electron in the given 
states. For the lowest state of the atom, the ground state, 
the separation energy is called the ionization energy, or the 
ionization potential, which accordingly is equal to the largest 
term value of the atom. Similarly, apart from the factor 
he, the term dijf erences are equal to the energy differences 
of the given atomic states. 

This connection between term values and energies is 
shown ·experimentally in the work of Franck and Hertz. 
They observed that, when collisions between electrons and 
atoms take place, an inelastic collision-that is, an energy 
transfer from the electron to the atom-can occur when, and 
only when, the kinetic energy of the electron is greater than 
that calculated from the term difference for the transition of 
the atom from the ground state into an excited state. The 
amount of energy lost by the electron is exactly equal to the 
excitation energy of the atom as c.alculated from the spec­
trum. Furthermore, after such a collision, there can be 
observed the emission of a spectral line corresponding to the 
transition from the excited state to the ground state. [Cf. 
Geiger-Scheel (le).] 

Electron orbits in the field of a nucleus with charge Ze. 
T"..king first the simplest case, in which the orbits are circles 
of radius r, we apply Newton's fundamental law: force 
= mass X acceleration. Here the force is Coulomb's at­
traction Z e2 /r2

; the acceleration is the centripetal accelera­
tion v2/r. Hence 

Ze2 mv2 or Ze2 
r=­mv2 

(I, 4) 

where m and v are, respectively, the mass and the velocity 
of the electron. Thus far we have applied only classical 
mechanics, which leads to the conclusion that every value 
of r is possible, depending on the value of v. 
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According to Bohr (see earlier text), only certain orbits 
actually do occur and these are selected by the postulate that 
the angular momentum m11r is an integral 111ulti7,le of 1, /21r; 
that is, 

h mvr = n-, 
2r. 

where n = l, 2, 3, · · · (I, 5) 

This is an assumption which cannot be further justified. 
Here n is called the principal quantum number. ior a 
given value of n, the values of r and v are now unambigu­
ously fixed by equations (I, 4) and (I, 5). For r, we obtain: 

h2 
r = n2

---41r2me2Z (I, 6) 

It is apparent that the radii of the possible orbits are pro­
portional to n2• 

In Fig. 9, for the case of hydrogen (Z = 1), the first few 
orbits from n = 1 to n = 4 are drawn to scale. For the 

smallest possible orbit; 
t hat is, with n = 1: 

0 2 4 6 8 10x10·8cm. 

Fig. 9. Circular Bohr Orbits for the H 
Ato.m (n = 1 to n = 4) . 

h2 
r = -4 2 2 = an = 0.529A 

1r me 

This radius is of the 
same order of magnitude 
as the radius of the atom 
given by kinetic theory. 

There are three refine­
ments of this simplified 
theory. 

(1) In reality the 
electron revolves, not 

about the nucleus itself, but about the common center of 
gratrity; also, the nucleus revolves about that center. 
Therefore the mass of the nucleus enters into the equations. 
It may be shown [cf. Sommerfeld (5a)] that equation (I, 6) 
still holds if mis replaced by the so-called reduced mass: 
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where M is the mass of the nucleus. Here µ is approxi­
mately equal to m because M/(m + M) is very nearly 
equal to 1. (m = 9.1066 X 10-23 gm. and, for hydrogen, 
M = 1.6725 X 10-24 gm.) 

(2) In general, not only circular orbits but also elliptical 
orbits are possible (compare above). Evidently the one 
condition mentioned above is not sufficient to fix unam­
biguJ°llsly both axes of the ellipse. Therefore Sommerfeld 
introduced a new and more general postulate than the 
original one of Bohr-namely, for the stationary states 
the so-called action integral § p; dqi extended over one 
period of the motion must be an integral multiple of h. 

f p; dq; = n;h (I , 7) 

Here ni is a whole number, p,. any generalized 2 momentum 
which depends on the corresponding co-ordinate q;. This 
postulate implies the previous one: If dqi = dcp where cp is 
the angle of rotation, then p,. = p "' the angular momentum 
of the system. According to classical mechanics, the 
angular momentum of any isolated system is a constant . 
Therefore 

f P" dip = P9 J:2.- dip = 2,rp., = n"h; n., = 1, 2, 3, · · · (I , 8) 

that is, as before, the angular momentum is an integral 
multiple of h/21r. However, for an ellipse, r is not constant 
and therefore we have from (I, 7) an additional condition: 

f p, dr = n,· h; n, = 0, 1, 2, · · · (I , 9) 

where p, is the linear momentum in the direction of r . 
Here n, is called the radial quantum number; n", which will 
henceforth be replaced by k, is called the azimuthal quantum 
number. Just as previously by (I, 5) the continuous range 
of r values was reduced to (I, 6), now, by conditions (I, 8) 
and (I , 9), the possible values of the major and minor axes 

2 This term is not defined here because it is not particularly essential for the 
following considerations. For a complete explanation, the reader is referred to 
the texts on advanced dynamics. 
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of the elliptical orbits are reduced to the following [cf. 
(5a), (10)]: 

h2 n2 au 
a = -- · - = - · n 2 

41r2µe2 Z Z 

b = _!!__ . nk = aH . nk (I ) 
41r2µe2 z z ' 10 

where the principal quantum number n is now defined as 
n = k + nr. Herek may take-the values 1, 2, · · · n (k = 0 
was considered impossible in this theory since for zero 
angular momentum the electron would have to traverse the 
nucleus). Consequently n ~ k. For n = k, a = b; in 
other words, we have the circular orbits discussed in con­
nection with Fig. 9 (with the same l!leaning for n). From 
relation (I, 10) it follows that a/b = n/k. The principal 
quantum number n is thus a measure of the major axis of the 
elliptical orbit, whereas the azimuthal quantum number is a 

k=3 
Courte8l/ J. Springer, Publisher. 

Fig. 10. Elliptical Bohr-Sommerfeld Orbits for the H Atom with k = 1, 
2, and 3 [from Grotrian (8) ]. The positiv~ nuc]eus is at the foc1:1s O of t~e 
ellipse. The energy difference between orbits with equal n but different k 1B 

very small. The smallest value of n for a given k is n = k. Same scale as 
in Fip:. 9. 
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measure of the minor axis. On the other hand, according to 
(I, 8), k( = n") gives the angular momentum of the atom in 
the specified state in units h/21r. Fig. 10 shows the elliptical 
orbits (drawn to scale) for hydrogen, with various n values, 
fork = 1, 2, and 3. 

(3) Sommerfeld also applied relativistic mechanics to the 
motion of the electron. He found that the orbit is an 
ellipse, the axis of which rotates uniformly and slowly about 
the center of gravity (rosette motion) instead of remaining 
stationary. 

Energy of Bohr's orbits (Balmer terms). For circular 
orbits, the total energy is: 

E . I + k' . ze2 + 1 2 = potent1a energy met1c energy = - r 2mv 

Using formula (I, 4), we obtain: 

E = _ Ze2 + Ze2 = _ .Ze2 
r 2r 2r 

This equation holds also when the motion of the nucleus is 
considered. Substituting from (I, 6) the value for r and 
using µ instead of m, we obtain: 

E = - 2-rµe4 • Z2 (I, 11) 
n h2 nt 

The same expression is obtained for the energy of the 
elliptical orbits [cf. Sommerfeld (5a)]. Thus the energy 
does not depend on the azimuthal quantum number k-that 
is, on the minor axis of the ellipse. 

However, if relativity is also considered, a very slight 
dependence on k results-namely (as found by Sommerfeld), 

En k = - 2-rµe4 . Z2 [ 1 + o:2Z2 ( 1 - 3 ) ] (I, 12) 
· h2 n2 n k 4n 

where a = 21re2/hc = 7.2977 X 10-3 is the so-caHe;:l Sommer­
feld fine structure constant.3 

The second term in brackets is very small because of the 
term o:2 ; hence, for most purposes the simplified formula 
(I, 11) may be used. The state of lowest energy evidently 

'Further terms with a', etc., are included in the exact formula, but are 
usually negligibly small. 
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has n = 1. This state, according to Bohr's theory, is the 
stable ground state of the hydrogen atom (smallest orbit 
in Fig. 9). 

From equation (I , 11) and Bohr's frequency condition 
(I, 3), it follows that the wave numbers of the emitted spectral 
lines are given by: 

1 21r2
µe

4 
( 1 1 ) 

JI = -h (E,.1 - E,.,) = -h8 • V 2 - - 2 (I, 13) c c n2 n1 

where n1 and n2 are the principal quantum numbers of the 
upper and lower states. 

The formal agreement of this formula with the empirical 
Balmer formula (I, 1) for the hydrogen series is obvious. 
By substituting the known values of µ, e, c, h, and Z in the 
numerical factor of equation (I, 13), we obtain the Rydberg 
constant R, which formerly had been obtained purely 
empirically from the Balmer spectrum. For hydrogen 
R = 21r2µe4 /ch3

, and the agreement between the calculated 
and observed values is as close as can be expected from the 
accuracy with which the above constants are known. The 
formula for the Balmer series is obtained from (I, 13) by 
using n2 = 2. This series thus results from the transitions 
of the hydrogen atom from different higher energy states 
with n1 = 3, 4, · · ·, to the state n2 = 2. In the remaining 
hydrogen series the lower state has a different principal 
quantum number. (See also Fig. 12 and discussion in 
section 3 of this chapter.) 

Spectra of hydrogen-like ions. Taking Z = 2 in (I, 13) 
gives the spectrum which would be emitted by an electron 
moving about a nucleus with charge 2; that is, the spec­
trum of He+. Analogously, for Z = 3 and Z = 4, we 
obtain the spectra of Li++ and Be+++. The general 
formula is: 

JI = RV ( _!__ - _!__ ) , 
n2

2 
n1

2 

27r2µe4 

where R = ~ (I, 14) 

The mass of the nucleus enters into R because of the de-
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pendence of R on µ. Substituting µ, we obtain: 

R = Roo (M ! m) 
where R'° is the value of R obtained for an infinitely heavy 
nucleus-that is, when m is used instead of µ in the formula 
for R (I, 14). It follows that R varies slightly for He, Li, 
and Be. The values for R, calculated from Ra by using 
accurate values for the masses [see Bethe (48)], are given 
in the second column of Table 2. 

TABLE 2 

RYDBERG C'Ol'-STANTS AXD FIRST ME:\1BERS OF LY:\1A)l" 
SERIES FOR HYDROGE'.\'"- LIKE IO~S 

Hyrlro11:en-like Ion R (cm- 1) • 2, 1 (cm- •) A~. I'"' (_l.) 

H 109,677.581 82.2.59.56 1215.664 
He+ 109,722.263 329,188.7 303.777 

• Li++ 109,728.723 740,779.8 134.993 
Be+++ 109,730.624 1,317,118. l 75.924 

• Referring to the isotope of mas., 7. 

Apart, from this small correction and apart from the 
factor Z 2

, corresponding to a strong displacement to shorter 
wave lengths, the spectra of these ions are identical in all 
details with the hydrogen-atom spectrum. The third and 
fourth columns, respectively, of Table 2 give for these ions 
the calculated wave numbers and wave lengths of the lines 
corresponding to the first line of the Lyman series (n = 2--+ 
n = 1).4 These and other lines indicated by (I, 14) have 
been found at exactly the calculated positions. From 
formula (I, 11) it follows that for He+ the separation energy 
W1 of the electron from the lowest level (the ionization po­
tential) will be very nearly four times that for the hydrogen 
atom, where it is equal to Ra = 13.595 volts. For Li++ 
it will be nine times as great, and for Be+++ sixteen 
times. 

• The relativity correction of (I, 12) has been allowed for in the calculation 
of the table, taking k = 2 for the upper state (k = 1 would give a slightly 
different wave number). 
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Continuum at the series limit. As already stated, the 
energy of an atomic state is known apart from an additive 
constant. The latter is chosen so that E = 0 when the 
electron is completely removed from the atom; therefore all 
stable atomic states will have negative E values. A positive 
value of E would, accordingly, indicate more energy than 
that for the system with its parts infinitely separated and at 
rest; that is, the two parts possess relative kinetic energy. 
They approach or separate with a velocity (kinetic energy) 
that does not disappear-even at infinity. 

According to classical mechanics (disregarding radiation) 
the electron in this case moves, not in an ellipse, but in a 
hyperbola. This behavior is similar to that of heavenly 
bodies that come from space with a great velocity and 
describe a hyperbolic orbit about the sun as focus (for 
example, the orbit of a comet). Since, according to the 
quantum theory, only the periodic motions in the atom are 
quantized, these hyperbolic orbits can occur without any 
limitation; in other words, all positive values of E are possible. 
Hence, extending from the limit of the discrete energy 
levels, there is a continuous region of possible energy values: 
the discrete term spectrum is followed by a continuous one. 
Just as in elliptical orbits, according to Bohr (but in con­
trast to classical theory) electrons will not radiate in hyper­
bolic orbits. Radiation results only through a quantum 
jump from such a state of positive energy to a lower state of 
positive or negative energy. When the relative kinetic 
energy is AE, for a transition to the discrete state n2, 
formula (I, 13) changes to: 

R 6.E " = - + - (I, 15) 
n22 he 

As AE can take any positive value, the series of discrete lines 
whose limit is at R /ni2 is followed by a continuous spectrum, 
a so-called continuum. Such a continuum actually occurs 
with the Balmer series in absorption in the spectra of many 
fixed stars, and is also observed in emission spectra from 
artificial light sources [Herzberg ( 41)]. In absorption. it 
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corresponds to the separation of an electron from the atom 
(photoeffect) with more or less kinetic energy (depending 
on the distance from the limit); in emission, it corresponds 
to the capture of an electron by a proton, the electron going 
into the orbit with principal quantum number n2• 

The beginning of the continuum, the series limit, cor­
responds to the separation or the capture of an electron with 
zero velocity (tlE = 0). If the transition takes place from 
the ground state to the ionized state (absorption in cold 
gas), the wave number of the series limit gives directly the 
separation energy ( ionization potential). 

The intensity of the continuum falls off more or less 
rapidly from the limit. Fig. 11 gives as an illustration the 
continuum for the Balmer series in emission. 

CONTINlTGM 

Fig. 11. Higher Members of the Balmer Series of the H Atom (in Emis­
sion) Starting from the Seventh Line and Showing the Continuum [Herzberg 
(41) ]. H00 gives the theoretical position of the series limit . The phot-0graph 
was more strongly exposed than Fig. 1, and consequently some weak molecular 
lines not belonging to the Balmer series a.re also present- for example, one in 
the neighborhood of the position of H00• 

In Fig. 2 the continuum can be seen beyond the series 
limit for Na in absorption. The ionization potential for 
Na may be obtained directly from this limit (5.138 volts). 

3. Graphical Representation by Energy Level Diagrams 

Energy level diagram and spectrum. Consideration of 
the hydrogen spectrum and of hydrogen-like spectra has 
already shown that in a discussion of the spectrum the terms 
are of far greater importance than the spectral lines them­
selves, since the latter can always be derived easily from the 
former . In addition, the representation by terms is much 



Simplest Line Spectra and Atomic Theory [I, 3 

simpler since the number of terms is much smaller than the 
number of spectral lines. For example, there is only one 
series of terms for H, but there is an infinite number of series 
of lines. 

A descriptive picture of the terms and possible spectral 
lines is obtained by graphical representation in a Grotrian 
energy level diagram. Fig. 12 shows t he energy level 
diagram for the H atom. The ordinates give the energy, 
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Fig. 12. Energy Level Diagram of the H Atom [ Grotrian (8) ]. 
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and the energy levels or terms RH/n2 which occur are drawn 
as horizontal lines. The separation of the levels decreases 
toward the top of the diagram and converges to a value O for 
n -+ oo. Theoretically there is an infinite number of lines 
in the neighborhood of this point. A continuous term 
spectrum joins the term series here (indicated by cross­
hatching). At the right, the energy scale is given in cm-1, 

increasing from top to bottom (term values are positive). 
As previously explained, the value O corresponds to the com­
plete separation of proton and electron (n = oo ) . To the 
left is a scale in volts beginning with the ground state as 
zero. This volt scale can be used directly to obtain the 
excitation potential of a given level by electron collision 
-that is, the potential through which electrons must be 
accelerated in order to excite H atoms to a given level on 
collision (see Franck-Hertz experiment, p. 15). 

A spectral line results from the transition of the atom 
from one energy level to another. Accordingly, this line is 
represented in the energy level diagram of Fig. 12 by a 
vertical line joining the two levels. The length of the line 
connecting the two levels is directly proportional to the 
wave number of the spectral line (right-hand scale). The 
thickness of the line gives a rough measure of the intensity 
of the spectral line. The graphical representation of the 
different series is readily understood from the figure, as is 
also the fact that the lines approach a series limit. 

The absorption spectrum of an atom at not too high a 
temperature consists of those transitions which are possible 
from the lowest to higher states. Fig. 12 shows that for H 
at.oms this spectrum is the Lyman series with a continuum 
starting at the series limit (see above). In general, there­
fore, H atoms will not absorb at longer wave lengths than 
1215.7 A.5 

• The appearance, in absorption in some stellar spectra, of the flalmer 
series whose lower state is not the ground state of the atom, is due to the fact 
that, on account of the high temperature of the stellar atmosphere, a con­
siderable portion of the atoms are in the first excited state. 
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Since the terms for hydrogen-like ions differ from those of 
the H atom only by the factor Z2 (apart from the very small 
difference in Rydberg constant and relativity correction 
term), quite analogous energy level diagrams may be drawn 
for them. Practically the only difference is a corresponding 
change in the energy scale. 
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Fig. 13. Energy Level Diagram of the H Atom, Including Fine Structure 
[Grotrian (8)1. The Balmer series is indicated, a.s usual, with H.,, Hp, H-r, 
and so on. The broken lines refer to forbidden transit10M. 
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When an atom reaches an excited state by the absorption 
of light, it can return to a lower state or to the ground state 
with the emission of light. This is called fluorescence. The 
longest wave length capable of exciting fluorescence is 
known as the resonance line for the atom concerned. Fig. 
12 indicates that, for H, this line is the firtt line of the 
Lyman series. The resulting fluorescence is called reso­
nance fluorescence, or resonance radiation. 

Consideration of the quantum number k, and the fine 
structure of the H lines. Each of the simple levels in Fig. 
12 with a given value of n actually consists, according to 
equation (I, 12), of a number of levels lying very close to one 
another. In the Bohr theory these levels differ in the length 
of the minor axis of the ellipse-that is, in the azimuthal 
quantum number k. For a given value of n, n such sub­
levels are present. Because of the small value of the factor 
a 2

, the levels lie so close together that their splitting cannot 
be shown in the figure. 

In Fig. 13, therefore, the levels with different k are drawn 
side by side at the same height, whereas states with equal k 
and different n are drawn above one another. 6 The number 
of sub-levels increases with increasing n . According to the 
Rydberg-Ritz combination principle, each sub-level should 
be able to combine with any other sub-level; in other words, 
their energy difference should correspond to a spectral line. 
Consequently each hydrogen line should consist of a number 
of components corresponding to different possible origins 
from the various term components. 

Selection rule for k. Using spectral apparatus of great 
resolving power, it has indeed been possible to resolve the 
Balmer lines and also several He+ lines into a number of 
components; however, the number of components is much 
smaller than might be expected on the basis of the com­
bination principle. This discrepancy is due to the fact that 

e Such a group of levels, drawn over one another, corresponds to the group 
of ellipses with the same value of kin Fig. 10 (p. 18). 
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the number of possible combinations is limited by certain 
so-called selection rules. Such rules play an equally im­
portant role in all other spectra. Most of the selection rules 
are not absolutely rigid, since so-called forbidden lines often 
appear, though very weakly. (See Chapter IV.) 

These sele,tion rules can be derived if we take into con­
sideration that, for large quantum numbers, the quantum 
theory must coincide with the classical theory, and then 
assume that the rules so derived for large quantum numbers 
also hold for small quantum numbers (Bohr's correspondence 
principle). The details of this derivation will not be given 
here. The result, however, is that, in the present case, k 
may alter only by + I or - 1. According to this selection 
rule, in Fig. 13 only those transitions indicated by solid 
lines between neighboring term series can occur. The 
combinations indicated by broken lines are forbidden. For 
each line of the Lyman series, there is consequently only one 
possible origin; for each line of the Balmer series, there are 
three possible origins; for the Paschen series, five; and so on. 
However, observations show certain deviations from this 
theory; for example, there appear certain components which 
are forbidden according to the k selection rule. This dis­
crepancy was first explained by several new assumptions, 
which will be discussed in Chapter II, section 2. 7 

In Fig. 13-and similar illustrations that appear later in 
this book, the wave number of a transition obviously is 
given, not by the length of the oblique line representing it, 
but by the vertical distance between the two levels. 

4. Wave Mechanics or Quantum Mechanics 

The Bohr theory of the atom gave a surprisingly accurate 
quantitative explanation of the spectra of atoms and ions 
with a single electron. But, for atoms with two electrons 
(He), serious discrepancies with experiment were en­
countered. Quite apart from these and other discrepancies 

7 Extended discussions of the hydrogen fine structure are given by Sommer­
feld (5b); Grotrian (8); White (12). 
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there was the difficulty of understanding the quantum 
conditions themselves. The attempt to solve this problem 
found expression in wave mechanics (De Broglie, Schro­
dinger) and quantum mechanics (Heisenberg, Born, Jordan, 
Dirac), which were put forward almost simultaneously and 
proved to be different mathematical formulations of the 
same physical theory. In the following discussion the wave 
mechanical formulation will be principally used wherever 
the Bohr theory proves inadequate. 

Only a brief and necessarily incomplete account of the 
elements of wave mechanics will be given here_. For further 
details one of the numerous texts in the bibliography should 
be consulted. 

Fundamental principles of wave mechanics. According 
to the fundamental idea of De Broglie, the motion of an 
electron or of any other corpuscle is associated with a wave 
motion of wave length: 

h 
)\.=­

mv 
(I, i6) 

where h = Planck's constant, m = mass, and v = velocity 
of the corpuscle. For an electron, replacing these symbols 
with numerical values, we obtain: 

>,. = 12.203 A (I, 17) 
4V 

where V = electron energy in volts ( 360 = ~ 1; v2
) • For 

example, for electrons of 100-volt energy the De Broglie 
wave length 1s 1.226.-\. 

In order to calculate the motion of an electron, we must 
investigate the accompanying wave motion instead of using 
classical point mechanics. However; classical mechanics 
can be applied to the motion of larger corpuscles for the 
same reason that problems in geometric optics can be 
calculated on the basis of rays, whereas actually the prob­
lems deal with waves. Wave mechanics corresponds to 
wave optics. Accordingly, if we use appropriate wave 



30 Simplest Line Spectra and Atomic Theory [I, 4 

lengths, we should expect diffraction phenomena also for 
corpuscular rays. From formula (I, 17), electrons with not 
too great energy should have a wave length of the same 
order as X-rays. The above prediction by De Broglie was 

Fig. 14. Photograph of Electron 
Diffraction by a Silver Foil. Elec­
trons with a velocity of 36,000 volts1 
corresPQnding to a wave length 01 
0.0645 A, were used in the experiment 
[after Mark and Wierl (49)J. 

confirmed in experiments 
first carried out by Davisson 
and Germer. The experi­
ments show the correctness 
of De Broglie's fundamental 
principles. Fig. 14 is an ex­
ample of diffraction rings 
produced by the passage of 
a beam of electrons through 
a s i 1 v er foil. Diffraction 
takes place at the individual 
silver crystals. The figure 
agrees in all details with a 
Debye-Scherrer X-ray photo­
graph. Stern and his co­
workers also have shown 
that analogous diffraction 

phenomena are exhibited by atomic and molecular rays. 
According; to De Broglie, the frequency v' of the vibra­

tions may be calculated from the Planck relation 
E = hv' (I, 18) 

where E is the energy of the corpuscle. 
For a given mode of motion it is necessary to decide 

whether we are dealing with progressive or standing waves. 
Progressive waves correspond to a simple translational mo­
tion of the corpuscles considered (potential energy V = O). 
In this case, just as for waves propagated in a very long 
string, any frequency is possible for the wave motion- that 
is, any energy values are possible for the corpuscle. How­
ever, when the- corpuscle takes up a periodic motion as a 
result of the action of a field of force (potential energy 
V < O) and has not sufficient energy to escape from this 
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field (for example, circular motion or oscillatory motion 
about an equilibrium point), the wave returns to its former 
path after a certain number of wave lengths. 

Fig. 15 shows this behavior diagrammatically for a 
circular motion. The waves which have gone around 0, 1, 
2, · · · times overlap and will, in general, destroy one another 
by interference (dotted waves in Fig. 15). Only in the 

Fig. 15. De Broglie Waves for the Circular Orbits of an Electron about the 
Nucleus of an Atom (Qualitative). Solid line represents a stationary state 
(standing wave); dotted line, a quantum-theoretically impossible state (waves 
destroyed by interference). 

special case where the frequency of the wave and, therefore, 
the energy of the corpuscle are such that an integral number 
of waves just circumscribe the circle (solid-line wave) do the 
waves which have gone around 0, 1, 2, · · · times reinforce 
one another so that a standing wave results. This standing 
wave has fixed nodes, and is analogous to the standing 
waves in a vibrating string which are possible only forcer­
tain definite frequencies, the fundamental frequency and its 
overtones (cf. Fig. 16). It follows, therefore, that a station­
ary mode of vibration, together with a corresponding state of 
motion ( orbit) of the corpuscle, is possible only for certain 
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energy values (frequencies). For all other energy values (fre­
quencies), the waves destroy one another by interference, 
and consequently, if we assume the relation between wave 
and corpuscle indicated by the observed diffraction phenom­
ena, there is no motion of the corpuscle corresponding to 
such energy values. Even quantitatively t he results are 
the same as in Bohr's theory; namely, the interference 
condition in Fig. 15 is evidently 

nX = 21rr1 where n = 1, 2, 3, · · · 
With (I, 16) this result leaqs directly to Bohr's original 
quantum condition (I, 5), from which the Balmer terms 
were derived. However, here this condition and, with it, 
Bohr's discrete stationary states result quite naturally from 
the interference conditions. 

Mathematical formulation. In order to determine more 
rigorously the stationary energy states or stationary wave 

(a) 

states, we must set up the 
wave equation (Schri:idinger) 
just as in the case of the 
vibration of a string. Let '¥ 
be the wave function which 
is analogous to the displace­
ment y of a vibrating string 
from its equilibrium position. 
(In a later paragraph we shall 
deal with the physical mean­
ing of '1'.) Since we are 
dealing with a wave motion, 

Fig. 16. Vibrations of a String: q, var i es periodically with 
Fundamental and Overtones. 

time at every p o i n t 1 n 
space. We can therefore write: 

'¥ = t/t cos (21rv' t) or t/t sin (21rv't) 

These expressions are combined in the usual convenient 
form: 

(I, 19) 

Here 1/; depends only upon the position (x1 y, z) and gives the 
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amplitude of the standing wave at this point. For the 
vibrating string the corresponding amplitude functions are 
shown in Fig. 16. 

Schrodinger's differential equation for the amplitude if; of 
the atomic wave function is: 

a2,;,, + a2,;,, + a2,t, + 81T2m (E - V),t, = o (I, 20) 
ax2 ay2 az2 h2 

In this equation, m is the mass of the particle, E the total 
energy, and V the potential energy. This Schrodinger equa­
tion replaces the fundamental equations of classical mechanics 
for atomic systems. The frequency 11' of the vibrations in 
(I, 19) is obtained from the fundamental assumption (I, 18): 

E = hv' 

and hence we can also write: 
'¥ = y;e-2ri(E/h)I (I, 21) 

When it is assumed, similar to the case of the vibrating 
string, that if; is everywhere single valued, finite, and con­
tinuous, and vanishes at infinity, then the Schrodinger equa­
tion (I, 20) is soluble, not for unrestricted values of E, but only 
for specified values of E, the so-called eigenvalues. The cor­
responding wave functions are called the eigenfunctions of 
the problem. They represent the stationary states for 
which the wave motion is not everywhere destroyed by 
interference. The discrete energy values of an atom which 
are experimentally observed in the spectrum appear here as 
the eigenvalues of the atomic wave equation. 

Without the above boundary conditions· the wave equa­
tion could be solved for any value of E (that is, any fre­
quency), but the solution would not be unique. For ex­
ample, we would obtain different values of if; for a point 
according to whether the inclination to a fixed axis were 
given by the angle cp, or 360° + <P, and so on. The different 
if; values at each point would destroy one another by inter­
ference (cf., also, Fig. 15 and accompanying discussion). 

The amplitude curves (eigenfunctions) for the vibrating 
string, whose differential equation is much simpler, are 
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represented in Fig. 16. The eigenvalues are the frequencies 
of the fundamental vibration and its overtones: 110, 2110, 

3110, · · ·• Other frequendes are impossible. 
The eigenfunctions for the wave equation of the H atom 

are given graphically in Fig. 18 and discussed on page 38. 

Equation (I, 20) is, as stated above, the differential equation 
for the amplitude y., of the wave function 'It. The wave equation 
for 'It itself, which contains both the spatial co-ordinates and 
the time, is: 

h2 ( a2'1Jt a2'lt a2'1Jt) ih a'\Jt 
- 81r2m ax2 + ay2 + az2 + V'\Jt = 21r at (I, 22) 

In all the cases with which we have to deal in the following discus­
sion, this equation can be solved by substituting 'It from equation 
(I, 21), which immediately leads to (I , 20) for the amplitude 
function y.,. Therefore, in the following considerations equation 
(I, 20) may always be taken as the starting point. 

It should be noted that the imaginary quantity i occurs in 
(I, 22). Hence it is essential, according to (I, 21), for 'It to be 
complex. The function y., sin 21r(E/h)t would not solve the time­
dependent Schrodinger equation (I, 22). 

Equations (I, 20) and (I, 22) refer only to the one-body prob­
lem. If the system contains several pa;rticles, these equatioru, 
must be replaced, respectively, by:8 

and 

- ~ L _!_ ( a2'1Jt + a2'1Jt -i- a2'lt) + V'IJI = ih a'¥ (I, 23) 
8,r2 mk axi ay,.2 ' az,.2 2,r at 

L _!_ ( a2t/t + a2t/t + a2y.,) + 8,r2 (E - V)t/t = 0 (I, 24) 
m,. axk2 ay,.2 az,.2 h2 

where mk is the mass of the k th particle whose co-ordinates are 
xk, Yk, zk. Therefore '1' and y., are functions of 3N co-ordinates­
that is, they are functions in 3N dimensional space (configuration 
space) if N is the number of particles. 

Physical interpretation of the '¥ function. According to 
Born, the value of '1' for a given value of the co-ordinates is 
related to the probability that the particle under consideration 
will be found at the position given by the co-ordinates; in other 
words, the probability is given by I '1' 12 or'¥· 'Il* where '1'* is 
the complex conjugate of '1'. The corresponding relation 
for light-namely, that the number of light quanta at a 

8 For the derivation of these equations, see Sommerfeld (5b). 
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givep_ point is proportional to the square of the amplitude 
of the light wave at that point-is readily understood when 
it is remembered that, according to elementary wave theory, 
the light intensity is proportional to the square of the ampli­
tude of the light wave and, on the other hand, is naturally 
proportional to the number of light quanta, since each light 
quantum contributes hv' to the intensity. 

When '¥1, '¥2, 'lra, · · · are eigenfunctions of a vibration 
problem, '1r = ~c;'lr; is also a solution of the differential 
equation. With a vibrating string this means that a num­
ber of overtones, and possibly also the fundamental, can be 
excited at the same time, as is usually the case. On the 
other hand, when we have '¥ = ~c,'lr, for an atomic system, 
this does not mean that the different characteristic vibra­
tions '¥1, '¥2, · · · are excited in one and the same atom with 
amplitudes c1, c2, · · · , but it corresponds to the following 
state of knowledge concerning the system: The relative 
probabilities of being in the states given by '¥1 or '¥2 or 
'¥a · · · are in the ratios icil 2 : lc2 l2 : lca l2 

• • • • A given 
atom can be found in only one state. London (50) ex­
presses this result by saying that the " as well as" of 
classical physics has become "either ... or" in quantum 
mechanics. 

From the probability interpretation of \Jl'lt* it follows that 
f'lt'ift* dr = 1 where dr is an element of volume, since the prob­
ahility that a given particle will be found somewhere in space is 1. 
The condition previously stated, that ,J, must vanish at infinity 
an<l he everywhere finite, also follows from this.9 Eigenfunctions 
o/; for which f'1t ,'}t ,* dr + 1 must be divided by a factor so 
chosen that f'iJ.!;'iJ.l;* dr = l (normalization) . Likewise, it can 
readily be shown mathematically that 

J 'Y,,'Ym*dr = O, for n =t= m (I,25) 

That is, eigenfunctions belonging to different eigenvalues are 
orthogonal to one another. The system of eigenfunctions is 
therefore a normalized orthogonal system. 

9 In fact it follows that '1- must vanish more rapidly at infinity than 1/r. 
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The Heisenberg uncertainty principle. The Heisenberg 
uncertainty principle is very closely related to wave theory. 
In order to qetermine as accurately as possible in wave 
mechanics the velocity or momentum of a particle, the De 
Broglie wave length must be defined as accurately as 
possible, since 

h 
p=mv=5; 

This equation is the converse of (I, 16). In order to meas­
ure X accurately, tht wave train must be greatly extended, 
and in the limiting case must be infinitely extended if we 
wish to give X or p an absolutely exact value. Then, ac­
cording to wave mechanics, the position at which the par­
ticle under consideration will be found is completely uncer­
tain, since the probability of finding it at a definite point is 
'11'1'* and, when the wave is infinitely extended, this quantity 
has everywhere the same value ff*. If then p is exactly 
measured, the corresponding position will be completely 
uncertain. 

Conversely, when we wish to define the position of a 
particle as accurately as possible, the wave function must 
be so chosen that it differs from zero only at one given point. 
According to Fourier's theorem, there can be produced a 
function limited to a small region by the overlapping of sine 
waves, but only by the overlapping of many waves of 
different wave lengths. In t he limiting case (completely 
defined position), the wave lengths must take all values 
from O to co; this makes the wave length and, therefore, 
the momentum completely uncertain. We arrive then at 
the law: Position and momentum cannot be simultaneously 
measured exactly. Heisenberg has formulated this relation­
ship somewhat more precisely: When 11q and 11p are the 
uncertainties with which q and p can be measured simul­
taneously, the product 11q · 11p cannot be of a smaller order 
of magnitude than Planck's quantum of action. 

t:i.q· !:i.p ;;; h (I, 26) 
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This holds for any co-ordinate and the corresponding 
momentum. 

The Heisenberg principle will now be verified for a simple case. 
Consider the diffraction of a matter wave at a slit of width 6q 
(Fig. 17). Through this slit the position of the particle is known 
with an accuracy Aq. The point within the slit through which 
the particle passes is completely un-
certain. The particles are deflected 
by the slit and will form a diffraction 
pattern on a screen. How a single par­
ticle behaves behind the slit is, in prin- -L-+-~-------, 
ciple, indeterminate within certain 
limits. For example, if the particle 
appears at A, it has acquired an addi-
tional momentum 6p in the vertical 
direction above the original momen- Fig. 17. Diffractiol) of De 

t h A • A d' Broglie Waves at a Slit (Un-
um w er~ t.J,p =. p sm _a. ccor mg certainty Principle). 

to the ordinary diffraction theory, the 
diffraction angle a is of the order "J.. /6q (the smaller the slit and 
the greater the wave length, the greater the diffraction). Substi­
tuting, we obtain Ap ,.._, p"J../6.q. But, according to De Broglie, 
p"J.. = h, and therefore Ap· 6q ,.._, h. Thus, when the position is 
limited by the slit to a region 6q, the momentum in the saine 
direction is uncertain to at least an extent 6p = h/6q since, for 
each of the points in the diffraction pattern, we can give only the 
probability of the particle's hitting the screen at that point. 

Wave mechanics of the H atom. In order to deal in 
wave mechanics with the H atom or hydrogen-like ions, the 
Coulomb potential - Ze2/r must be substituted for Vin the 
wave equation (I, 20). Z is the number of charges on the 
nucleus (for H, Z = 1). The differential equation 

a2,J, + a2,J, + a2,J, + 81r2m ( E + Ze2) ,J, = o (I, 27) 
ax2 ay2 az2 h2 T 

(m = mass of the electron) must then be solved under the 
conditions that i/t is everywhere single valued, continuous, 
and finite. 

The calculation, which is simple in principle, will not be 
dealt with here.10 It gives the result that the differential 
equation can be solved for all positive values of E but not 
for all negative values of E. More particularly, it is found 

1° For textbooks on wave mechanics, see bibliography: (5b) and (23) to (32). 
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that only those negative values of E for which 

E = - 2-rme' Z2 = RhcZ2 with n = whole number, ,. h2 n2 n2 , 

lead to a solution. For all values other than these, the De 
Broglie waves in a Coulomb field completely destroy one 
another by interference. Thus the possible energy values 
for a hydrogen atom and a hydrogen-like ion as given by 
wave mechanics are exactly the same as those given by 
the Bohr theory [cf. equation (I, 11)]. It will be remem­
bered that the latter were in quantitative agreement with 
the experimentally observed spectra of the hydrogen atom 
and hydrogen-like ions. Making allowance for the fact 
that the nucleus also moves has the same effect as in the 
Bohr theory: in the energy formula the reduced mass µ = 
mM/(m + M ) must be used instead of the electron mass m, 
where M is the mass of the nucleus. The influence of rela­
tivity has been disregarded in (I, 27). 

It should perhaps be stated here that, while wave me­
chanics agrees with the old Bohr theory in this case, it really 
has made a distinct advance beyond that theory: first, it is 
in agreement with many experiments which the Bohr theory 
contradicts; and second, in contrast to the Bohr theory, all 
the results can be derived from one fundamental assumption 
(the Schrodinger equation). 

To each eigenvalue of the Schrodinger equation-that is, 
to each stationary energy state-there belongs, in general, 
more than one eigenfunction. These eigenfunctions are 
distinguished by two additional quantum numbers l and m, 
which are always integers. One of them, Z, corresponds 
to the Bohr quantum number k, which was a measure of 
the minor axis of the elliptical orbit. The quantum 
number l is called the azimuthal quantum number, or the 
reduced azimuthal quantum number. If the relativity 
theory is considered, there is also a very small difference in 
energy for states with different Z but equal n. The value of 
Z, together with k, is indicated in the energy level diagram 
for hydrogen (Fig. 13). For a given value of n, l takes the 
values 0, 1, 2, · · ·, n - 1; that is, l = k - 1. The quantum 
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number m, called the magnetic quantum number, takes the 
values - l, - l + 1, - l + 2, · · ·, + l for a given pair of n 
and Z values. This gives the following scheme: 

n I 2 3 4 IH . . . . . . 
10: 1 oi 1 i 2 ~ 1 i 2 i 3 

~o ; _,. +' ~ ->0 H :-, _,. +>+•, +'° + ,:-, ->0 +> +>\-> _, -,o +' +>+a 

Each m value in the last line corresponds to one eigen­
function different from the others. For each value of n, 
there are as many different eigenfunctions as there are num­
bers in the last line below the n value under consideration. 

The mathematical form of the eigenfunction is the following: . 

Vlnlrn = Ce-P(2p) 1 L!'t,'(2p) P lml (cos 8)eim,p (I, 28) 

referred to a system of polar co-ordinates r (distance from the 
origin), 8 (angle between radius and z-axis), and rp (azimuth of r-z 
plane, inclination to a fixed plane). Here pis an abbreviation for 
Zr/naH; that is, for the lowest state of the H atom (Z = I, n = 1), 
p is e·qual to the distance from the origin measured in terms 
of aa as unit (radius of lowest Bohr orbit = 0.528 A). L!1:i' (2p) 
is a function (Lagu.erre polynomial) of 2p ; its form depends on n 
and l. Pl"'' (cos 8) is a function of the angle 8 (the so-called 
associated Legendre polynomial), and bas a different form ac­
cording to the values of m and l. 

The eigenfunctions can be split into two factors, one of 
which depends only upon the distance r from the origin, 
and the other only upon the direction in space. For the 
values n = I, 2, 3, the dependence on r is shown in Fig. 18 
(see p. 40). For a given value of n, the function shows a 
different form for different values of l; similarly, it shows a 
different form for a given value of land different values of n . 
The form of the function is, however, independent of rn. 
In Fig. 18 the radius of the corresponding Bohr orbit is 
represented by a vertical line on the abscissa axis. In all 
cases, f finally decreases exponentially toward the outside 
and is already very small ·at a distance which is, on the 
average, about twice the radius of the corresponding Bohr 
orbit. For n > I, f goes once, or more than once, through 
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the value zero before the exponential decrease sets in; that 
is, on certain spherical surfaces about the nucleus, the i/t 
function is always zero. These are the nodal surfaces of the 
i/t function corresponding to the nodes of a vibrating string 
(see Fig. 16). For l = 0, the number of nodal spheres is 
n - 1, as is shown in Fig. 18. Since in these cases the 
eigenfunctions i/t are also spherically symmetrical, 11 they are 
represented completely by Fig. 18. 

For l > 0, the number of nodal spheres is smaller (see 
Fig. 18) and equals n - l - 1. However, new nodal sur­
faces appear since i/t then depends on direction also. In 
different directions from the origin 
the variation with r is the same as 
in Fig . .18 but the function must be 
multiplied by a constant factor 
depending on the direction. For 
some directions this factor is zero. 
The resulting nodal surfaces are 
partly planes through the z-axis, 
and partly conical surfaces with 
the z-axis as the axis of the cones. 
For l = 3 and m = 1, these nodal 
surfaces are given in Fig. 19. The 
variation of the i/t function with 
direction depends on m and l but 
not on n. Since the number of 
nodal surfaces caused by this de­

z 

Fig. 19. Nodal Surfaces 
of the Part of the Hydrogen 
Eigenfunction Independent of 
r (for l = 3, m = 1). The 
three nodal surfaces are: the 
plane of the paper, and the 
two conical surfaces. On the 
two sides of each nodal sur­
face, ,J, has opposite signs. 

pendence on direction is l, in all cases the total number of 
nodal surfaces is n - 1. 

Thus in quantum mechanics the principal quantum num­
ber is given a meaning that is easily visualized-namely, the 
total number of nodal surfaces + 1. The azimuthal quan­
tum number l gives the number of nodal surfaces going 
through the mid-point. It is clear that the number of nodal 
surfaces can only be integral. Thus while integral quantum 

11 In formula (I, 28), P 1,"' 1 (cos 8)e•m,p = 1. 
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numbers are introduced into the Bohr theory as assumptions 
quite incomprehensible in themselves, they appear in wave 
mechanics as something quite natural. 

As we have seen above, it itself has no immediately 
apparent physical meaning, but itit* = i/ti/t* has. The 
probability of finding the electron in a volume element dT is 
given by y;y;* dT. The variation of y;y;* is naturally similar 
to that of y; (Fig. 18). The dotted curves in Fig. 20 repre­
sent, for the same n and l values as in Fig. 18, that part of 
#* which depends on r (all drawings made to same scale); 
they represent simply the squares of the corresponding 
functions of Fig. 18. The zero positions thus lie at the 
same r values as for y;. However, since i/ti/t* = I y; I 2 is 
always positive, the zero positions are, at the same time, 
also the positions of the minima of i/li/t*. 

The solid lines in Fig. 20 represent f i/t* multiplied by r2 

(again all drawn to same scale). This has the following 
meaning: The dotted curves of Fig. 20 show the variation 
of i/li/t* along a definite radius vector. If we now wish to de­
termine how often a given r value occurs independent of the 
direction of the radius vector, we must integrate y;y;* over 
the whole surface of the sphere for that value of r. This 
gives a factor proportional to r 2, since the surface of a sphere 
equals 4,rr2

• This is shown by the solid curves of Fig. 20. 
It is seen from the dotted curves with l = 0 that the prob­
ability of finding the electron near the mid-point of the 
atom is greater than at some distance from the mid-point. 
In spite of this, however, the electron is, on the whole, more 
often at a point which is some distance from the mid-point, 
since there are many more possibilities for such a point (all 
points of the spherical shell of radius r). Therefore the 
largest maximum in the solid curves of Fig. 20 lies at a 
noticeable distance from the zero point (origin). The elec­
trons are found most frequently at this distance, the dis­
tance of greatest electron probability density, which has 
approximately the same magnitude as the major semi­
axis of the corresponding Bohr orbit (also indicated in Fig. 
20). However, according to wave mechanics, any other 
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distances r (even those that are considerably greater) have 
a probability different from zero. The el,ectron is, so to 
speak, smeared out over the whol,e of space. However, because 
of the exponential decrease toward the outside, the prob­
ability of finding the electron at any great distance outside 
the region of the Bohr orbit is very small, although not 
exactly equal to zero. 

Since we no longer have distinct electron orbits, it is 
perhaps better to speak of electron clouds about the nucleus. 
Fig. 21 is an aid in visualizing these electron clouds and 
gives, for different values of n, l, and m, an approximate 

n = l 

n = 2,m =± 1 

n = 3, m =±2 

• • 
n -3,m -:: 1 

n -2 n = 3 

l=O 

n-a.m-::!::l 
l =, 

n -a, m =0 n = 4, m = 0 
l=2 

Fig. 21. Electron Clouds (Probability Density Distribution) of the H Atom 
or Hydrogen-like Ions in Different States [after White (SI)], The scale is 
not uniform for all the figures but decreases with increasing n. States which 
differ only in the sign of m have the same electron cloud . 
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picture of what one might expect to see when one is looking 
at an H atom with an imaginary microscope with enormous 
magnification. 

In the figures, the brightness indicates roughly the density 
of the electron clouds. These clouds have a rotational sym­
met"ry about a vertical axis in the plane of the figure 12 (the 
z-axis mentioned earlier). The states with l = 0 and 
n = 1, 2, 3 are spherically symmetrical. For n > 1, alter­
nate light and dark rings appear, corresponding to the 
above-mentioned nodal spheres of the v, function. The 
cloud is subdivided into spherical shells.13 For l > 0, one 
can see in Fig. 21 the nodal cones which, for the particular 
value Z = 1, degenerate into a plane perpendicular to the 
z-axis. Different pictures are obtained for different values 
of m and equal n and l. With increasing n and l, the pic­
tures become more and more complicated (cf. n = 4, l = 2, 
m = 0) . 

However, these are the pictures of the atoms (in par­
ticular, the H atom) which, according to our present-day 
knowledge, we have to use. The term electron cloud, which 
is customarily given to the pictures, must not be interpreted 
as meaning that, in the case of H for example, one electron 
occupies at one time the whole of the space occupied by this 
cloud. On the contrary, in wave mechanics the electron is 
considered as a point charge, and the density of the cloud at 
a specified point gives only the probability of finding the 

a This results from the fact that the dependence of the wave function v, 
on the azimuthal angle"' is given by ei"'" [equation (I, 28)], which by multi­
plication with the complex conjugate gives a constant-namely, 1. When it 
is stated that ,/, has nodal planes through the z-axis, this statement holds for 
the real and imaginary parts of,/, individually, since cos m,p or sin m,p has just 
2m zero positions in the region O to 2,... There are conseque.ntly m nodal 
planes. However, the more accurate theory shows that, in forming v,v,*, 
the complex ,/, function must be introduced- not the real or the imaginary 
pa.rt alone (cf. p. 34). 

u We must emphasize again that, in spite of the greater density at the 
middle of t he cloud (indicated by the greater brightness in Fig. 21) , the 
electron is most often in the outermost spherical shell, since this has a much 
greater extent. II the electron has n = 3, it is, therefore, mostly at a. greater 
distance from the nucleus than it is for n = 2 or n = 1. 
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electron at that point. In order to observe the picture one 
should, strictly speaking, observe a large number of H atoms 
in the same state. Since, however, the orbit of the electron 
cannot be definitely determined according to wave me­
chanics, we can in many cases make calculations as though 
the electron were smeared out over the whole space. 

According to ordinary wave mechanics, just as in Bohr's 
theory, the energy of a stationary state for the H atom and 
hydrogen-like ions depends solely upon n. States of differ­
ent l (having different minor axes of the elliptical orbit in the 
Bohr theory) but equal n have the same energy. They are 
degenerate. This degeneracy is, however, removed when we 
allow for the relativity theory. A small difference in energy 
then occurs between states with different l and equal n; this 
difference, as also in Bohr's theory, gives rise to the fine 
structure of the Balmer lines. However, a complete agree­
ment of calculated and observed fine structure is obtained 
only by allowing also for electron spin, 14 which will be dis­
cussed in Chapter II. The degeneracy between states with 
equal n· but different l, which results if the relativity theory 
or electron spin is not considered, occurs only in the case of a 
point charge in a pure Coulomb field of force (H atom). 
However, in the general case, for example with the alkalis 
(see section 5 of this chapter), such degeneracy disappears. 
States with different l can then have noticeably different 
energies for the same value of n. The type of eigenfunction 
or electron cloud remains the same as in Figs. 18, 20, and 21. 
When more electrons are present, to a first very rough ap­
proximation, the electron cloud is simply a superposition 
of the probability density distributions of the individual 
electrons (Fig. 21) . 

The fact that, for a given n and l, there are still a number 
of different eigenfunctions according to the value of m 

(namely, m = - l, - l + 1, - l + 2, · · ·, + l, making 

"The spin al.so follows as a necessary consequence of Dirac's relativistic 
wave mechanics. 
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2l + 1 different eigenfunctions) also holds in the general 
case. Even then these states have exactly equal energies. 
This is connected with the fact that, when no outer field is 
present, states with different spatial orientations of the 
system have equal energy and are degenerate with respect 
to one another. This is called space degeneracy, which we 
shall discuss in greater detail when dealing with the Zeeman 
effect (Chapter II). 

Neither of these degeneracies occurs for n = 1, since then 
the only possible value for l is l = 0, and the only possible 
value form is likewise 0. (See scheme, p. 39.) 

Momentum and angular momentum of an atom according 
to wave mechanics. The representations in Fig. 21 give a 
picture of the probability of finding an electron at a given 
position in space, or, in other words, the shape of the elec­
tron cloud about the nucleus. They tell nothing, however, 
about the motion of the electron or its velocity at different 
points in space. The Heisenberg uncertainty principle in­
forms us that the simultaneous position and velocity of an 
electron cannot be given with any desired accuracy-that 
is, the velocity of the electron cannot be given for each 
point. However, we can reach at least some conclusions 
about the velocity or the momentum of the electrons in an 
atom; for example, we can calculate the velocity distribution 
over the various possible values just as we calculated the 
probability distribution of the various positions of the elec­
trnn in the atom (Figs. 20 and 21). 

To illustrate, Fig. 22 gives the probability that the elec­
tron will have the velocity or the momentum given by the 
abscissae for the ground state of the H atom (n = 1, l = 0) 
and for an excited state (n = 2, l = 0) [Elsasser (52)]. 
The curves correspond to the solid curves of Fig. 20. Ac­
cording to Fig. 22, the most frequently occurring velocity in 
the ground state is 1.2 X 108 cm./sec.; in the first excited 
state, 0.4 X 108 cm./sec. For the latter state, a velocity of 
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1.1 X 108 cm./sec. does not occur, although greater and 
smaller values are both present. 

Fig. 22. Probability Distribution of Momentum and Velocity in the States 
n = I, l = O, and n = 2, l = O, of the H Atom. The curves give the square 
of the momentum wave function given by Elsasser (52). The value of the 
momentum in units of h/21raH = 1.96 X 10- 19_gr. cm./sec., or the value of the 
velocity in cm./sec., is shown as abscis.'lae. The ordinate is proportional to 
the probability of finding the electron in the H atom with the given value of 
momentum or velocity. 

Quite definite statements may be made regarding the 
angular momentum of an atom. The co-ordinate associated 
with the angular momentum is the angle of rotation. The 
latter, in contrast to a cartesian co-ordinate, is completely 
uncertain-a result which follows from the rotational sym­
metry of the charge distribution. It is, therefore, not in 
contradiction to the uncertainty principle that the angular 
momentum corresponding to a given stationary state has an 
absolutely definite value. Calculation shows that the 
numerical value of the angular momentum is .../l(l + 1) h/21r, 
or approximately l(h/21r). (The approximate value will be 
used in most of our subsequent considerations.) This fact 
gives at the same time a descriptive meaning to the quantum 
number l: it is the angular momentum of the atom in units of 
h/21r. For l = 0, the angular momentum of the atom is 
zero. That is the reason for introducing l instead of k - l 
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In the Bohr theory, k represented the angular momentum of 
the electron in a given orbit; we now represent the angular 
momentum by l = k - l. While the value k = 0 did not 
occur in the Bohr theory, in wave mechanics the value 
l = 0 (angular momentum = O) does occur and corresponds 
to k = l. In the Bohr theory, angular momentum = 0 
meant the so-called pendulum oscillation orbit in which the 
electron would have had to go through the nucleus, and 
this was excluded as impossible. Now, an angular mo­
mentum equal to zero means simply that the electron cloud 
does not rotate; the electron does not need to fall into the 
nucleus because of this. The value l = 0 does not mean 
that absolutely no motion takes place, but only that the 
motion is not such that an angular momentum results (cf. 
Fig. 22). 

The fact that even in wave mechanics each stationary 
state of the atom has a perfectly definite angular momentum 
shows that the atom can still be regarded as consisting of 
electrons rotating about a nucleus, as in the original Bohr 
theory. (We must not, however, speak of definite orbits.15) 
Consequently the Bohr theory is adequate in many cases. 
In particular, we can in many instances use the angular 
momentum land the other angular momenta in the same 
way as in the Bohr theory, the results being confirmed by 
exact wave mechanical calculations. 

In the following discussion the angular momentum vectors 
will be indicated by heavy (boldface) type to distinguish 
them from the corresponding quantum numbers, printed 
in regular type. Thus l means a vector of magnitude 
...Jl(l + 1) h/21r '°" l(h/21r). 

That Z is connected with the angular momentum can further 
be understood from the following. According to De Broglie 
[equation (I, 16)]: 

}.. = !!:.__ = 1!,_ or p = ~ 
m ,v p }.. 

15 Just because of the fact that ,pis quite uncertain, an absolutely definite 
value can be given to th~ angular momentum. 
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where m, is the electron mass, p the momentum, and X the cor­
responding De Broglie wave length. If we wish to introduce the 
angular momentum p,,. into the De Broglie equation, X must be 
measured in the corresponding co-ordinates, that is, the angle 
of rotation '{J, From the expression previously gh.:en for the H 
atom (I, 28), it follows that '¥ = ,J,e- 2r;,•, contains the factor 
eiCm,p-2n ' 1> (m '"" quantum number) . According to the usual wave 
theory, this factor represents a wave propagated in the direction 
of increasing or decreasing '{J according to the sign of m-that is, 
a wave which travels around the z-axis with angular velocity 
2irv' Im. Its wave length is 2ir/m, since, when '{J increases by 2ir/m, 

ei(m,p- 2r.'1> acquires its original value once more. Substituting 
this wave length16 in the expression p = h/X gives IJ,S the angular 
momentum about the z-axis: 

h 
p,,. = m 2ir 

For a given n and l , m can have the values - l, - l + I, · , ·, + l.. 
These are, therefore, the angular momenta about the z-axis in 
units of h/21r. All of these states have the same energy. This 
evidently means that the angular momentum itself is l(h/2ir) 
and has components equal to m(h/2ir) along the z-axis, depending 
on its orientation to this axis. (Cf. Fig. 41, p. 99, in which J 
replaces l. and M replaces m.) More accurate wave mechanical 
treatment shows that the angular momentum is ~l(l + 1) h/2ir 
and not Z(h/2ir). [Cf. Condon and Shortley (13).] In Chapter 
II the above relations ;vill be discussed in greater detail. 

Transition probabilities and selection rules according to 
wave mechanics.. In wave mechanics, as in the Bolir 
theory, the transition of an atomic system from one sta­
tionary state to another is associated with the emission of 
light according to the Bohr frequency condition. However, 
this occurrence can be treated from a far more unified 
viewpoint by wave mechanics (Dirac) than by the Bohr 
theory. If an atom is in an excited state, the probability 
of its transition to a lower state can be calculated. The 
atom remains for a certain time in the upper state (mean 
life). The transition to the lower state follows after a time 
which is in inverse proportion to the transition probability: 
the greater the probability, the shorter the time. The 

16 The magnitude of this wave length can also be iffiJllediately obtained 
when we consider that the real part of the ,J, function of the H a.tom has m 
nodal planes. 



I, 4] Wave Mechanics 51 

life in a given excited state for the individual atoms varies 
exactly as do the lives of individual atoms of a given 
radioactive substance. The mean life is usually of the 
order of 10-s sec. The intensity of the emission or the 
absorption of light by a large number of atoms depends 
on the magnitude of the transition probability. Definite 
predictions about the polarization of the emitted light can 
also be made in certain cases [see Condon and Shortley 
(13)]. 

Detailed calculations show that, for the H atom and also 
for more general cases, an important selection r.ule operates 
-namely, that the intensity is extremely small except when 

til = + 1 or - 1 (I, 29) 

That is to say, practically only those states can combine 
with one another whose l values differ by only one unit. 
This selection rule corresponds exactly to the earlier selec­
t ion rule for k. Thus Fig. 13 can be used also for a wave 
mechanical representation of the transitions for an H atom. 
There is no selection rule for the quantum number n . Any 
value of L).n is possible for a transition: 

tin = O, 1, 2, 3, · · · 

The different values of L).n correspond to the different 
members of a series. 17 

The simplest classical model capable of radiating electromag­
netic waves is an oscillating electric dipole (Hertz oscillator). 
Electromagnetic waves are radiated with the same period with 
which the electric charge flows back and forth in such a dipole 
(for example, in a linear antenna). The intensity of the radiation 
depends upon the magnitude of the alteration of the dipole 
moment. The dipole moment is a vector whose components are 
given, in the case of a system of point charges, by the following 
expression: 18 L,E,X,, L,E ;y,, L,E;Z,. According to wave mechanics, 

17 For H, a transition with tm = O would correspond to a transition between 
fine structure terms with equal n; for n = 2, the t ransition has a wave number 
of only 0.3 cm-1

1 or a wave length of about 3 cm. Observations of absorption 
of this wave length in activated hydrogen are still doubtful [see Betz (53) ; 
Haase (140)]. 

18 As is well known, the magnitude of the vector is ,d for two charges ( + • 
and - •) separated by a distance d. 
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the probability density of thC' electron may be given for any point 
in the atom. This may, for most practical purposes, be regarded 
as though, on the average, a certain fraction of the total charge e 
(given by the probability density) is at the point under considera­
tion. That is, we carr treat the atom as though the electric 
density at a point is: p = E'¥'¥*. Therefore, in the case of one 
electron (hydrogen atom) the components of the electric moment 
for the whole atom for a stationary state n are: 

P,, = f E'Vn'¥n*X dr 

P,, = f E'¥n 'Yn *y dr 

P, = {E'Yn'Yn*zdr (1 1 30) 
where dr is again an element of volume. 8ince the nuclem, itself 
is taken as the origin of co-ordinates, its coptrihution need not 
hC' taken i'.'lto consideration. The integrali-; are imlependcnt of 
time because the time factors for IJl n and '¥ "* cancel; on acc:mnt 
of the symmetry of the chaq1;e distribution, the integrals are 
actually zr.ro. There is consequently neither a static dip.ole 
moment nor one altering \\'ith time. This means, in agreement 
"·ith experiment, that evcn,according to the classical theory the 
atom docs not radiate \\'hilc in a stationary state; whereac:; in 
Bohr orbits it should radiate (if \\'e had not made the a lditional 
ad hoc assumption that it does not radiate), since the atom \\'ith 
the electron in these orbits has a dipole moment varying with 
time. 

Dirac has shown that the radiation emitted by an atom in the 
transition from state n to state m may be obtained by replacing 
\Jr,.IJ!n* in equation (I, 30) by 'ltn'ltm*, regarding the resulting P 
as an electric moment (transition moment) and then completing 
the calculation in the classical manner. Since '¥n contains the 
time factor e-2ri(En/h)t (I, 21), and \Jr,,,* the time factor e+bi(E,./h)I, 

'Yn'Ym* and P,nm = ef'Yn'¥m*Xdr (and correspondingly, P,,'"", 
P ,nm) are no longer constant in time but have the time factor 
e-2ri((En-Eml/hlt; that is, they vary with just the frequency 
that would be obtained from the Bohr frequency condition 

11
1 = ¾ (E,. - Em)- The result is an emission or absorption of 

this frequency in a purely classical way. An analogous state of 
affairs holds for a system containing a number of particles. It 
is necessary only to sum the integral over the different particles; 
for example, 

(I, 31) 
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According to what has been said, we can put, for the variable 
electric moment associated with the transition from n to m: 

(I, 32) 
wh<>re Rnm is a vector with components 

R,,nm = ,[ lfnlfm *x dr, R~nm = • • •, R,nm = · · · (11 33) 

The vector Rnm gives the amplitude of the vibration of the transi­
tion moment p nm associated with the transition from n to m. 

Remembering that the intensity of light radiated from an atom · 
is equal to the numbt'r of transitions per second (that is, the 
transition probability) multiplied by Ju/,. .. , we obtain (using 
the classic11l formula for the intensity of electromagnetic wav<>s 
radiated by a vibrating electric di pole) the expression: 

64E211'4 
A nm = __ 113RnmRmn (I, 34) 3h 

for the prohability of the transition from n to m where 11 = 11
1 /c 

is the \rave number. The transition prnbability therefore de­
pends upon the quantities R'"". R 1

"" itself is determined by 
the eigenfunctions of the t\\'O states involved [ sec (I, 33)]. Thus 
we see that a knowledge of the eigenfunctions is particularly 
important for the calculation of transition probabili ties. The 
quantities R 111

" can be arranged in a square array (nrtical 
columns n, horizontal columns m), which is called a matri.i:. 
R'"" · are the matrfr elements. When R 11

"' = 0 for a ginn pair 
of values of n and m, the t ransition from n to m is forbidden. 
Detailed calculation shows that combinations between all :-;tatcs 
for which l does not differ by ± 1 have R'"" = O; that is, the 
selection rule ti..l = ± l holds. Other selection rnles can be 
similarly derived. Such selection rnles always depend upon t he 
symmetry properties of the atomic system under consideration 
and of the corresponding eigenfunctions. In Chapter II, sec­
tion 3, t he derivation of the selection rules for the magnetic 
quantum number ;1,J \\·ill be given as an illustration. (Cf. abo 
p. GS and p. 15-L) 

Quadrupole radiation and magnetic dipole radiation. A sys­
tem of electric charges such as that illustrated in Fig. 23 has no 
dipole moment (LEiXi = 0). In spite 
of this, the system gives an external ••-----te9----••-~x 
electric field, which, however, falls off - t +2e -e 
more rapidly with increasing distance Fig. 23. Example of a Quad-
than that of the dipole, which itself rupole. 
falls off more rapidly than that of the 
monopole (the pott'ntials are proportional to 1/r3, l /r2, 1/r, respec­
tively). An assemblage of charges such as that in Fig. 23 is called 
a quadrupole. It;;: aC'tion is chanicterized by a quadrupole moment, 
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which in thr above case is given simply by LE;X;2, where xis the 
axis along which the charges are located. It is immediately se€n 
that this rxprei-sion is not zero. In general a quadrupole is more 
complicated than the one given in Fig. 23, and likewise the quad­
rupole monwnt is usually more complex. The general case will 
not, however, br discussed here. 

Just as a variable dipole moment leads to radiation (dipole 
radiation), so also does a variable quadrupole moment lead to 
radiation (quadrupole radiation). The latter is, however, con­
siderably weaker. The transition probability, similarly to the 
above, is obtained by substituting E iVlnVlm * dr for E; in LE ;X;2, 
and integrating. Therefore quadrupole- radiation depends upon 
the integral f x2i/tni/tm * dr, whereas dipole radiation depends upon 
f XVlnVlm * dr. Because of this difference, transitions which are 
strictly forbidden Jor dipole radiation may occur--though quite 
weakly- due to quadrupole radiation. The ratio of the t ransition 
probabilities of ordinary dipole radiation to ordinary quadrupole 
radiation is found to be about 1 : 10-s. 

Finally, it may happen that, for a t ransition, the variation of 
the electric dipole moment will, disappear, whereas that of the 
magnetic dipole moment does not (cf. Chapter II, p. 111). Ac­
cording to classical theory, a variable magnetic dipole moment 
such as that produced, for instance, by an alternating current in 
a coil gives rise to electromagnetic radiation. Correspondingly, 
in wave mechanics, it gives rise to a transition probability which 
may be different from zero even if the ordinary dipole transition 
probability is zero. Again, the transition probability due to 
magnetic dipole radiation is small compared with that due to 
electric dipole radiation (1 : 10- 6). 

Actually, cases have been observed in which transitions that 
are strictly forbidden by the electric dipole selection rules take 
place due to quadrupole or magnetic dipole radiation. (See 
Chapter IV.) 

5. Alkali Spectra 

The principal series. The absorption spectra of alkali 
vapors (Fig. 2 ) appear quite similar in many respects to the 
absorption spectrum of the H atom (Lyman series). They 
are only displaced, to a considerable extent, toward longer 
wave lengths.10 These spectra also consist of a series of 
lines with regularly decreasing separation and decreasing 
intensity. This series is called the principal series. It 

19 We disregard for the moment thf' splitting of the lines of the heavier 
alkalis, with which we shall deal in Chapter II. This splitting is still so small 
fm· Li that it cannot be not.iced with the usual spectroscopic apparatus. 
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cannot, however, be represented by a formula completely 
analogous to the Balmer formula. On the other hand, since 
the lines converge to a limit, we must be able to represent 
them as differences between two terms. One of these 
terms is a constant TPs (known as the fixed term) and has 
the frequency of the series limit. The other (known as the 
running term) must depend on a running number (order 
number) m in such a way that the term disappears as 
m ----+ c;;;:,. 

It has been found that the series can be satisfactorily 
represented with R/(m + p)2 as the running term. R is the 
Rydberg constant, and p is a constant number < 1; p is 
called the Rydberg correction. It is the correction that, for 
the alkalis, must be applied to the Balmer term (p = 0 gives 
the Balmer term). The running number m takes values 
from 2 to c;;;:,, The quantity n * = m + p is called the eff ec­
tive principal quantum number. Thus the formula for the 
absorption series (principal series) for the alkalis 20 is: 

R 
11-= TPs - (m + p)2 

A continuous spectrum follows at the series limit, as shown 
in Fig. 2. 

Other series. In emission, other series in addition to the 
principal series may be observed for the alkalis. These 
series partly overlap one another. Fig. 3 (p. 5) shows the 
Na emission spectrum. The three most intense of the addi­
t ional series have been given the names diffuse, sharp, and 
Bergmann series. The last is also sometimes called the 
fundamental series. The lines of the diffuse and the sharp 
series frequently appear diffuse and sharp, as their names 
indicate. The Bergmann series lies further in the infrared 
and consequently does not appear in the spectrogram in 
Fig. 3. The limits of these series and, therefore, their 
limiting terms differ from the limiting term of the principal 

20 This formula does not hold so exactly as that for the H spectrum. More 
exact agreement with experiment can be obtained by adding to the denomi­
nator an additional term which depends on m. 
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series, but the sharp and the diffuse series have a common 
limit (see Fig. 3) . TM is the common limiting term for the 
sharp and the diffuse series; T11s, for the Bergmann series. 
The running terms are quite analogous to those of the prin­
cipal series, but the Rydberg correction has a different value 
for each series. Thus we have: 

PRINCIPAL SERIES: 
R 

v = Trs - - -- (m = 2, 3, · · ·) 
(,n + p )2 

SHARP SERIES: v = 1'ss - R (IIL = 2, 3, · · ·) 
(m + s)2 

DIFFUSE fiERIES: 
R 

v = T ss - --- (111 = 3, 4, · · · ) 
(,n + d )2 

BERGMANN SERIES: 
R 

v = Tas - (m + !)2 (m = 4, 5, · · ·) 

The values found empirically show that TPs = R/ (1 + s)2, 
Tss = R./(2 + p) 2, Tns = R/(3 + d) 2

; that is, the limiting 
terms belong to one of the series of running terms. If we 
put mP as a symbol for R/(m + p)2

, mS for R/ (m + s)2, and 
so on, the series may be written: 

PRINCIPAL SERIES: 

SHARP SERTES: 

DIFFUSE SERIES: 

BERGMANN SERIES: 

v = lS - mP 
v = 2P - m8 
v = 2P - rnD 
v = 3D - mF 

(m = 2, 3, · · · ) (I, 35) 
(m = 2, 3, · · ·) (I, 36) 
(m = 3, 4, · · · ) (I, 37) 
(m = 4, 5, · · · ) (I, 38) 

Theoretical inteq:retation of the alkali series. From 
the four series of the alkalis it is evident that four different 
term series or four sets of energy levels exist, and these can 
be designated by S, P, D, F. In Fig. 24 these series are 
given for Li in the manner explained in an earlier section. 
The ground state of the alkali atom is lS, since in absorption 
only the principal series appears and this has lS as the 
lower level. The S terms 2S, 3S, · · · follow after it. The 
lowest P state occurring is 2P, and it lies above the 1S term 
by an amount equal to the wa,·e number of the first line of 
the principal series IS - 2P. The series of P terms follow 
after it. The principal series in absorption corresponds to 
transitions from the ground state to the various P states; 
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the converse holds for emission. The sharp series cor­
responds to transitions from the higher S terms to the 
lowest P state. The lowest D term lies still higher than the 
lowest P term (namely, by 2P - 3D), and, analogously, 
the 4F term is higher than 3D. All term series go to the 
same limit, whereas of course the line series have different 
limits (cf. above). 

The similarity of this energy level diagram (Fig. 24) to 
the generalized energy level diagram of H (Fig. 13, p. 26) is 
obvious. The main diff ercnce is that the members of the 

2s 
Volta l=L 0 
6.37 

4 

2S 

3 

0 1S· 

•p 2F 
3 

15,000 

20,000 

25,000 

30,000 

35,000 

40,000 

45,000 

Fig. 24. Energy Level Diagram of the Li Atom [after Grotrian (8) ]. The 
wave le1,gths of the spectral lines arc written on the connecting lines repre­
sen ting the transit ions. Doulilct structure (see Chapter II) is not inrluded . 
Some unobserved levels arc indicated by dotted lines. The true principal 
quantum numbers fur the S terms nre one greater t han the empirical running 
numbers given (seep. 61); for the remnining terms, they are the same. 
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different adjacent term series no longer have almost exactly 
the same height. This is to be expected, theoretically, for 
the terms of a single electron moving in a field which is not 
the Coulomb field of a point charge. The structure of the 
alkali spectrum therefore leads to the conclusion that, for 
the alkali atoms, a single outer electron moves about an atomic 
core n whose field shows marked deviations from the Cou­
lomb field of a point charge, which are due to the finite extent 
of the core. Furthermore, it follows that the S, P, D, F 
terrns are distinguished from one another by the value of the 
,quantum number l (l = 0, 1, 2, 3, · · ·); that is, by the orbital 
angular momentum of the outer electron. On the basis of 
the old Bohr theory, each term series would correspond to a 
series of elliptical orbits, as in Fig. 10 (p. 18). The fact 
that the series of P terms begins with m = 2, the D terms 
with m = 3, and the Ji' terms with m = 4 is also in agree­
ment with this assumption, since, if the order number m is 
identified with the principal quantum number n, m must be 
~ l + 1 (see p. 38). The selection rule til = ± 1 is also 
fulfilled; only neighboring term series combine with one 
another. 

The Rydberg correction (the deviation from the hydrogen 
terms) is greater, the nearer the electron comes to the core 
in its orbit according to the old Bohr idea. The correction 
is greater still if the orbit penetrates the core (so-called 
penetrating orbits), as then the effective nuclear charge Z.rr 
acting on the electron is appreciably altered. In the im­
mediate neighborhood of the nucleus the whole nuclear 
charge acts, but at a great distance it is shielded by the core 
electrons down to Ze1, = 1. Accordingly, the Rydberg cor­
rection should be greatest for S terms, smaller for P terms, 
still smaller for D terms, and so on (see Fig. 10). This is 
actually the case. The Rydberg correction is extremely 
small for F terms; that is, they are practically Balmer terms. 
In contrast, the Rydberg correction for S terms is so large 

21 The stable electron group obtained by removal of the outermost electron 
or electrons is called the cme or ~l. 
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(for Li, 0.59) that we are not certain what the true principal 
quantum number is-that is, whether the ground term for Li 
has n = 1 or 2. The numbers in Fig. 24 are not the true 
principal quantum numbers of the emission electron. We 
shall find out later what these are. 

The common limit of all term series (Fig. 24) corresponds 
to the removal of the outer electron (the emission electron), 
which is moving about the atomic core. Beyond this 
limit, as in the case of hydrogen, extends a continuous term 
spectrum which corresponds to the removal of the electron 
with more or less kinetic energy. The existence of this con­
tinuous term spectrum is proved from observation of con­
tinuous spectra extending beyond the limit of the line series 
(cf. Figs. 2 and 3). The height of the limit of the term 
series above the ground state 1S gives the energy of ionization 
(ionization potential) of the alkali atom. From Fig. 24 we 
can see directly that this is equal to the wave number of the 
limit of the principal series (see also p . 23); for Li, the 
ionization potential is 43,486 cm-1 or 5.363 volts. 

Alkali-like spark spectra. Just as the spectra of He+, 
Li++, and Be+++ are similar to that of hydrogen, the spectra 
of the alkali-like ions (ions with the same number of elec­
trons) are very similar to the alkali spectra (Paschen, 
Fowler, Bowen, Millikan, Edlen, and others). The spectra 
of ions are usually called spark spectra and those of neutral 
atoms arc spectra, since the former are generally produced 
in an electric spark (or condensed discharge), and the latter 
in arcs. This corresponds to the fact that the excitation po­
tential of the spectra of ions is much greater than for the 
spectra of neutral atoms, on account of the necessity of 
producing ionization or multiple ionization of the atom in 
the former case. The spectra of singly, doubly, etc., 
charged ions are called spark spectra of the first, second, etc., 
order. The arc spectrum is indicated by the Roman nu­
meral I placed after the symbol for the element; the first 
spark spectrum is indicated by the Roman numeral II; and 



60 Simplest Line Spectra and Atomic Theory [I, 5 

so on. The following groups analogous to the alkalis have 
been investigated: 

Li I, Be II, B III, C IV, NV, 0 VI, F VII, Na IX 
Na I, Mg II, Al III, Si IV, P V, S VI, Cl VII 
KI, Ca II, Sc III, Ti IV, V V, Cr VI, Mn VII 
Rb I, Sr II, Y III, Zr IV 
Cs I, Ba. II, La III, Ce IV, Pr V 

In section 2 it was shown that, in the series HI, He II, 
Li III, the spectra and the corresponding term values 
differed by a factor V. If the spectra of the above series of 
atoms and ions were completely similar to H , the wave 
numbers of the lines or of the term values should similarly 
differ only by a constant factor (Z - p)2, where Z - pis the 
effective nuclear charge acting on the outer electron 
(Z = atomic number or order number of element, and 
p = number of core electrons) . 

In each of the above series, Z - p goes through the 
integral number values 1, 2, 3, · · ·. Therefore, if these 
alkali-like spectra were also hydrogen-like, division of all 
term values by the factor (Z - p) 2 should result in the same 
values for each member. Actually, though the spectra are 
completely analogous in all details (the same number and 
type of terms), the individual term schemes do not coincide 
exactly after division throughout by (Z - p)2. Fig. 25 
shows this for the series from Li I to O VI. As previously 
explained, this result is due to the fact that the field in which 
the outer electron moves is not exactly the Coulomb field of 
a point charge and, therefore, the term values are not simply 
proportional to (Z - p)2, as in formula (I, 11). However, 
because of their close similarity to hydrogen, the ·D and F 
terms of all members of t he above groups and some of the P 
terms do coincide approximately after division by (Z - p) 2 

(cf. Fig. 25). 
To the right of Fig. 25 is given the position of the H terms 

with n = 2, 3, 4, ···,and a hypothetical term with n = 1.5. 
The effective principal quantum numbers of the terms can 
therefore be read from this scale. For the first P term of 
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the Li series, this number is nearly 2; for the first D term, 3; 
and so on. Thus 2, 3, · · · are also the true principal 
quantum numbers of the terms-that is, they are the prin­
cipal quantum numbers which the electron would have if the 
core of the atom were very small so that the terms were 
identical with Balmer terms. 

In contrast to the P, D, and F terms, the S terms are far 
from being hydrogen-like; for the various members of one of 
the above series of elements, these terms have a noticeably 
different position after division by (Z - p )2• (Cf. Fig. 25 
for the Li row.) However, even for these S terms the true 
principal quantum numbers can be determined from Fig. 25 
and from similar figures for the other series. With increas-
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Fig. 25. Energy Level Diagrams of Li and Li-like Ions up to O VI, 
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ing nuclear charge Z, the core is pulled strongly together and 
the external field becomes more and more like a Coulomb 
field with nuclear charge Z - p. The terms in the above 
series must therefore become more and more hydrogen-like 
with increasing Z - p. In Fig. 25 this effect is seen for P 
terms as well as for S terms; it is particularly marked for the 
latter. The effective principal quantum number for the 1S 
term is 1.86 for N V and 1.88 for O VI, as compared to 1.6 
for Li; that is, it approaches the value 2, which is, therefore, 
the true principal quantum number for the emission electron 
of Li in the ground state and also for Be+, etc. In an 
analogous manner the true principal quantum numbers for 
the emission electrons in the ground states of Na, K, Rb, 
and Cs and the corresponding ions are found to be 3, 4, 5, 
and 6, respectively.22 

The Moseley lines. Another representation of the relation 
between the spectra of the alkalis and the alkali-like ions is often 
used. For the terms of hydrogen-like ions, 

T = RZ2 
n2 or 

Plotting ..JT/R against the nuclear charge should therefore give a 
straight line going through the origin. The same is true for the 
hydrogen-like terms of the alkali-like ions when they are plotted 
against Z - p. In Fig. 26 the ..JTJR values for some terms in 
the Li group are plotted in this way. We see that the hydrogen­
like D and F terms coincide (within the limits of accuracy of the 
drawing) with the broken lines which represent the Balmer terms. 
P terms and S terms also lie on straight lines, but are displaced 
parallel to the corresponding lines for the Balmer terms (S terms 
being displaced more than P terms). These lines are named after 
Moseley, who first discovered the corresponding relation for 
X-ray spectra. The extent of the parallel displacement is a 
measure of the incompleteness of the shielding of the nuclear 
charge by the core electrons. The slope of the line equals 1/n; 
hence the slope can be used to derive the true principal quantum 
number. It is evident from Fig. 26, as well as from Fig. 25, that 
the true principal quantum number for the lowest S term (ground 
state) of ions of the Li group is 2. A similar state of affairs holds 

n For more extensive treatment, see: (7), (8), (9), (ll ), (12), (13). 
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for the Na, K, Rb, and Cs series, but the Moseley lines become 
increasingly curved. 

In the Moseley diagram, terms of equal principal quantum 
number (for example, the lowest S and P terms of alkali-like 
ions, as in Fig. 26) give parallel lines-that is, ..JT1/R - ..JT2/R is 
a constant. It is easily seen from this that T1 - T2 is a linear 
function of Z - p. This is called the law of irregular doublets 
or screening doublets. It is of importance since, when T1 - T2 
is known for two members of a series of ions (such as Li I and 
Be II), the value T1 - T2 can be calculated for other members 
of the series. For n = 2, T, - T2 is the frequency of the first 
member of the principal series. Thus, the wave length of this 
line may be predicted for higher spark spectra of a series-a fact 
that is, of course, important in the analysis of these spectra. An 
extended discussion of Moseley diagrams and the irregular doublet 
law is given in Grotrian (8) and White (12). 
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Fig. 26. Moseley Diagram of the Terms of Li-like Ions. 
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6. Spectrum of Helium and the Alkaline Earths 

Helium. The emission spectrum of helium consists of a 
number of series in the visible region of the spectrum, as well 
as in the near and far ultraviolet regions. The number of 
these series is essentially the same as in the spectrogram for 
Mg given in Fig. 4, which will be further treated at the end 
of this section. There are twice as many line series as for 
the alkalis (cf. Fig. 3): two principal series in the visible and 
near ultraviolet (which have different limits), as well as two 
diffuse, two sharp, and two fundamental series. These 
series can again be represented by transitions in an energy 
level diagram, but the necessary terms are twice as numer­
ous as for the alkalis. There are two series of S terms, two 
series of P terms, and so on. 

In the energy level diagram of Fig. 27 the terms are dis­
tinguished by 1S, 3S; 1P, 3P; and so on. (For the meaning of 
these symbols, see Chapter II.) Corresponding terms of 
the two systems with the same order number differ in their 
effective principal quantum numbers- that is, in the magni­
tude of their Rydberg corrections. The terms of one sys­
tem generally lie noticeably deeper than the corresponding 
terms of the other if the same limit is assumed for all the 
term series. This state of affairs was described by earlier 
investigators as due to two different kinds of helium; par­
helium (indicated by the left upper index 1) and orthohelium 
(indicated by the left upper index 3). Parhelium differs 
from orthohelium in having, besides the states with n = 2, 
3, · · ·, an additional deep-lying S state with principal 
quantum number 1. This is the normal state of the He 
atom. Transitions fr.om higher P terms of parhelium (1P) 
to the normal state giv.e rise to the far ultraviolet principal 
series at 584-504A; this series also appears in absorption 
[Collins and Price (54)]. Besides this principal series, 
there exists in the visible and near ultraviolet regions-an­
other principal series of parhelium corresponding to the 
transition frvm higher 1P terms to the 2 1S state (cf. Fig. 27). 
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Combinations of terms of the para system with those of 
the ortho system have not been observed.2a The term sys­
tem of He thus splits essentially into two partial systems, 
which do not combine with each other (right and left parts of 
Fig. 27). In particular, the lowest state of orthohclium, 
2 as, which lies 19.72 volts above the ground state 1 1S, does 
not combine with the ground state. Those terms which 
cannot go to a lower state with the emission of radiation 
and, correspondingly, cannot be reached from a lower state 
by absorption are called metastable. The 2 1S state is also 
metastable, since the selection rule t.l = ± 1 does not allow 
any transition to 1 1S. The metastability of the 2 as state 
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Fig. 27. Energy Level Diagram for Helium. The runninf!: numbers and 
true principal quantum numbers of the emission electron arc here identical. 
Tbe series in the vi~ible and near ultraYiolet regions correspond to the indicated 
transitions between terms with n ~ 2. 

23 The weak intercombination line rE'pot-ted hy Lyman at 591 .6 A is an 
Ne line according to Dorgelo (55). 
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is, however, stronger than that of the 2 1S state, since the 
transition 2 3S - 1 1S would contradict the prohibition of 
an ortho-para transition as well as Ill = ± 1. Transitions 
with Al = 0 can occur in an electric field (for example, 
2 1S - 1 1S), but not ortho-para transitions (cf. Chapter IV). 

The ionization potential of helium as obtained from the 
limit of the series 1 1S - m 1P (see Fig. 27) is .24.46 volts. 
As previously stated, it was in no way possible to derive this 
value from the Bohr theory, but quantum mechanics gives 
the spectroscopic value within the limits of accuracy of 
calculation [Kellner (56); Hylleraas (57)]. The same is 
true of the ionization potentials of the helium-like ions, Li+ 
and Be++, whose spectra stand in the same relation to the 
He spectrum as those of the Li-like ions to Li. The spectro­
scopic values for the ionization potentials of Li+ and Be++ 
are 75.28 and 153.1 volts, respectively. 

An explanation of the splitting of the He term scheme 
into two practically non-combining systems could be ob­
tained from the old Bohr theory only in a very arbitrary 
manner. This splitting, however, follows necessarily from 
wave mechanics. A complete understanding of it is possible 
only by inclusion of the electron spin, which will be discussed 
later. 

Heisenberg's resonance for helium. The theoretical basis for 
the explanation of the splitting of the He term scheme was given 
by Heisenberg (58) when he applied wave mechanics to a system 
with two electrons. The wave equation for a system such as He, 
consisting of two electrons moving in the field of a fixed charge 2e 
(nucleus), is obtained from (I, 24) by substituting 

V = - 2e2 - 2e2 + .!!___ (I, 39) 
r1 r2 r12 

if r1 and r 2 are the distances of the two electrons from the nucleus, 
and r 12 is the distance of the two electrons from each other. 
Hence, we obtain: 
iJ2y; iJ2,J, iJ2,J, iJ2,J, iJ2y; iJ2y; 
ax? + ily12 + azi2 + iJxl + ay22 + azl 

+ g7r2m (E + 2e2 + 2e2 - £...) t/1 = 0 (I, 40) 
h2 r1 r2 r12 
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To zero approximation the repulsion of the electrons e2/r12 may 
be disregarded. Then, equation (I, 40) is just the sum of two 
hydrogen wave equations with Z = 2. Each el~ctron may there­
fore take any of the ordinary hydrogen energy values with Z = 2, 
and the eigenfunctions are: 

,p(X1Y1Z1, X2Y2Z2) = <Pn,(X1Y1Z1)<Pn2 (X2Y2Z2) 

where the ,p's are ordinary hydrogen eigenfunctions [equation 
(I, 28)]. This result may easily be verified. n1 and n2 are the 
principal quantum numbers of the two electrons. When electron 
1 is in its lowest energy state (n1 = 1) and electron 2 in the state 
n 2 -= n, the eigenfunction can be written in an abbreviated form : 

,P = ,P1(l),pn(2) 
where the numbers 1 and 2 in parentheses stand for the co­
ordinates of electrons 1 and 2. Evidently the state in which 
electron 1 is excited to n 1 = n, and electron 2 is in the lowest state, 
with eigenfunction <Pn(l),p1(2), has exactly the same energy as the 
state ,pi(l),p,.(2). This resonance degeneracy is removed if e2/r12, 
the electrostatic repulsion of the two electrons in (I, 40), is con­
sidered. Because of the coupling between the two electrons, 
the system will periodically switch over from the state <Pi(l)rp,.(2) 
(electron 2 excited) to the state ,p,.(l),p1(2) (electron 1 excited), 
and back again. This is quite similar to the case of two P.qual 
coupled pendulums or two equal coupled electric oscillating 
circuits. If at first only one pendulum (or circuit) is excited, 
after a time only the other will be excited, and so on. 

Mathematically, the eigenfunction of the perturbed system 
(including the electrostatic repulsion) to a first approximation is 
A,p1(l),p,.(2) + B,pn(l),p1(2). Calculation shows that either 
A = B, or A = - B; hence we have (omitting the constant 
factor): 

,P, = ,P1(1),pn(2) + <Pn(l),p1 (2) 
,Pa = <,'1(1),pn(2) - rp;,(l),p1(2) 

or 
(I, 41) 

These two eigenfunctions correspond to two different eigenvalues, 
E, and Ea, into which the originally twofold degenerate level is 
split by introducing the interaction. The first function is 
symmetric-that is, it remains unaltered by an exchange of the 
electrons (exchange of numbers 1 and 2 in parentheses); whereas 
the second is antisymmetric-that is, it changes sign for this 
operation. 

In the mechanical example, the two eigenfunctions ,t,. and 'Pa 
correspond to the two stationary vibrations by superposition of 
which the observed exchange of energy between the two resonat­
ing pendulums (circuits) may be represented. These vibrations 
are: the symmetric vibration, in which the two pendulums (or cir­
cui"ts) are always in phase ( t t ); and the antisymmetric vibration 
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in which they arc in opposite phases (t O. The frequencies of 
the two vibrations are evidently different. Superposition of the 
two Yibrations results in the periodic transfer of all the vibra­
tional energy from one pendulum (circuit) to the other. 

Similarly, by superimposing 
'¥ • = Y,, ,e-2ri(E,Jh) t and 

we obtain a continuous switching 
<Pn(l)cp1(2). Namely, fort = O, 

'¥ a = Y,,ae-2ri(Ba/h) I 

over from <,01(l)<,0n(2) to 

'¥, + '¥" = if,,+ Y,,a = 2rp1(l)<,0n(2) 
whereas after a crrtain interval wl10n c-2,,1<8 ,th> 1 = + I and 
e-~r1<8 • 11•> 1 = - 1 at the same time (which is possi IJlc since 
E. =l= E .. ) 

'¥,+'¥a = 1/1, - ¥'a = 2<,0n(l)<,01(2) 
After a further equal interval of time, '¥. + '¥ 0 will again equal 
2cp1 (IJ <Pn(2); that is, the second electron will be excited once more, 
and so on. 

Actually, however, according to the statistical interpretation 
of ·wave mechanics, this superposition of '¥. and 'I' a cannot occur 
in one and the same atom. Either '¥, (with energy E.) or '¥ a 
(with energy Ea) is excited in the atom. As shown by the func­
tions (I, 41), in each of these stationary states 'I', and '¥a, both 
cp1(l)<,0n(2) and <,01(2)cpn(l) arc contained; or, in other words, in 
each of these stationary states partly electron 1 is excited and 
partly electron 2. 

The aboYe considerations show that, to every one excited state 
of the hydrogen atom "·ith certain n and l values, there correspond, 
in the system with two electrons (He), two excited states with 
somewhat different energies, due to Heisenberg's resonance. 
One of these states is always symmetric; the other, antisym­
metric. For the ground state, the resonance degeneracy does not 
exist: the eigenfunction is cp1(l)i,o1(2), and there is only one state, 
which is symmetric. These theoretical results agree exactly with 
the observed energy level diagram of Fig. 27. The parhelium 
levels are the symmetric levels; the orthohelium, the antisym­
metric. Even quantitatively, the calculated energy levels and 
particularly the energy differences of the two term systems agree 
closely with the observed values. 

There is, however, one important difficulty which cannot be 
solved at this stage; namely, it is found theoretically that the 
trans'ition probability between symmetric and antisymmetric terms 
is exactly equal to zero. This may easily be seen in the following 
way: For electric dipole radiation, the transition probability 
(p. 53) is proportional to the square of 

L Ek J-i[rn'ltm*Xk dr 
k 
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where x* is one of the three co-ordinates of the kth particle. In 
the present case, for two electrons this will be: 

E .f 'Yn'Ym*(X1 + X2) dr 

If we now consider the transition between a symmetric and an 
antisymmetric state, we have to substitute '1tn = '1'., and 
'1t,,. = 'Va• However, then the integrand and, therefore, the 
integral change sign when the two electrons are exchanged 
( exchange of index numbers 1 and 2), because '¥ a then changes 
sign (cf. above), whereas '1', and (x1 + x2) do not. Since the 
value of the integral cannot depend upon the designation of the 
electrons, it follows that the integral must equal zero. This 
result holds, not only for the transition probability produced by 
ordinary dipole radiation, but also for any other type of radiation 
(p. 53), since the term replacing (x1 + x2) would also be un­
altered by changing the index numbers. Even the transition 
probability induced by collisions with other particles (electron 
collision, and so on) will be exactly equal to zero, because the 
interaction term, necessarily, is always symmetric in the two elec­
trons of He. There is, consequently, no way of bringing about a 
transition between symmetric and antisymmetric energy levels. 
If all the atoms are at one time in a state of one system, as·is the 
case for normal He (symmetric state), they should never go over 
to the other system, and hence the latter system should be un­
observable. This conclusion flatly contradicts the fact that both 
systems are actually observed. As will be seen later (cf. Chapter 
III, section 1), this is due to the presence of electron spin. 

The alkaline earths. As in the case of He, the alkaline 
earths and the other elements in the second column of the 
periodic system have twice as many series and, correspond­
ingly, twice as many terms as the alkalis. This fact may be 
clearly seen by comparing the spectrograms of Ka (Fig. 3) 
and 1\lg (Fig. 4). The l\Ig spectrogram, it is true,· shows 
mainly diffuse and sharp series and only one line of one 
principal series. The other lines of this principal series and 
the other principal series lie in another region of the 
spectrum. 

The alkaline earths thus have two partial systems of 
terms which practically do not combine with each other and 
lie at different heights. As for He, only one of them, t he 
para system, has a low-lying state, the ground state 1S. 
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The lowest term of the ortho system, however, is a 3P term 
-not a 3S term. (Cf. the Ca energy level diagram, Fig. 
32, p. 77.) Just as with He, the two term systems con­
verge to the same limit. From the splitting of the energy 
level diagram into two partial systems, we may conclude 
that, as for He, there are only two electrons outside the atomic 
core of the alkaline earths. The same conclusion holds for 
the alkaline-earth-like ions. The energy level diagram and 
the difference between the two term systems will be con­
sidered in greater detail in Chapter II. 



CHAPTER II 

Multiplet Structure of Line Spectra and 
Electron Spin 

1. Empirical Facts and their Formal Explanation 

Doublet structure of the alkali spectra. As shown in 
Chapter I, the quantum numbers n and Z just suffice to 
characterize the different term series of the alkalis (Fig. 24, 
p. 57). However, they no longer are adequate for He and 
the alkaline earths, since for these there are twice as many 
term series as for the alkalis-that is, there are two com­
plete term systems, which are distinguished by a left upper 
index 1 or 3 on the term symbol. The physical meaning of 
this method of distinction will be made clear in the subse­
quent discussion. Even if we provide an explanation by 
assuming that the atom under consideration exists in two 
different forms (for example, orthohelium and parhelium), 
the insufficiency of the quantum numbers thus far introduced 
becomes still more obvious when we examine the alkali 
spectra with spectral apparatus of greater dispersion. It is 
then found that each of their lines is double, as is generally 
known for the D line of Na. The line splitting increases 
rapidly in the series Li, Na, K, Rb, and Cs. It can be 
detected for Li only by using spectral apparatus of very 
high dispersion. However, for the D line of Na, the 
splitting is 6 A. Fig. 29(a), page 74, shows this and 
some other Na doublets. The line splitting can naturally 
be traced back to a term splitting. Either the upper or the 
lower, or both of the terms involved are double, that is, 
split into two levels of slightly different energy. 

To illustrate, Fig. 28 gives the energy level diagram of 
potassium. The scale used in the diagram is just sufficient 

71 
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to show the splitting. The ground state and other S terms 
are single; the P terms are split, the splitting decreasing 
with increasing order number. The components are drawn 
side by side. If the ground state were split and the P states 
were single, all the lines in the principal series (1S - mP) 
would have the same splitting (in cm-1); but this is not the 
case. On the other hand, all lines of the sharp series 
(2P - mS) have the same splitting, since the common 
lower state 2P is split while the upper states mS are not 
split. The lines of the diffuse series (2P - rnD) have the 
same splitting, for the same reason. The D terms them­
selves are split, but the splitting is so much smaller that it 
makes scarcely any difference in the case of potassium 
(see below). 
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Fig. 28. Energy Level Diagram for Potassium [ Grotrian (8)]. Herem is 
the empirical order number of the terms (sec p. 55). For S terms, the true 
principal quantum number of the emission <'lectron (p. 62) is 3 greater than m; 
for P terms, it is 2 greater; for D and ft' terms, it is equal to m. 
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Quantum number J. Since the quantum numbers thus 
far introduced do not suffice, we distinguish, at first for­
mally, the components of the doublets by an index number 
-that is, a new quantum number. " re could write: P 1 and 
P2. But, instead, we use as indices: for the P terms, ½ an<l 
J; for the D terms, ~ and ~; and so on. The reason for this 
nomenclature will become apparent later. In Fig. 28 these 
symbols are written over the corresponding term series. 
In addition, a left upper index 2 (doublet) is gi\'en to all the 
term symbols (see below). The S terms arc giYen a sub­
script!, although they are actually single. Thi,; new quan­
tum number (subscript) is designated as J, and was called 
the inner quantum number by :::iommerfeld. The different 
values of J occurring are summarized in Table 3. 

Term L 

S 0 

I' l 

D 2 

F a 
a 4 

TABLE 3 

J VALUES FOR DOUBLET TERMS 

J 

I 

i"-. 
½ ' 
" f"-. 3 • 

'" i" }" i" 
' ' -

Each individual term of the alkalis is now characterized 
by the three quantum numbers n, l, and J. In the fu ture 
we shall write L instead of l when we wish to characterize the 
whole atom and not a single electron. The selection rule 
is the same as for l (Chapter I , section 4): 

t.L=±l 

Selection rule for J; compound doublets. The splitting 
of the D terms for potassium is so small that, for most 
purposes, t hey can be treated as if they were single. Ac­
cordingly, the D terms are not drawn separately in Fig. 28. 
Thus there will be practically no difference in the splitting 
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of the sharp (2P - 2S) and the diffuse (2P - 2D) series. 
This also holds for Na, of which a few of the diffuse and 
the sharp doublets are shown in Fig. 29(a) . The splitting 
of the D terms becomes noticeable for Rb and Cs, as well 
as for the alkali-like ions Ca+, Sr+, and so on. If the indi­
vidual doublet term components could combine with one 
another without restriction, four components would be 
expected for each of the lines of the diffuse series (since each 
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Fig. 29. Examples of Line Doublets. (a) Some Na. doublets (part of 
the Na emission spectrum reproduced in Fig. 3, taken with larger dispersion). 
(b) Compound doublet of Ca.+. True principal quantum numbers are used to 
designate the terms. 

component of the upper D term should combine with each 
of the two components of the lower P term) . Actually, 
only three components are observed, as is shown in the 
spectrogram for a 2P - 2D transition of Ca+, in Fig. 29(b). 
Using the J values given above, we obtain agreement with 
experiment if we assume for the new quantum number J the 
selection rule: l 

t..J = 0 or + 1 or - 1 (II, I ) 

Fig. 30 shows the energy level diagram (not drawn to 
scale) corresponding to the Ca+ doublet reproduced in Fig. 
29(b). Transitions allowed by the selection rule are given 
as solid vertical lines, the horizontal distance between the 
lines corresponding to their frequency difference. The 

1 If we had distinguished the comoonents of the P and D terms simply by 
the indices 1 and 2, a. representation of the observed transitions would not have 
been possible with such a simple selection rule. 
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spectrum produced in this way is drawn schematically in 
the lower part of Fig. 30. For the transition, 2D 512 - 2P 112, 

t:,.J = 2. This transition is forbidden by the selection rule, 
and actually does not appear in Fig. 29(b); however, it is 
shown by a dotted line in Fig. 30. As J 

already stated, the splitting of the upper 2D{--.---.----% 
D term is relatively small, and thus, ~ 
using low dispersion, we obtain doublets 
only, as for the sharp series, since 
2Pa,2 - 2Da12 and 2Pa,2 - 2Ds12 practic­
ally coincide. Using greater dispersion, 
as in Fig. 29(b), we find that one com­
ponent of the doublet, and only one, is 
double. However, this group of lines is 
called, not a triplet, but a compound 
doublet, since it results from the com­
bination of doublet terms. The lines of 
the Bergmann series (2D - 2F) similarly 
consist of such compound doublets, 
which are incompletely resolved still 
more often than those of the diffuse 
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Fig. 30. Origin of 
a Compound Doublet 
1P - 1D. [Cf. Fig. 29 
(b).J Intensities are 
indicated by the thick­
ness of the lines. 

series. Allowed combinations for the different series are 
also indicated in Table 3. 

Triplets and singlets of the alkaline earths and helium. 
A more accurate investigation of the two systems of lines 
of the alkaline earths, using high dispersion, shows that the 
para system consists of single lines (singlets), whereas the 
ortho system consists of threefold lines (triplets). The 
splitting of the latter increases rapidly with increasing 
atomic number of the element in the second column of the 
periodic system. For Hg, the splitting is so great that 
different lines of one and the same multiplet lie in different 
regions of the spectrum. 

Similar to the spectrum of the alkaline earths, even under 
large dispersion, the lines of the para system of He appear 
single, whereas those of the ortho system appear as very 
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close triplets. 2 The symbols already used for He and the 
alkaline earths (left upper indices 1 and 3) are now under­
standable (see Fig. 27, p. 65). Fig. 31 shows spectrograms 
of some of the calcium triplets. As in the case of t he alkalis, 
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Fig. 31. Some Calcium Triplets (Ca I). (a), (b), a nd (c) :;•formal t riplets. 
(d) Anomalous triplet (sec p. 165). These photographs were taken with fairly 
large dispersion (2 A/mm.). 

the line splitting can be traced back to a splitting of the 
terms-this time into three components. Fig. 32 shows the 
energy level diagram for calcium, with this splitting taken 
into consideration. 

As in the case of doublet terms, the components of the 
triplet terms can be distinguished by indices J, which 
must now be assumed to be integers and to have the values 
given in Table 4 (p. 78). The reason for this choice will 
be made clear.later. For the alkalis, ·we found that the S 
terms of the doublet system are single. Similarly, here the 
S terms of the triplet system are single. In spite of that 
fact, they are given a J index which, in this case, is equal to 1. 
These S terms must be clearly distinguished from the S 
terms of the singlet system (18) of the same element, which 
lie somewhat higher (cf. Fig. 32) . The former combine 
only with triplet terms, although they themselYes are single; 
the latter , only with singlet terms. 

2 For He, two of the components lie so close together that for a long time the 
lines were thought to be doublets. 
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Use of the J selection rule (II, 1) gives the possible com­
binations indicated in Table 4. For small resolution, all 
the resulting lines of the triplet system are threefold, 
since then only the splitting of the lower term (which 
is the greater) is effective. Even under greatest reso­
lution the lines of the principal series (3S - 3P) and 
of the sharp series (3P - 3S) are only threefold, since 
the 3S terms are single. However, each line of the dif­
fuse series (3P - 3D) and of the Bergmann series (3D - 3F) 
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Fig. 32. Energy Level Diagram of Ca I [Grotrian (8) ] . The cliagramsbows 
only the normal terms. (For the anomalous terms, seep. 164.) The n values 
are true principal quantum numbers. The transitions corresponding to 
spectrograms (a) to (c) in Fig. 31 are included, among ot~ers, in this figure. 
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TABLE 4 

J VALUES FOR TRIPLET TERMS 

Term L J 

s 0 1 

p 1 o/f''2 
D 2 

,1x1, 
1 2 3 

F 3 ,,x '" 2 3 4 

G 4 ,,x '" 3 4 5 

then consists of six components. The spectrogram of 
Fig. 31(b) shows this for the second member of the dif­
fuse series. The two lines of the Bergmann series, shown 
in Fig. 31(a) and (c), under the same dispersion are still 
simple triplets, since the splitting of the 3F terms is con­
siderably less than that of the 3D terms, which is, in turn, 
considerably less than that of the 3 P terms. 

Fig. 33 shows, in greater detail, the origin of a compound 
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triplet (3 P - 3 D ) in an energy 
J 
s level diagram analogous to Fig. 
2 
1 30. Each of the components of 

the line triplet would be a narrow 
triplet if three of the lines (dotted 
lines in the diagram) were not 

2 forbidden by the selection rule. 
The group of lines obtained in 
this way agrees exactly with the 

o observed spectrogram in Fig. 
3I(b). 

It follows from Fig. 33 that 
the separations of the pairs of 

Fig. 33. Origin of a Com- lines a and b, and d and e, must 
fbtJd Triplet. [Cf. Fig. 31 be equal. From the fact that 

Ill 11 i Ii ; 
11 

this relation is satisfied by an 
observed group of six lines in an unknown spectrum, we can 
conclude, conversely, that the lines actually belong together 
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and form such a compound triplet. Apart from this there 
are other checks (intensity and interval rules, Chapter IV, 
section 4). 

Prohibition of intercombinations; intercombination lines. 
As already stated, terms of the triplet system of He prac­
tically do not combine with the terms of the singlet system, 
and conversely. That is, a prohibition of intercombinations 
is observed. This also holds for the alkaline earths. How­
ever, for them, some intercombination lines (combinations 
between singlet and triplet terms) actually do appear, al­
though they are very weak compared to the allowed transi­
tions. The number and intensity of forbidden lines which 
do appear increase with increasing atomic number. Some 
of these intercombination lines are included in the energy 
level diagram for Ca I (Fig. 32). The best-known example 
of such an intercombination line is the Hg resonance line 
>.2537, corresponding to the transition 3P1 - 1S0 (Fig. 74, 
p. 202). (The Ca line >.6573 is analogous.) This is one of 
the strongest Hg lines, but it is considerably weaker than the 
corresponding non-intercombination line 1P1 - 1S0 at >.1849. 
I t should be noted that the selection rule t:.J = 0 or ± 1 
holds also for these intercombination lines, with the addi­
tional restriction that 

J = 0 does not combine with J = 0 (II, 2) 

Thus, for Ca or Hg, the lines 3P 0 - 1So and 3P2--+ 1So either 
do not appear at all or appear extremely weakly.3 

Higher multiplicities; term symbols. For many elements 
other than those dealt with thus far, not only singlet, 
doublet, or triplet terms, but also terms of higher multi­
plicity occur; and, correspondingly, higher multiplets of 
lines are observed-such as, quartets, quintets, and so on. 
Also for the higher multiplicities, it is found experimentally 
that terms of different multiplet systems usually do not 

1 The selection rules do not hold quite rigorously. See also Chapter rv. 
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combine with one another or combine only very weakly 
(prohibition of intercornbinations). 

In accordance with the suggestion of Russell and Saun­
ders, terms are now generally distinguished by using the mul­
tiplicity as the left upper index of the letter giving the L 

value (S, P, D, · · · ); this prac­
- - ----~- 1;. tice is analogous to the method 

j 
already used for singlets and 

•n % triplets. The J value is given 

•p 

--,---1--~~_.__,._ % as the right lower index. Thus 
-i---1-,--ll----1--3- •12 

. . . . 

.. 

,. , . , . ,. ,. ,. 
~ ~ 

each individual component of a 
multiplet term can be charac-
terized. For even multiplicities, 
J takes half-integral values; 
for odd multiplicities, integral 
values. (The reason for this 
difference will be explained later.) 
Hence we have symbols such as 

~------..._._._ __ % 2P 112 (read "doublet P one 

l half"), 3D2, 3Si, ~Fs,2, and so on. 
---~__. ........ _ ....... % These symbols are also used for 
_____ __._..,__,h singlet terms where the J value 

7, i H i ; i ii is eq
1
ual t

8
o thepL valude; for ex-

~ ---_____;;.....;;;.......-=.r- amp e, 1 o, 1 1, an so on. 
_,_ _ __.!_._I _ _._! ....,IL.....L.I ...JIii'- Sometimes the principal quan-

a b c d e f gh 
tum number, or even the whole 
electron configuration, precedes 
this symbol, as we shall see later. 

If higher multiplicities occur, 

Fig. 34. •P ;;- •D Transition 
for c+ at 6800 A. · The relative 
separations of term and line com­
ponents are drawn to scale from 
data given by Fowler and 
Selwyn (59). 

t he spectra appear more and 
more complex. In principle, however, there are the same 
regularities as described earlier in this chapter-similar 
series of line multiplets (principal series, and so on), and 
the same selection rules ; hence we need not go into further 
detail here (see Chapter IV) . 

As an illustration of a somewhat more complicated multi­
plet, a 4P - 4D transition of the C; spectrum is given in 
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Fig. 34, similar to the compound triplet of Fig. 33. It 
should be noted that a 4P term has only three components. 
This fact and the given values of J are explained in the 
following section. 

Alternation of multiplicities. The atoms of the elements 
B, Al, and the other earths, which follow the alkaline-earth 
column in the periodic system, have doublet terms like the 
alkalis, as their spectra show (see the energy level diagram 
of Fig. 73, p. 198). However, quartet terms also have been 
observed for them, and consequently their energy level 
diagram splits into two partial systems (doublets and 
quartets), just as in the case of the alkaline earths (singlets 
and triplets). 

All the elements of the carbon group have singlets and 
triplets, and sometimes quintets; those of the nitrogen group 
have doublets and quartets, and sometimes sextets; those 
of the oxygen group have singlets, triplets, and quintets; 
the halogens have doublets and quartets; and the inert gases 
have singlets and t riplets, as we have already seen for He. 
Even and odd multiplicities, there! ore, alternate in successive 
columns in the periodic sy$tem. 

Quite analogous to the alkalis and alkaline earths, there 
are, for the other elements, series of arc and spark spectra; 
for example, C I, K II, 0 III, whose spectra, apart from a 
shift to the ultraviolet, are completely similar to one another. 
The Sommerfeld-Kassel displacement law thus holds: The 
first spark spectrum of an element is similar in all details to 
the arc spectrum of the element preceding it in the periodic 
system; similarly, the second spark spectrum is similar to the 
first spark spectrum of the element preceding it, or to the arc 
spectrum of the element with atomic number two less, and 
so forth. On the other hand, arc and spark spectra of the 
same clement are fundamentally different. The multi­
plicity and type of the terms of an atom or ion are thus de­
termined solely by the number of electrons. The nuclear 
charge affects only the position of the spectrum. The 
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alternation of multiplicities may therefore be expressed in 
the following generalized form: 

The terms of atoms or ions with an even number of electrons 
have odd multiplicities; the terms of atoms or ions with an 
odd number of electrons have even multiplicities. This rule 
holds also for elements not fitting into one of the eight 
columns of the periodic system; for example, the rare earths. 

2. Physical Interpretation of the Quantum Numbers 

Meaning of L for several emission electrons. For the H 
atom and the alkalis (which haye one emission electron), L 
is the same as l, which is itself proportional to the orbital 
angular momentum of the electron. For elements with a 
larger number of emission electrons, such as the earths or 
the elements of the oxygen group, the quantum number L 
was at first introduced purely empirically to distinguish the 
different term series (S, P, D, · · ·) of a term system. Its 
numerical value and, from this, the symbol for the corre­
sponding term were obtained from the combination proper­
ties, the same selection rule being assumed for L as for l, 
that is, AL= ±1. Further information was obtained from 
the investigation of multiplet structure and of the Zeeman 
effect. In more general cases, transitions with t!.L = 0 are 
also observed (see Chapter IV). The question is: In the 
more general cases what meaning does L have in our model 
of the atom? 

If we recall that a definite, constant orbital angular mo­
mentum l is ascribed to the emission electron of the H atom 
or of the alkali atoms, it appears very plausible, even in a 
complicated atom, to ascrfbe to each individual electron a 
definite, constant orbital angular momentum l,, where l, is a 
vector of magnitude 0, 1, 2, · · · in units h/21r. 

That this assumption is true to a first approximation 
follows from the consideration that in complicated atoms 
each electron may be thought of as moving in the smeared­
out field of the other electrons. This smeared-out field is 
approximately spherically symmetrical, and an electron 
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moving in a spherically symmetric field has, according to 
wave mechanics, quantum numbers n and l, where l is 
proportional to the angular momentum (seep. 46f.). 

The individual angular momenta produce, when added 
vectorially, a resultant which depends on the number, mag­
nitude, and direction of the respective vectors. Classically, 
since these can take all possible directions, the resultant 
momentum can, in general, take all values up to I: I li I, 
the last when all l; are in the same direction.4 Quantum 
mechanics, however, shows that for atomic systems the 
resultant orbital angular momentum, as well as the indi­
vidual angular momenta l ;, can be only an integral multiple 
of h/21r.5 The resultant orbital angular momentum is thus 
L'(h/21r) 1 or more accurately ...JL'(L' + 1) h/21r where L' is 
taken temporarily as the corresponding quantum number. 
The individual l, can therefore be oriented only in certain 
discrete directions to one another. For the case of two elec­
trons witr. orbital angular momenta Z1 and Z2, the possible 
resultant L' values are given by: 

L' = (l1 + l2), (l1 + l2 - 1), (l1 + l2 - 2), ll1 - l2 I 

Fig. 35 (p. 84) shows the possible resultants for Z1 = 2, 
l-i = I. Thus we obtain as many different states of the 
atom as there are different L' values. They are distin­
guished by the orientation of the orbital planes to one 
another (to use the old Bohr mode of expression). 

However, the individual electrons do not move even ap­
proximately independent of one another, as do, for example, 
the planets in the solar system; rather, they exert strong 
forces on one another (interactions), due partly to their 
electric repulsion and partly to the magnetic moments re­
sulting from their angular momenta (see section 3). These 
interactions have magnitudes which depend on the par­
ticular circumstances. For example, if the two electrons 

' In genera.I, the smallest possible value for the resultant is 0. But it will be 
greater than O if one I, is larger than the sum of the magnitudes of a.II the others. 

• The basis for this conclusion is quite analogous to the basis for the integral 
value of l, given on page 41. 
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have very different principal quantum numbers, the inter­
actions are relatively small on account of the large mean 

separation; whereas they will, in gen­
eral, be rather large when the prin­
cipal quantum numbers are equal. 

Fig. 35. Addition of 
Z1 and Z2 to Give a Result­
ant Orbital Angular Mo­
mentum L for Z, = Z, 
l2 = 1, and L = 3, Z, 1. 

This interaction now has the effect 
that the direction of the individual 
angular momenta is no longer con­
stant with time (as in the case of the 
one-electron problem) but carries out 
a precessional movement (just a.s the 
direction of the earth's axis carries 
out a very slow precession due to the 
interaction with the gravitational 

field of the sun, which seeks, on account of the flattening 
of the earth at the poles, to set the earth's axis perpendic­
ular to the orbital plane). In classical as well as in wave 
mechanics, the resultant angular mo­
mentum L' remains, however, constant 
in magnitude and direction during this 
precession of the individual momenta. 
The precession for the case of two elec­
trons is shown in Fig. 36. The greater 
the interaction, the greater will be the 
velocity of precession. 6 If this veloc­
ity is of the same order as the angular 
velocity corresponding to the individ­
ual angular momenta themselves, the 
lat.ter lose their meaning completely, 
since then the electron does not de-

L 

Fig. 36. Precession 
of 11 and Z, about the 
Resultant L. Replacing 
l1, Z2, and L by L, S, and 
J gives a picture of the 
precession of L and S 
a.bout J. (See p. 90.) 

scribe, even to a first approximation, a 
rotational motion about the individual angular momentum 
vector as axis, but rather a much more complicated motion. 
For very strong coupling (very high velocity of precession), 
this motion reduces, in a first approximation, to a simple 

s In the case of the precession of the earth's axis, the interaction is so small 
that the period of precession is 25,000 years. 
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rotation about the pre('cssional axis (the axis of the resultant 
angular momentum). In this case only the resultant L' 
has an exactly defined meaning. 

If the selection rules for the quantum number L' of the 
resultant orbital angular momentum are derived in the way 
outlined in Chapter I , section 4, it is found that the 
selection rule !lL' = ± 1 usually holds, although !lL' = 0 
can also occur. L' therefore has just the properties ob­
served for the empirically introduced L. Therefore L' must 
be identified with L. Thus the dijf erent term series S, P , 
D, · · · of an atom with more than one emission electron are 
distinguished by different values (O, 1, 2, ···)for the resultant 
orbital angular mf)mentum L of the electrons. Hence the 
selection rule 

~ = 0, ± 1 (II, 3) 
holds. In addition, there is the rule that, so long as the 
interaction of the electrons is not very large, only those 
quantum transitions take place for which only one of the 
emission elect.rans makes a jump-that is, only one alters 
its l value, the alternLion being in accordance with the 
selection rule (I, 29): !ll = ± l. For example, a slate of 
an atom with two emission electrons with L = 1, l1 = 1, 
l~ = 0 cannot combine with a state L = 2, l1 = 3, ii_ = 3, 
although this combination would be allowed according to 
(II, 3) alone. 

For strong <·oupling of the angular momentum vcctorR, 
the energy of the entire system will ob,·iously differ accord­
ing to the orientation of the indiYidual angular momenta to 
one another. Thus in the case of two electrons (conRi<lerC'd 
nbove), the energies of the states 
L = (l1 + l2), (l1 + l2 - 1), (l1 + l2 - 2), 

ll1 - Z2I (II, 4) 
differ-the difference being greater, the stronger the cou­
pling (interaction). The observed magnitude of the energy 
difference is a direct measure of the strength of the coupling. 

As we have shown above, when there is strong interaction 
in an atom, the individual angular momenta Ii no longer 



86 Multiplet Structure and Electron Spin [II, 2 

have any exact meaning as angular momenta; only their 
resultant L has an exact meaning. The momenta 1, are, 
however, still of importance in determining the number and 
type of the terms. Both in the Bohr· theory and in quan­
tum mechanics, Ehrenfest's adiabatic law holds: For a 
virtual, infinitely slow aUeration of the coupling conditions, 
the quantum numbers of the system do not change 7 and, in 
particular, the number of terms does not vary. Hence, if 
we "uncouple" the individual orbital angular momenta by 
assuming their interactions removed, we come, in the lin.it­
ing case, to the state in which each individual l; actually 
has the meaning of an angular momentum and in which we 
can carry out the above vector addition. Thus we obtain 
the correct number and type of the resulting terms. 

Consequently, for the case of a number of electrons in an 
atom, we ascribe to each electron an l value that would cor­
respond to the angular momentum of this electron for in­
finitely small or vanishing coupling. Electrons with l = 0 
are called s-electrons; those with l = 1, p-electrons; those 
with l = 2, d-electrons; and so on (small letters bein.~ used 
in contrast to capital letters, which represent terms of a 
complete atom or ion). The principal quantum number of 
the electron is added to this, and we have such symbols as 
ls, 2p, 4d, and so on. At all events, even in the actual 
atom,·the quantum numbers li still retain their importance 
for deriving the number and type of terms, but do not 
always correspond to angular momenta- at least not in the 
strict sense of the word. 

Table 5 shows the term types given by various electron 
configurations (cf. Table 10, p. 132). 

If all but one of the l; are zero, the resulting L value will 
naturally be that of the single l;. This single l then retains 
literally its physical meaning of an angular momentum. 

7 The converse of this law is: Only such mag.nitudes can be quantized as 
remain constant (invariant) for adiabatic changes. According to Ehrenfest, 
this converse may be considered the fundamental law of the old quantum 
theory. 
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Such, for example, is the case for most (normal) terms of the 
alkaline earths and He. The term type S, P, D, · · · then 
depends only upon the l value of this one emission electron, 
just as for the alkalis. However, even for the alkaline 
earths there are terms-the so-called anomalous terms (see 
Chapter IV, section 2)-for which two electrons have 
l + 0. For elements of the carbon group and beyond, the 
occurrence of such terms with more than one electron 
having l + 0 is quite general. 

TABLE 5 

L VALUES AND TERM SYMBOLS FOR TERMS WITH 
DIFFERENT ELECTRON CONFIGURATIONS 

Electron Configuration L Term Symbol 

8 p 1 p 
pp 0 1 2 s p D 
pd 1 2 3 p D F 
dd 0 1 2 3 4 s p D F G 

PPP 0 1 1 1 " 2 3 s p p Jp D D ~ , .. 

When there are three electrons for which Z + 0, the vector 
addition may be carried out simply by combining the l 
values of two electrons and then combining each of the 
resulting L values with the l of the third electron. 

Physical interpretation of J: cause of multiplet splitting. 
On the basis of the foregoing, a term with a given Lis single. 
How can we then explain the observed splitting into·multi­
plets of the terms with a given value of L? As we shall 
anticipate here (cf. the following section), investigations 
of the anomalous Zeeman effect have shown that the indi­
vidual components of a multiplet are distinguished from 
one another by the total angular momentum of the atom. In 
fact, using the above nomenclature for distinguishing the 
sub-levels (empirical quantum number J), the total angular 
momentum is found to be equal to J X h/21r, where, as will 
be remembered, J is the quantum number at first intro-
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duced purely formally in order to distinguish the sub-levels. 
According to quantum mechanics, the exact value of the 
total angular momentum is, not J (h/21r), but -.JJ (J + 1) 
X h/21r, as in the case of l. As before, the differenc-e can 
in many cases be disregarded. 

The total angular momentum of t he atom is thus not 
equal to the resultant (integral) orbital angular momentum 
L_, which is the same for all components of a multiplet term, 
but can take as many different values as the multiplicity of 
the term. Thus, to obtain t he total angular momentum J, 
one has to add vectorially to L an additional integral or half­
integral angular momentum vector S, whose exact meaning 
we shall leave undefined for the moment. According to the 
quantum theory, Land S cannot be oriented to each other 
in any arbitrary direction but only in certain directions 
(similar to the case of the individual l ,), and therefore only 
certain discrete values of the resultant J are possible. The 
largest and the smallest values of J for a giYen pair of Yalucs 
L and S are obtained by a simple addition and subtraction 
of the corresponding quantum numbers Land S.8 In this 
calculation only the magnitude of the resultant vector is of 
importance, since J, naturally, can only be positive. Inter­
mediate values of J are also possible, and these differ from 
the extreme values (sum and difference) by integral amounts, 
just as in the addition of the l ; to form a resultant L. In 
this case we have therefore : 
J = (L + S), (L + S - 1), (L + S - 2), 

···, IL- SI (II, 5) 

In other words, the rule is : the vector addition of L and 
S is such that the different possible Yalues of their vector 
sum have integral differences. Fig. 37 illustrates this rule 
for the cases L = 1, S = ½; L = 1, S = l; L = 2, S = l; 
L = 1, S = ! ; L = 2, S = ½- When L > S, it is easily 

a This S, naturally, has nothing to do with the S of the S terms. The 
former is a quantum number; t he latter, a symbol for I., = 0. This nomencla­
ture is internationally used and must therefore be used here, although it may 
lead to confusion. 
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seen from (II, 5) that the number of possible J values for a 
given value of L is 

2S + 1 
On the other hand, if L < S, the number of possible J 
values for a given value of Lis 

2L + 1 
In particular, for S terms (L = 0, 2L + 1 = 1) there 1s 

only one value of J; namely, J = S. 

L=I 

S - 1 

::ht:: L • > ,~:,[:>. J,., 
'----.,,--J ·t.o 
L = l S = ½ L = l S = l 
2P Term 8P Term 

L = l S =% 
. •p Term 

L =2 S=l 

'D Term 

L=2 S =% 

'D Term 

J=½ 

Fig. 37. Vector Addition of L and S to Give a Resultant J for Different 
Examples. For a given combination of Land S, all the possible orientations of 
L and S with respect to one another and the corresponding total angular mo­
menta are illu>,trated. The vector J is indicated by a heavy line. Its direc­
tion is fixed in space. The mngnitude of thP. vertor J (nnd, r.orrespon lingly, 
of Land S) is taken as J (h/21r), an<l not .../J(J + I ) h/21r, rui it s)1oulu. be strictly 
speaking. 

Note that, in drawing such figures, the direction of the first vector is quite 
arbitrary. It is only for simplicity that all these have been drawn vertically. 
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The number of possible J values-that is, possible values 
of the total angular momentum-is equal to the number 
of components into which a term of given L is split. Evi­
dently when the angular momentum is different for two 
states, the energy will, in general, also be different, as we 
have already seen when dealing with the vector addition of 
the l i, Now, we had previously associated some terms with 
a system of higher multiplicity, though they themselves 
actually had a smaller number of components; for example, 
we had 3S terms, although the S terms are always single. 
The reason for this apparent inconsistency is now clear. 
The important thing for the behavior of a term is not the 
number of its components but the magnitude of its additional 
angular momentum vector S. For 3S terms, the quantum 
number of the additional angular momentum S equals 1, 
as for 3P and sn terms. This value of 8 gives three com­
ponents for P, n, · · · terms (cf. Fig. 37), but only one com­
ponent for S terms since L = 0. In spite of this fact, the 
3S term behaves like 3P, an, · · . terms since for all of them 
S = 1. The value 28 + 1 is generally called the multi­
plicity of a term, which gives the number of possible J 
values or the number of components only when L > 8. 

According to the above discussion, the vector additions 
in Fig. 37 represent the cases of 2P, 3P, an, 4P, 4n terms. 
The 4P term has only three components (since L < S), but 
in spite of that is called a quartet term. Table 6 gives the 
multiplicities (2S + 1) for different values of 8 . 

As Table 6 shows, the multiplicity 28 + 1 is even when 
Sis half integral (for example, for the alkalis, 8 = ½, and 
doublets result), but is odd when 8 is integral (for example, 
for the alkaline earths, S = l or 0, and triplets and singlets 
result). Conversely, in order to explain an observed even 
number of components (for example, doublets), we must 
necessarily assume that S is half integral; whereas, for an 
odd number of components, S must be integral. 

Just as in the combination of the l, to give L, a precession 
of the components Land-Stakes place about the resultant J 
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Interpretation of Quantum Numbers 

TABLE 6 

MULTIPLICITIES FOR DIFFERENT VALUES OF S 

Multiplicity of the Terms 

Singlets 
Doublets 
Triplets 
Quartets 
Quintets 
Sextets 
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(cf. Fig. 36, p. 84). The greater the interaction of L and 
S, the faster will be the precession and the greater will be 
the difference in energies of the states with different J; 
that is, the greater will be the multiplet splitting. Further­
more, according to Dirac's wave mechanical theory of the 
electron spin, Sommerfeld's fine structure formula (I, 12) 
still holds if k is replaced by j + ½, where j corresponds to 
J for the case of one electron. It thus follows from (I, 12) 
that, for the case of one emission electron, the doublet 
splitting is proportional to Z'. Strictly speaking, this con­
clusion should hold only for hydrogen-like ions, but qualita­
tively this rapid increase in multiplet splitting with increas­
ing Z will also hold for all other cases. This result is in 
agreement with experiment. For example, for Li (Z = 3), 
the splitting of the lowest 2P level is 0.34 cm-1, for Cs 
(Z = 55), it is 5540 cm-1 ; for Be (Z = 4), the total splitting 
of the first 3P level is 3.03 cm-1, for Hg (Z = 80), 6397.9 
cm-1

• On the other hand, according to (I, 12), the splitting 
should decrease with increasing n and L. This effect is 
also observed. For a not too high atomic number, the 
multiplet splitting is, in general, relatively small; that is, 
the velocity of the precession of L and S about J is small. 
L and S therefore retain, to a good approximation, their 
meaning as angular momenta, even when the interaction is 
allowed for. However, for heavy elements, sometimes only 
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J retains its meaning ns an angular momentum (see 
Chapter IV, section 3) . 

If the components in a multiplet term lie energetically in 
the same order ns their J values (smallest J value lowest) 
the term is called regular or normal and, in the converse 
case, im•erted. For example, most of the P and D terms of 
the alkalis and the alkaline earths are regular doublets or 

J 
- - - - 1/2 
- ---•12 

---- li/2 

- - --V2 

L =2, S =% 

Fig. 38. Ex­
ample of an In­
verted Term •D. 
Corresponding to 
the in tcrval rule 
(see p. 178), the 
sep1Lmtion of the 
components in­
creases from top 
to bottom, con­
trnr,, to a normal 
term. 

triplets (Figs. 30 and 33). Similarly, the 
quartet terms of c+ in Fig. 34 (p. 80) are 
also regular. Fig. 38 gives a 4D term as an 
example of an inverted term. The reason 
for the appearance of the inverted order of 
the terms will not be discussed here [cf. 
·white (12) and Condon and Shortley (13)]. 

Selection rule for J. Wave mechanical 
calculation of the transition probability (cf. 
Chapter I, section 4) shows that the selec­
tion rule t:i.J = 0, ± 1 holds for the quan­
tum number J of the total angular momen­
tum of an atomic system. In addition, it 
is found that a level with J = 0 does not 
combine with another level with J = 0. 

These results agree exactly with the selection rules (II, 1) 
and (II, 2), which were derived purely empirically from 
spectroscopic observations (see p. 74 and p. 79). 

Physical interpretation of S. What meaning can we now 
give to the additional angular momentum S in our atomic 
model? Historically, the first assumption held that this 
angular momentum was the angular momentum of the 
atomic core. The assumption has proved untenable, since 
for the alkalis, for example, the atomic core is formed by 
the ground state of the corresponding alkali ion and, ac­
cording to the spark spectrum, this is a 1So state (just as for 
the inert gases, according to the Sommerfeld-Kosse! dis­
placement law) and thus has J = 0, L = 0, and S = O. 
That is to say, an angular momentum of the atomic core 



II, 2] Interpretation of Quantum Numbers 93 

cannot be present in the case of a neutral alkali atom. 
Apart from this, it is difficult to see why the angular mo­
mentum of the atomic cere should be half integral. But 
that J and therefore the additional angular momentum S 
really must be half integral for even multiplicities is also 
confirmed definitely by the investigation of the anomalous 
Zeeman effect, as will be seen later. Goudsmit and Uhlen­
beck were thus led to the assumption that the additional 
angular momentum S is due to the electron or electrons 
themselves. According to this assumption, each electron 
verforms a rotation about its own a.ris as well as a motion 
about the nucleus. This rotation is ~uch that the angular 
momentum s has the same magnitude for each electron, 
½(h/2-rr) ; the rot a lion is usually called the spin, or the electron 
sp-in.9 The a:-:sumption of electron spin has been verified 
by an ext.raordinarily large amount of experimental material 
and must be regarded today as entirely correct.10 

When scyer:il elcetrons arc present, the individual spin 
vectors s; combine with one a.not.her just as in the case of 
the l i previously discussed. It is the resultant S]Jin vector 
whic-h, a<'cording to Goudsmit and Uhlenbeck, is identical 
with the above empirically derived, addit.ional angular 
momentum vector S. Analogous to L, the resultant spin 
vector S can take only rertain discrete values according to 
the quantum theory, the maximum value being obtained 
when all the s ; arc parallel. In that case, if N is the number 
of electrons, the corresponding quantum number Sis equal 
to N /2, since each electron contributes ½. For other 
orientations of the s ;, the following S values arc pos8iblc: 

N 
- -1 2 ' 

N 
- - 2 
2 ' 

1 · · ·, 2 or 0 

The smallest value is ½ or O according as N /2 is half integral 

9 The rigorous quantum mechanical formula for t he magnitude of the 
vectors would be -./s(s + 1) h/21r; t.hat is, withs = }; f ~3 h/21r. 

10 The assumption appears as a necessary result of Dirac's relalivistic wave 
mechanics. However, this theory has Lhu:; far been completely worked out 
only fur U1e one-electron problem. 
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or integral. It follows that S is half integral or integral ac­
cording as the number of electrons is odd or even. The em­
pirically obtained alternation law of multiplicities follows 
directly from this result, since the multiplicity is equal to 
2S + 1 and will therefore be even or odd, according as the 
number of electrons is odd or even (seep. 81). 

The same conclusions that we have derived for the spin 
from analogy and consideration of the old quantum theory 
may also be reached by an accurate wave mechanical treat­
ment [Condon and Shortley (13)]. Also, we can obtain 
these conclusions rather more simply and schematically (but 
less rigorously) by assuming that the spins of the individual 
electrons in an atom will be either parallel or antiparallel to 
one another. It is then obvious that the resultant will be 
half integral or integral according to whether the number of 
electrons is odd or even. 

The exact theoretical derivation shows that, to a first ap­
proximation, states with different S (different multiplicities) 
do not combine with one another. This prohibition of 
intercombinations has also been observed empirically (p. 
79). We therefore have the selection rule for S: 

11S = 0 (II, 6) 

Both theory and experiment show that this selection rule is 
adhered to less and less strictly as the atomic number in­
creases. 

The alkalis have one electron outside the atomic core (see 
Chapter III). Consequently S = ½, and doublet terms 
result, in agreement with experiment. 

The alkaline earths and He have two electrons outside the 
atomic core. Their spins can be either parallel t t or anti­
parallel ti to one another; that is, S = 1 or 0, and there 
result triplet as well as singlet states. Each state with a 
given L can, in general, occur as a triplet state as well as a 
singlet state. The ground state, which occurs only as a 
singlet state, forms an exception (cf. the energy level di­
agrams of Figs. 27 and 32), which will be explained in the 
next chapter. 
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With three electrons outside the core, S c·an ha,·e the 
values I and ½, corresponding to t 1 t and ! t t. This gives 
quartets and doublets. 

Table 7 lists the possible term multiplieitics for various 
numbers of electrons. 

TABLE 7 

POSSIBLE MULTIPLICITIES FOR VARIOUS !\UMBERS 
OF ELEC'TROKS 

Kumber of 
Electrons 

1 
2 
3 
4 
5 
6 
7 
8 

Possible Multiplicit ies 

Doublets 
Singlets, triplets 
Doublets, quartets 
Singlets, triple'ts, quintets 
Doublets, quartets, sextets 
Singlets, triplets, quintets, septets 
Doublets, quartets, sextets, octets 
Singlets, triplets, quintets, septets, nonets 

According to the preceding discussion, the spectrum of the H 
atom should also be a doublet spectrum. Actually, it has been 
shown that the hydrogen fine structure can only be explained 
quantitatively by taking account of t his fact. The relations 
are, however, complicated in this case by the fact that the separa­
tion of terms with different l (and equal n) is of the same order 
as the doublet splitting. We shall not go into t hese complication::; 
[see White (12)] but metely note that, according to this interpre­
tation, the lines of the Lyman series are not single, as assumed in 
Fig. 13, but consist of two components like the lines of the 
principal series of the alkalis. (The experimental investigation 
of the fine structure of the Lyman lines offers many difficulties 
because the lines lie in the vacuu m region, a nd has therefore not 
yet been carried out.) 

The fact that multiplet splitting does occur shows that 
an interaction between L and S exists. It is, in general, 
small for a not too great atomic number. This interaction 
is due to the fact that a magnetic mom(!nt is associated with 
the electron spin, just as with any rotation of charges. 
The magnetic moment of the spin is influenced by the 
magnetic moment associated with the orbital angular mo-
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mentum L, the magnitude of this interaction depending 
upon their orientation to each other. Therefore, as already 
mentioned, a prec·ession of L and S about the direction of 
the total angular momentum J takes place (cf. Fig. 36, 
p. 84). 

For the magnitude of the magnetic moment of the elec­
tron, Goudsmit and Uhlenbeck made the assumption that 
it is twice as great as follows from the classical connection 
between magnetic moment and angular momentum. The 
meaning of this assumption will be amplified in section 3 
of this chapter. 

As already noted, states with different S (different multiplicities 
but with other quantum numbers the same) have appreciably 
diffPrPnt energies (cf. Figs. 27 and 32). For a not too high 
atomic number, the energy difference is appreciably greater than 
the energy difference between the individual components of a 
multiplet. Although it might appear that this energy difference 
of tc>rms with different multiplic·itic-s is due to the different inter­
actions of the spins resulting from their different orientations, the 
interartion of the spin vectors s, due to their magnetic moments 
cannot possibly be very much greater than that of L and S. In 
fact, theoretically it should be appreciably smaller. The energy 
difference of the various multiplet systems must, thcrC'fore, have 
another origin, which will be dealt with in Chapter III. 

3. Space Quantization: Zeeman Effect and Stark Effect 

General remarks on Zeeman effect and space quantiza­
tion. The necessity for the assumption of an angular 
momentum or spin of the electron itself and, in particular, 
its double magnetism is made especially clear in the explana­
tion of the Zeeman effect of spectral lines. This effect may 
be described as follows. When a light source is brought 
into a magnetic field, each emitted spectral line is split into 
a number of components. To a first approximation, the 
splitting is proportional to the strength of the magnetic 
field. Fig. 39 shows three examples of such splitting. 

The splitting of the lines is evidently due to a splitting of 
the terms in the magnetic field. The influence of a mag-... 
netic field on energy levels is, perhaps, most clearly under-
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stood by con::;idering bow a magncti<' 1wcdk hC'hn,·e::; in a 
magnetic field. The potential cncrp;y of I lw map;nclic 
needle depends upon its diredion with r<':-:))<'<·l lo the mag­
netic field. The ref ore, if I he needle i~ di:-:pln<'<'d from I he 

(u) (b) (c) 

Fig. 39. Examples of Line Splitting in a Magnetic Field (Zeeman Effect) 
[after Back and Lande (6)]. 

(a) .l\'onnal Zeeman triµlet of the Cd linr (i 1:lS..17 A (1P - 1/) trnnsition). 
Aho Ye, the exposure was so made that only light polarized parallel to t hr field 
direction could reach the plate (single eomponrnt u t the position of the original 
line). Below, the components \\'Crc polarized pcrµcndicul:u lo the fielt!; the~' 
lie s_vmmetriral to the original line. 

(b) Anomalou.~ Zeeman splitting of the two D lines of Xa, .j. S!U)G ~ an<l 
5895.93 A (•S - •p transition). Ab<JYC, \\ith mngnctie firld. 13cluw, "·ithout 
magnetic field. 

(c) A.1w11111 lt111s splitting of lhc Z11 line 47:l:l.lG A (31\ - 38 1 transition). 

direction of the field and theu rclcase<l, it will Yibrnle b:H"k 
and forth about its equilibrium position (the position of 
minimum potential c1wrgy-lhal i:-:, when the needle i~ in 
the direction of the ficl<l) and can he brnught to rest only 
by the dissipation of its energy. Like the mn.gnel ic n<'('dle, 
the atom generally ha:; a magnet fr mom<'nt !:'· The 1·0l ation 
of electric eharge:; which, CY<'ll U('Cor<l ing to \Yan: m<'ehanirs, 
takes plaec in the atom a lways lead:; to the produdion of a 
magnetic moment in the di rcl'l ion of Lh<' axis of rntatio11. 
This effect follows the same hrn-s that operate when a cur­
ren t flo,Ys through a " ·ire ri11g (cirenlar ekC'tric eurrenl). 
The grcate·r the angular momentum of the atom, the greatf'r 
will be the magnet ie moml'nl t'- BN·a Uf-(' of 1 he inheren L 
connection between magnetic mom<•nt and. angular momen­
tum, we haYe to Ink<' into ac·c·ounl th<' gyro:-:c·opic forres 
when "·c disn1:;:-: tlw brha,·ior of an atom in a magnet ie fiel<l. 
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The effect of these gyroscopic forces is that the rotational 
axis of the atom (direction of !') does not vibrate back and 
forth about the position of minimum energy, but executes a 
precessional motion with uniform velocity about the direc-

,-, 

Fig. 40. Precession of 
the Total Angular Momentum 
J in a Magnetic Field H 
about the Field Direction as 
Axis. 

tion of the field (so-called Larmor 
precession). This precession is 
shown diagrammatically in Fig. 40. 

Just as for the combination of 
the l, vectors, the velocity of pre­
cession depends upon the strength 
of the coupling; that is, in this 
case the velocity depends upon the 
field strength H of the magnetic 
field. It is directly proportional 
to the latter. (This holds also for 
the vibration frequency of a mag­
net.) So long as no energy is dis­

sipated, the precession continues at a constant angle to the 
field direction; that is, J has a constant component Min 
the direction of the field . The energy in a magnetic field 
(as for the magnetic needle) is: 

W = Wo - H!'n (II, 7) 

where !'His the component of the magnetic moment in the 
field direction and WO is the energy in the field-free case. 
When !' or J is perpendicular to the field direction, W = W 0• 

Just as two angular momentum vectors in an atomic 
system cannot, according to quantum mechanics, take any 
arbitrary direction with respect to one another but only 
certain discrete directions, so an angular momentum vector 
can take only certain discrete directions in a magnetic field. 
This means that J (and therefore !') is space quantized in a 
magnetic field. Just as the resultant in the afore-mentioned 
case of two angular momentum vectors can take only inte­
gral or half-integral values, so in this case the component M 
of the angular momentum J in the direction of the field can be 
only an integral or half-integral multiple of h/21r. It will be 
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integral when J is integral, or half integral when J is half 
integral. Thus the following relation holds: 

M = J, J - 1, J - 2, · · ·, ·- J (II, 8) 
This gives 2J + 1 different values. 

The left half of Fig. 41 illustrates the possible orientations 
of J to the direction of the magnetic field H for J = 2 and 
J = l- The precession which J carries out about the field 
direction, as in Fig. 40, can take place only at one of the 
given angles to the field direction. For J = ½, only the 
directions parallel or antiparallel to the field are possible. 

Corresponding to this space quantization, the energy of 
the system in a magnetic field cannot take any value 

Without Field With f';cld 

M 
-----+2 

-------+1 
J- 2 

0 
..._ ____ 1 

----2 

M 
+% 

+% 

J - % +½ 

-¾ 

-¾ 

Fig. 41. Space Quantization of the Total Angular Momentum J in a 
Magnetic Field H for J = 2 and J = ,% • To the left are the possible orienta­
tions to the magnetic field. To the right, in an energy level diagram, the 
corresponding energy values arc indicated. 
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between Wo +Hill i and Wo - Hill i ; but it can take only 
2J + 1 discrete values. The right half of Fig. 41 shows this 
term splitting in a magnetic field. According to (II, 7), 
the splitting is proportional to the field strength. It is, in 
first approximation, symmetrical about the undisplaced 
term. All the energy differences between the individual 
components are the same, since H llH is prop·ortional to M 
(cf. below) and the possible M values have whole-number 
differences. 

The space quantization itself is independent of the field 
strength. It remains even when the field strength de­
creases to zero, although then all the 2J + 1 different states, 
differing in orientation, have equal energy: they are de­
generate. 

This degeneracy in the field-free case is the same as that 
already ment ioned for the H atom (p. 4 7). There we had a 
2Z + 1 fold space degeneracy. Now, in the general case, 
J replaces Z. Without field, there are consequently 2J + 1 
different eigenfunctions which belong to the same eigen­
value; with field, there are 2J + 1 slightly different eigen­
values or energy values belonging to these 2J + 1 different 
eigenfunctions.11 

The existence of space quantization is shown most strik­
ingly by the Stern-Gerlach experiment in which a beam of 
atoms is sent through an inhomogeneous magnetic field. In 
such a field, a body with a magnetic moment is subject, not 
only to a force moment tending to turn the direction of the 
magnetic moment into the field direction, but also to a de­
flecting force due to the difference in field strength at the 
two poles of the body. Depending on its orientation, the 
bo'dy will therefore be driven in the direction of increasing 
or decreasing field strength. Suppose we now send through 

11 In the field-free case, any linear combination of the 2J + 1 eigenfunctions 
is an eigenfunction of the same energy value, The eigenfunctions with field 
will be approximately equal to those without field only when one has chosen the 
"correct" linear combinations of the field-free eigenfunctions that are appropri­
ate for the problem; that is, when one has placed the z-axis of formula (I, 28) 
in the direction of the field. 
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such an inhomogeneous field atoms possessing a magnetic 
moment (Fig. 42) . If atoms with all possible orientations 
to the field are present, a sharp beam should be drawn out 
into a band. Actually, a splitting of the beam into 2J + 1 
different beams takes place. In Fig. 42, J is assumed to be 
½ and a splitting into two beams results. This experiment 
shows unambiguously that in a magnetic field not all orien­
tations to the field, but only 2J + 1 discrete directions, are 
possible . 

• A 

Fig. 42. Schematic Representation of the Stem-Gerlach Experiment. A 
beam of atoms possessing a magnetic moment (J = ½) oomes from the left, 
pass!'s through an inhomogeneous magnetic field between the poles N and S, 
and falls on the receiving plate A. The directions of the angular momenta. of 
t he atoms are indicated by the small arrows. 

It must be noted that, whereas the rigorous quantum theoret­
ical value for the magnitude of J is ..JJ(J + 1) h/21r (cf. p. 88), 
the rigorous value for the component M of J is M(h/21r), not 
..JM(M + 1) h/21r. Therefore the maximum component of the 
vector Jin the direction of the field is J (h/21r) and not .../J(J + 1) 
X h/21r. This may at first seem rather puzzling because in classical 
mechanics the maximum component of a vector in a given direc­
tion is equal to the magnitude of the vector. In fact the .magni­
t ude of a vector in classical mechanics may be defined either (a) 
by the usual square root of the sum of the squares of the three 
components, or (b) as the largest value its component can have on 
some fixed axis. In classical mechanics, the two definitions are 
equivalent and hence the distinction between (a) and (b) is 
never made explicit. In quantum mechanics, the two are not 
equivalent-the magnitude being ,JJ(J -f 1) h/21r in the sense of 
(a), and J (h/21r) in the sense of (b), as stated above. 

Thus in quantum mechanics the component of J is always 
smaller than its magnitude, which means that the angular mome11r 
tum vector cannot point exactly in the direction of the field (fixed 
axis). This is illustrated on the right in Fig. 43 for J = ½ and 
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J = 1, whereas on the Jeft the more naive rcprrsrntatio11 of Fig. 
41 is given. For larger values of J the difference between the two 
ways of representation-that is, between definit ions (a) and (b)­
becomes smaller and smaller in accordance with the correspond­
ence principle (see p. 28). For the cases whP.re only the com­

J=½ 

M = +l 

M=-1 M=-1 

J=l 

h/2.r 

Fig. 43. Space Quantization for 
J = ½ and J = 1. To the left is t he 
naive representation (see F ig. 41) taking 
the magnitude of the total angular mo­
mentum equal to J(h/21r). To the right 
is t he exact representation taking the 
magnitude equal to .../J(J + 1) h/21r. 

ponents of the angular mo­
menta matter, definition (b) 
is sufficient even in quantum 
mechanics. For some cal­
culations, however, it is 
necessary to use definition 
(a). (See below.) 

The difference between (a) 
and (b) in quantum me­
chanics is intimately con­
nected· with Heisenberg's 
uncertainty relation. If the 
angular momentum could 
point exactly in the direc­
tion of the field, it would of 
course mean that the other 
two components were equal 
to zero. As then all the 
three components of the 
angular momentum would 
have exact values, it follows 
from Heisenberg's uncer­
tainty relation that the three 
corresponding co-ordinates 
(the angles about the x-, y-, 
and z-axes) are completely 
undetermined. This is only 
possible if the probability 
distribution is spherirally 
symmetrical- t hat is, if the 
angular momentum is zero 
( 1S state; cf. p. 135). As 
soon as the angular momen­
tum J is different from zero, 
only one of t he three com­

ponents Pr, p~, p . can have an exact value, p, = M(h/21r) ; whereas, 
for the other two, only the sum of the squares is known, Pr2 + p/ 
= J2 - p,2 = J (J + l )(h/21r)2 - M2(h/21r)2, which can never be 
equal to zero. 

With increasing magnetic field strength and therefore in­
creasing velocity of precession, J loses its meaning of angular 
momentum. This is similar to the previously considered 
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case of the vectors l ;. For gtronp; fields, on!~· M retains 
a strict physical meaning, since there results what is essen­
tially a rotation of the system about the direction of the 
field. 

Normal Zeeman effect. The magnetic moment resulting 
from the revolution of a negative electric point charge is 
given classically by: 

e 
y = --p 

2mc 
(II, 9) 

where p = angular momentum and m = mass of the 
charged particle. Because of the i:iegative sign of the 
charge, the magnetic moment has the opposite direction 
to the angular momentum. For atoms, the angular mo­
mentum is J(h/21r) [or more accurately, ,vJ(J + 1) h/21r]. 
The magnitude of the magnetic moment is thus : 

µ = -
2
~

2
h J [or more exactly..,·- -

2
e 

2
h ,vJ(J + 1)] 

me 'If me 71' 

For J = 1, the magnetic moment is accordingly: 
e h 

µo = 2mc21r 

which is known as the Bohr magneton and has the value 
0.9273 X 10-za erg oersted. The component of l' in the 
field direction is: e h 

lJH = - 2mc 211' M (II, 10) 

Substituting this value of lJ11 in (II, 7), we find that the 
energy in a magnetic field is: 

1 ell 
W = Wo + hoM, where o = - - (II, 11) 

21r2mc 

Here o is the so-called Larmor freq1tency, which may be 
shown to be the frequency of precession. From (II, 11) 
we see that the state with smallest energy has its angular 
momentum antiparallel to the field direction (M < 0). 
Becaw;e of the negative sign in (II, 9), the magnetic mo­
ment is then in the field direction. 

From (II, 11) it follows that terms with different J values 
will have different numbers of components (2J + 1) in a 
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magnetic field, but that the separation of consecutive com­
ponents must be the same for all terms of an atom for a 
given field strength. This separation is ho. If two terms 
combine, it may be shown theoretically (cf. below) that the 
selection rule for M is: 

AM= 0, ± I 

with the addition that the combination 
(II, 12) 

M = 0 - M = 0 is forbidden for A.J = 0 (II, 13) 

Because there is equal splitting for all terms, the number 
of line components is always 3 since all lines with equal tiM 

Without Field With Field 

Fig. 44. Normal Zeeman 
Effect for a Combination J = 3 
- J = 2. · The arrows repre­
senting the transitions form three 
groups (indicated by brackets). 
The arrows in each group have 
equal length and give rise, t here­
fore, to one and the same line irr 
the splitting pattern Oower part 
of figure). 

coincide (see Fig. 44). Lines 
with tiM = 0 fall in the posi­
tion of the original field-free 
line; lines with tiM = ± l lie to 
the right and left at a distance 

0 
A.vnorm = - = 4.6699 X 10-s X H 

C 

This kind of splitting is called 
the normal Zeeman ejf ecl. It 
is observed only for singlet lines 
(S = 0). [Cf. Fig. 39(a), p. 
97.J 

It should perhaps 1be added 
that, for observations made 
in a direction perpendicular 
to the field, the lines with 
tiM = 0 are polarized parallel 
to the field (1r-components); 
the lines with tiM = ± 1, 
perpendicular to the field 

Cu-components) . [Cf. Fig. 39(a).] These :results are in 
agreement with more detailed calculations, as given below. 

The selection rule for the magnetic quantum number M will now 
be briefly derived, according to the methods previously men­
tioned (p. 51 f. ), as a simple example of the wave mechanical 
derivation of selection rules. Let,// = x'eiM',,, and if/' = x."e ;M",,, 
be the eigenfunctions of the upper and lower states, respectively. 
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With the field direction taken as the z-axis, the dependence of 
the eigenfunction on the azimuthal angle 'Pis completely allowed 
for in the factor eiM"'. [The form of the dependence on 'P given 
previously for the H atom is generally true (p. 39).] Thu:; 'P 
does not occur in x. The matrix element R, associated with 
the transition, has components 

J,J/,J,*"xdT = f x'x*"eiCM'-M">"xdT 

and similarly for y and z. 
We introduce co-ordinates z, p (distance from z-axis), and 'P· 

Then dT = p d'P dz dp; x = p cos 'P; y = p sin 'P· Considering 
first the z component of the matrix element, it is: 

f ,J,',J,*"z dT =ff .f x'x*"eiCM'- M"> "'zp d'P dz dp 

=ff x'x*"zp dz dp f ei<-11'-M">"' d,p 

This integral is different from zero only when 

l2r ei(Jl'-M"),p d,p 

does not vanish. Such is the case onlv when M' = M". Thus 
the z component of the transition moment will always vanish 
unless M' = M" or, in other words, Hght polarized in the z 
direction (direction of the field) will be emitted only when the 
selection rule t:.M = M' - M" = 0 is obeyed. 

The x component of the matrix element becomes: 

f ,J,',J,*"x dT =ff f x'x*"ei<M'-M">"'p cos 'PP d,p dz dp 

=ff x' x*" p2 dz d~f eiCM'-M">"' cos "'d,p 

which is different from zero only if the second integral does not 
vanish. By using cos ,p = ½(ei"' + e-i"'), the second integral 
becomes: 

! fei(M' - M"+l),p dcp + ! fe i(M'-M"-1),p d,p 
2 , 2 

This vanishes unless the exponent in at least one of the two 
integrals = O; that is, we have the selection rule t:.M = + 1 or 
- 1. The same result is obtained for the y component. For 
both components of the transition moment perpendicular to 
the field direction, we therefore have the selection rule t:.M = ± 1. 
In this way we obtain not only the selection rules but also the 
polarization rules. The components of the splitting pattern with 
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~M = 0 are polarized parallel to the field direction; those with 
~M = ± 1, perpendicular to the field direction. These results 
are in agreement with experiment. [Cf. Fig. 39(a).] A more 
detailed treatment, which we shall not discuss here, leads to the 
additional rule that the transition M = 0 -+ M = 0 is forbidden 
for transitions with D.J = 0. 

Anomalous Zeeman effect. For all lines that are not 
singlets, the so-called anomalous Z eeman effect is observed. 
[See Fig. 39(b) and (c), p. 97.] It consists of a splitting 
into many more than three components with separations 
that are rational multiples of the normal splitting A11n 

(Runge's rule). This effect can be explained only by as­
suming that the magnitude of the term splittings for a given 
field strength is not the same for all terms but differs ac­
cordirg to the values of L and J. We may account for 
this formally by replacing equation (II, 11) by: 

W = Wo + hoMg (II, 14) 

where g, which is called Lande's g-factor, is a rational number 
which depends upon J and L. It is quite obvious that, even 
if we retain the above selection rule AM = 0, ± 1, the 
number of line components obtained in a magnetic field will 
now depend upon the number of term components (2J + I). 

Consider, for example, the D lines of sodium, which cor­
respond to the transitions 2P112 -+ 2S112 and 2Pa,2 -+ 2S112-

Since M has only two values for each of the terms 2P,,2 and 
2s1, 2, and has four values for 2P 312, it is clear that with a 
different g value for each of the three terms the number of 
components of the splitting pattern for one D line of Na will 
be different from that for the other. As Fig. 45 shows, we 
obtain four and six components, respectively, in agreement 
with experiment. [Cf. Fig. 39(b).] Conversely, the ob­
served difference in the splitting patterns of D1 and D2 
shows that the two P levels, 2P1,2 and 2P 312, differ from each 
other in the magnitude of their total angular momentum 
(the orbital momentum being the same), since it is this 
which is space quantized. Thus J is actually to be identi­
fied with the total angular momentum, as we have already 
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assumed in the foregoing discussion. Finally, the fact that 
2P 112 - 2S1, 2 gives exactly four components shows that, 

M .lf,q 

/If M,j 
2 

PH -c::::::.=l I ::::;:::ii r ~ '.ij 
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Fig. 45. Anomalous Zeeman Effect of the Sodium D Lines, 'P11,-+- 'S,1, 

and •Pitt_-+- •s,,,. [Cf. Fig. 39 (b), p. 97.J The components designated by t1 

have AM = ± 1 · those designated by 1r have AM = 0. It should be noted 
that, contrary to Fig. 44, arrows indicating transitions with equal AM no longer 
have the same length, because of the difference in the splitting in the upper 
and lower states. 

actually, J must be taken equal to ½ in both cases. 
no other choice of J values is 

With 

it possible to obtain a splitting tf ":i9 
of each of the terms into two •s1--E-(--....-:_:x::/':•"'"f,.....1-= o o 
components. For example, if J •

11 
l•,I JI 1 -

2 

were equal to 1 for both terms, 
i: ::: :: 

the terms would split into three · · ·" ·· 
components each, and the line I! i!! II 
into six components (cf. Fig. 46). L..._ ......... ¼ ..._...r ...;.+-+1 +% 
In a similar manner, the cor- 'P, - --e....__,___'---~l ...... x.1-- _ ~ -~ 

rectness of the other J values in 
Tables 3 and 4 can be shown (p. 
73 and p. 78). Fig. 46 gives 
the explanation of the splitting 
for a 3S1 - 3P1 transition, a 
spectrogram of which is repro­
duced in Fig. 39(c) . 

We saw above (II, 14) that 
the anomalous Zeeman effect 

(jt11rTrUCI 

111 :l 11 

Fig. 46. Anomalous Zeeman 
Splittin~ of a 3S1 -+- 3P, Transi­
tion. LCf. Fig. 39 (c), p. 97.J 
According to the selection rule 
(II, 13), the transition M = 0 
-+ M = 0 is forbidden, since at 
the same time ti.J = 0. This 
transition is indicated by a. dotted 
line. 
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can be explained formally by introducing the factor g =I= 1 
foto formula (II, 11) for the split.ting of a term in a magnetic 
field, where g depends on L and J. The original formuln 
(II, 11) with g = 1 for all terms was based on the assump­
t.ion that the magnetic moment was given by the classical 
formula (II, 9) . This assumption must, therefore, be in­
correct for atoms showing an anomalous Zeeman effect (for 
which g =I= I ). So long as we consider only a revolution of 
point-like electrons about the atomic nucleus, it is difficult 
to understand any deviation from formula (II, 9) . But 
even on the basis of the classical theory, the rotation of a 
non-point electron about its own axis would lead to a ratio 
of mechanical angular momentum to magnetic moment 
different from that given by (II, 9). Thus we can well 
imagine that the magnetic behavior of the spin of the elec­
tron is not the same as that arising from orbital motion. 

The extent of the departure from the normal orbital type 
can be obtained, for example, when t he behavior of the 
ground state 2S of the alkalis in a magnetic field is consid­
ered, since in this state J results wholly from the spin of one 
electron. It is found empirically that, for this 2S state, 

AW=± hol 
that is, g = 2; whereas, if J = s = ½ had a normal magnetic 
behavior, we ought to have : 

AW=± ho½ 
or g = 1. However, the empirical splitting Li W = hol is ob­
tained for the 2S term if we assume that the magnetic moment 
of the electron due to its spin is one whole Bohr magneton, 

e h 
- 2mc 271' 1 

and not 
e h 1 

- 2mc 271' 2 
as would be the case if the electron behaved normally. The 
assumption that the electron has a magnetic moment of one 
whole Bohr magneton (whose direction is opposite to that 
of the spin), in spite of the fact that its spin is only ½h/2rr, 
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was first put forward by Goudsmit and Uhlenberk, simul­
taneously with the hypothesis of electron spin, and leads to 
a complete explanation of the splitting in all other eases as 
well as in the special case ronsidered above. It is elear that 
in the general case g depends on the values of L, S, and J, 
and will differ from the limiting values g = 1 for S = 0, and 
g = 2 for J., = 0. Theoretically it is found (rf. below) 
that the following formula holds (Lande) : 

g = l + J (J + 1) + S(S + 1) - L (L + 1) (II, lSJ 
2J(J + 1) 

Suppose an atom has th<' n1lu<'s of L, 
S, and J ginn in Fig. 47. The length 

·of these vectors is proportional to 
-.JL(L + 1), -.JS(8 + 1), and -.JJ (J + 1), 
respec-tively, if we take the rigorous 
fomrnla. The magnetic mom<'nts ii,. 
and ii s associated with L and S a r<' in­
cluded in the same figure. The r<':mlting 
magnetic mom<'11t would lie in the dirN·­
tion of J if the magnetic moment l's 
connected with the spin were normal, 
sinrc then t1s/S would <'qua} t' L/ L . 
Actually, the magnrtic moment of the 
::;pin is twicr as large as if it were normal; 
that is, 

The n•,;ultant t' therefore foils, not in t he 
din•dion of J, but in the direction shown, 
which is different from J and precesses 
with L and S about the direction of tho 
total angular momentum. Since this 
prccci:;i:;ion is, in general, much faster 
than the Larmor precession, usually only 
the component of t' in the J direction, 
t'J, need be considered in calculating the 
magnetic effect. This is (sec Fig. 47): 

Fig. 47. Addition of 
Magnetic Moments in an 
Atom (in Explanation of 
the Lande g-formula). 
The len11:th of thr vector 
t' r, is taken equal to L . 
Therefore f}s is dollblc the 
length of S. It should he 
noted that the dirrc:tion 
of the angular momentum 
vectors is opposite to that 
of the corresponding mag­
netic moments. 

In this , 
t'J = t'L cos (L, J ) + tis cos (S, J ) (II, 16) 

t' L = e h '-=-"'=-- ~ 
- 2-m- c 21r ..JL (L + l ) and 

t'S = - ~ .!1:_-.JS(S + 1) 
2mc 21r - • (II, 17) 
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Herc the minus sign indicates, as before, that the magnetic 
moment has the opposite direction to the corresponding angular 
momentum vector. 

In th<' calculation of the magnetic splitting, it is l'H, the com­
pon<>nt of l'J in the direction of the field, which matters. In 
order to obtain (II, 14) instead of (II, 11) for the energy in a 
magnetic field, we have to replace formula (II, 10) for l'H for­
mally by 

e h 
l'H = - 2mc 211" M g 

Thi:i substitution means we have to take as definition for g 

e h ,-,;-,-;-----,-~ 
l'J = - 2mc 211" -,JJ(J + 1) g (II, 18) 

The factor g can be calculated from (II, 16) when both cos terms 
are known. From Fig. 47, using the obtuse-angled triangle 
formed by L, S, and 1, 11 e obtain, with the help of tiie cosine faw: 

cos (L J) = J(J + 1) + L(L + I) - S(S + I) 
' 2..JJ(J + I) ..JL(L + I) 

cos (S J) = J(J + I) + S(S + 1) - L(L + I) (II, 19) 
' . 2..JJ(J + 1) .../S(S + 1) 

Substituting (II, 17), (II, 18), and (II, 19) in (II, 16), and omit­

t ing the factor 
2

e 
2
h , we· find: 

me 11" 

= ..JL(L + l ) cos (L J) + 2..JS(S + l) cos (S J) 
g ..JJ(J + 1) ' ..JJ(J + 1) ' 

_ J(J + 1) + L(L + 1) - S(S + 1) 
- 2J(J + 1) 

+ 2[J(J + I) + S(S + 1) - L(L + 1)] (II, ZO) 
2J(J + I) 

This last expression shows clearly the meaning of the factor 2 in 
the second term. If the factor 2 were not present, that is, if the 
electron spin were magnetically normal, g would obviously equal 1. 
But, by including the factor 2, we obtain from (II, 20) the Lande 
formula already given in (II, 15). Thus g is a rational number 
which is generally different from 1, in agreement with experiment. 
For J = S and L = 0, g = 2, a value that we have already used. 

If, in the derivation of the g-formula, we had used simply 
J(h/211"), L(h/211"), S(h/211") for the magnitudes of the vectors, 
instead of the accurate quantum mechanical values, obviously a 
different formula would have been obtained. The fact that the 
Lande g-formula gives extraordinarily close agreement with 
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experiment is further evidence of the correctness of the quantum 
mechanical formula for the magnitudes of the angular momentum 
VPCtors. 

From (II, 15) the g value's for 2P1, 2 and 2P3,2 arr } and 1-
Using these values, the energy lr\'cl diagram for thC' Zeeman 
splitting of the sodium D lines has been drawn in Fig. 45, and is 
in quantitative agreemC'nt with experiment. [Cf. Fig. 3U(b) .J 

It might at first appear remarkable that the term 2P 1, 2 shows 
any splitting at all. According to our earlier disrus~ion, for 
2P 112 the vectors L and S are in opposite directions [rf. Fig. 37, 
p. 89] and, since L = 1 and S = ½, we would expect zC'ro mag­
netic moment because of the double magnetism of S; c-om·­
spondingly, no splitting should result. The above formula gin•s, 
however, g =!= 0. A magnetic moment will therefore be pre:-rnt. 
When the accurate wave mechan-
ical values for the angular momen­
tum vectors are taken, J, L, and S 
for 2P112 do not fall in a straight line 
but produce the diagram shown in 
Fig. 48. I t is seen that t he two 
magnetic moments of L = 1 and 
S = ½ do not compensate each 
other. When the length of L repre­
sen ts at the same time the magni­
tude of l' L, l' s is twice as long as 
S, and l' has the indicated direction 
and magnitude. The whole system 
of vectors precesses about J. The 
magnetic behavior depends only 
upon l'J, the component of l' in the 
direction of J. We can easily see 
from Fig. 48 that l'J is not zero 
and, correspondingly, the splitting 
differs from zero. The difference 

Fig. 48. Origin of the Mag­
netic Moment for a 'P,1, State. 
(Cf. Fig. 47.) 

between the old quantum theory and the new quantum 
mechanics is particularly striking in this case. 

The foregoing considerations have shown that when L and S 
in a stationary state differ from zero, the magnetic moment l' 
is not constant, but continually changr.s its direction (precesses 
about J). The possibility of magnetic dipole radiationJ mentioned 
previously, depends on this fact. 

In addition to the term splitting, the relative intensities 
of the individual components in the transitions can also be 
predicted theoretically. [Cf. Hund (7); Condon and 
Shortley (13). J 
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The line splitting will vary according to the \'alues of J, 
L, and S in the upper and lower states- that is, a<·<·or<ling 
to the term type in the upper and lower states. Con\·rr!iely, 
the investigation of the Zeeman effect forms a nry effecth·e 
means of establishing the type of term taking part in n. 
transition. This is particularly useful for complicated line 
spectra. For example, it enables us to find which lines 
belong to a Rydberg series since they must all show the 
same Zeeman effect. [Further details may be found in 
Back and Lande (6).J 

From the above discussion it is clear that the double mag­
netism of the electron is fundamental to the e:rplanatinn of the 
anomalous Zeeman effect and phenomena related to it.. 
Actually, the double magnetism of the electron, as well as 
the spin of the electron itself, may be deri,·ed from Dirac's 
relativistic wave mechanics without the use of any n.ddi­
tional assumptions. The fact that such a large body of 
complicated phenomena (Fig. 39, p. 97, shows only the 
simplest examples) can be dealt with completely and 
quantitatively must be regarded as one of the remarkable 
achievements of wave mechanics. 

Paschen-Back effect. With increasing field strength, 
when the magnetic splitting becomes greater than the multi­
plet splitting, Paschen and Back found that the anomalous 
Zeeman effect changes over to the normal. This has the follow­
ing reason: When the magnetic splitting becomes greater 
than the multiplet splitting, the precessional velocity o of 
J in the magnetic field about the field direction becomes 
greater than the precessional velocity of S and L about J 
(see above). The resultant motion is, therefore, better 
described as an independent precession of S about the field 
direction and a similar precession of L about the field direc­
tion, the motion being somewhat disturbed by the couplin~ 
of L and S. Hence we say that L and S are uncoupled by 
the magnetic field. To a first approximation, each of these 
vectors is therefore space quantized in the magnetic field 
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independently of the other with components M L and Ms, 
respectively. For each value of M L = L, L - 1, L - 2, 
· · ·, - L, Ms can take each of the values S, S - 1, · · ·, 
- S. The magnitude of the term splitting is then, to a 
first approximation: 

6. W = hoM L + 2hoM s (II,. 21) 

(S has double magnetism) and is, therefore, again an integral 
multiple of the normal splitting, 
as in (II, 11). 

For ML, we have the same 
selection rules as for M, and for 
the same reasons as those given 
earlier: 

AML = 0, ± 1 (II, 22) 

For M s, the following selection 
rule is obtained from theory: 

6.M s = 0 (II, 23) 

Taking into account these selec­
tion rules and using (II, 21), a 
normal Zeeman triplet is ob­
tained for a transition between 
two multiplet terms in a strong 
magnetic field. Fig. 49 shows 
this for a 2P .- 2S transition (for 
example, the D lines of Na). It 
should be compared with Fig. 45 
(p. 107), which applies to the 
same transition in a weak field. 
In a more rigorous treatment a 
correction term of the form 
ahM sM L must be added to AW 
in (II, 21), because of the inter­

M s 
/----,.-+% 

M1, / I 
+1-- -<, ,,.--~>. ..... ,..-+·~ 

•p 0---·,>'>=~===+½ ' >~ ~ A - \t 
-1---< '--~--- \<, 

' I • 11 ' '--- ...;.;....-- ½ 
·~ 

I 

/ _ ._____.,___ '-+<--- + ½ 

•s o--<: l l 
, _.,_____.____.___ - \<, 

II II II 
V 

Fig. 49. Paschen-Back Ef­
fect for a 1P-. 2S Transition. 
Here transitions with equal t!.M 
or t!.M 1, nearly coincide, whereas 
in the normal Zeeman effect they 
exacay coincide. [Cf. Fig. 44, 
p. 104.J Thus in the figure 
shown here, eacb component of 
the "normal" triplet has two 
components. 

action of L and S which is naturally still present . As a 
result of this, each component of the normal line triplet will 
generally give a narrow doublet, triplet, etc., according as 
the original field-free transition was a doublet, t riplet, etc., 
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transition. The reason for this line splitting is apparent from 
Fig. 49 for the case of a doublet transition. 11 "' :\lore com­

Fig. SO. Stark Effect 
Splitting of the Helium 
Line >.4388 [after Foster 
(132)]. Above, the ex­
posure was so made that 
only light polarized par­
allel to the field direction 
could reach the plate. 
Below, only light polar­
ized perpendicular to the 
field could reach the 
plate. In each pattern 
the field increases from 
top to bottom. 

plicated splitting patterns are obtained 
by using intermediate fields. [Incom­
plete Paschen-Back effect. See Back 
and Lande (6) ; White (12). J 

It is readily seen that the total 
number of term components is the 
same in both strong and weak fields : 
(2L + 1) X (2S + 1), in agreement 
with the Ehrenfest adiabatic law (men­
tioned previously). 

Stark effect. As Stark first dis­
covered, a splitting of the spectral lines 
also takes place in an electric field. 
Fig. 50 illustrates the splitting of the 
He line M388 in the two directions 
of polarization (parallel and perpen­
dicular to the field). In each pattern 
the strength of the field increases from 
top to bottom. [For experimental 
details, see Foster (132).] As will be 
seen, the patterns are not symmetrical 
about the original line, in contrast to 
the Zeeman patterns. The splitting of 
the lines in an electric field can natu­
rally be traced to a splitting of the 
terms. The relationships are, how­
ever, not quite so simple as for the 
Zeeman effect, and therefore the Stark 
effect is of no particular value as a 
help in the analysis of a spectrum. 
On the other hand, apart from its in­

trinsic interest and as an application of quantum theory 
the Stark effect plays a very important part in the theories 
of molecule formation from atoms, of the broadening of 
spectral lines, and of dielectric constants. 

11 a The two components of the rentrnl " line" in this case C()inciue almost 
e:-nrth· sinre nh,\I 5 _H L if' zero fur both upper states; but in higher approxima­
tion t!1ey wuulu nut coincide. 
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The components of the angular momentum J can take 
only the values + J, J - 1, J - 2, · · ·, - J with respect 
to any pref erred direction. This rule holds also for the 
direction of an electric field. Thus space quantization 
takes place also in an electric field. If, and how, the states 
with different M differ from one another energetically de­
pends upon the kind of field acting. 

An electric field does not act on the magnetic moment 
associated with J . The result of the action of an electric 
field is, rather, that the at.om becomes electrically polarized, 
as shown schematically in Fig. 51. 
The positively charged nucleus K be­
comes separated from the center of 
gravity S of the negative charges by 
an electric field E. There results an 
electric dipole moment, proportional to 
the field, whose magnitude depends 
upon the orientation of the orbit, that 
is, of the angular momentum J, to the 
field. · The atom seeks to set itself in 
the direction of smallest energy, just 
as in the case of a magnetic field. 
Because of the gyroscopic forces, this 
produces a precession of J about the 
field direction such that the com­
ponent M of J is constant (see Fig. 
51). The stronger the field, the more 
rapid will be the velocity of preces­
sion. The energy shift is given by 
the product of the field strength and 
the dipole moment-a result anal­
ogous to that of the magnetic case. 

----
E 

--- '1 __ ,, 

Fig. 51. Production of 
an Electric Dipole Mo­
ment in an Electric Field 
(Stark Effect) and Preces­
sion of J about the Field 
Direction. The shaded 
surface represents the or­
bital plane of the atom. 
The angular momentum 
vector is perpendicular to 
that plane. 

However, since the dipole moment is itself proportional to 
the field strength, the term shift in the Stark effect is propor­
tional to the square of the field strength. Closely connected 
with this relation is the fact that, in an electric field, the 
term components, which differ only in the sign of M, have 
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the same energy. OhYiously the dipole moment produC'ed 
by t.hc field will not he n.lt ered by reversing the direct.ion of 
rot:dion (<'hange from + M to - M), and <'Onsequently 
the c1/.l'l'(J!J shift for + M and - Mis the same. Thus there 
is qualitati vely an essential difference between the Stark 
effect and the Zeeman effect. The number of term com­
ponents in an eledric field is therefore J + ½ or J + 1, ac­
eording as J is half integral or integral. 

If the behavior of an atom (other than hydrogen) in an 
cleC'tric field is calrulated according to quantum mechanics, 

ii I 

Fig. 52. Stark Effect 
of the D Lines of Na. 
Field-free terms and 
t.ransitions arc indicated 
by broken lines. 

as first done by Foste~· (61) for the 
case of helium, it is found t.hat. the 
magnitude of the shift. of the terms hy 
an electric field depends, in a rn.t hor 
complicated manner, on the quantum 
numbers of the given atomi(' state and 
its distance from neighboring terms. 
In general, the component with small­
est IM I lies lowest (that is, M = 0, or 
M = ± ½) . 

Fig. 52 illustrates the Slark eff er.t of 
the D lines of Na. This rase has been 
thoroughly investigated experimen­
tally and agrees closely with the accu­
rate theoretical formulae [ see Condon 
and Shortley (13); Ladenburg (GO)]. 
From the illustration it may be seen 
that the splitting of the lines and terms 
is, in <;onirast to the Zeeman effect, 

not symmetrical about the field-free positions. In the rase 
of the D lines of Na, a shift to longer wave lengths takes 
place. In the case of He (cf. Fig. 50), some components are 
shifted to longer and some to shorter wave lengths.12 

If the field becomes so great that the velocity of precession 

12 That the shift in this case is in both directions (though in general it is in 
only one direction) is due to the fact that, for He, a number of terms are fairly 
close to one another (cf. below). 
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about the field direction is greater than the velocity of pre­
cession of L and S about J, an uncoupling takes place, as in 
the Paschen-Back effect. L and S are then independently 
space quantized with respect to the field direction in such 
a way that the components are ML and Ms, States with 
IM LI = L, L - 1, · · ·, 0 have noticeably different energies. 
For each of these states, Ms can take the values + S, S - 1, 
· · ·, - S. When ML = 0, states with different Ms do not 
have different energies, since no electric dipole moment can 
be induced in the electron itself. When ML =l= 0, on the 
average a magnetic field in the direction of the electric field 
results from the precession, 
because of the magnetic mo­
ment associated with L. This 
produces, as a secondary 
effect, an energy difference for 
the states with different Ms, 
Fig. 53 shows these relations 
for a 3 D term in an energy 
level diagram; they are espe­
cially important in the theory 
of the electron structure of 
molecules. 

Although the Stark effect was 
first discovered for hydrogen and 
although it is particularly large 
in this case, theoretically it is 
more compljcated because of the 
fact that states with different L 

Without Field \'!lith Field 
J 

3D i 
I 

Fig. 53. Stark Effect in a 
Strong Electric Field for a 3D Tenn 
(Analogous to the Paschen-Back 
Effect). 

and equal n are degenerate with one another, except for relativi ty 
and spin effects. Disregarding this last influence, Bohr's theory 
had already given the observed splittings both qualitatively and 
quantitatively. In fact, this application was one of the striking 
successes of Bohr's theory. Wave mechanics gives exactly the 
same formulae. Both theories show that a level with given n 
splits, in an electric field, into 2n - 1 equidistant levels. This 
splitting increases linearly with field strength (linear Stark ejf ect) 
and takes place symmetrically with respect to the field-free 
position of the terms. For the upper state of Ha, the total split-



ll8 Multiplet Structure and Electron Spin [II, 3 

ting amounts to 7.8 cm-1 for a field of 10,000 volt/cm. In the 
case of non-hydrogen-like atoms, the splitting is in general very 
much smaller. 

In order to obtain theoretically the Stark effect splitting of H 
and H-like ions for low field strengths, relativity and spin effects 
have to be considered, and these then give an unsymmetrical 
splitting of the individual fine structure components. 

For hydrogen, at very high field strengths a quadratic effect is 
superimposed on the linear effect, and results essentially in a one­
sided shift of the whole splitting_ pattern. The experimentally 
observed magnitude of this effect is in agreement with wave 
mechanical calculations but not with the old Bohr theory [Rausch 
von Traubenberg (133)]. 

For atoms with several electrons, the linear Stark effect be­
comes important if the splitting due to the quadratic effect is 
comparable to the energy difference between states with different 
Land equal n, as is the case for Hand H-like ions even for very 
weak fields. For atoms other than hydrogen, the linear effect 
may easily occur for the higher series numbers. In fact, Fig. 50 
illustrates that result. This spectrogram also shows another im­
portant fact which is connected with the above. With increasing 
field, theory shows that the selection rule t:..L = ± I for the terms 
of one emission electron no longer holds exactly because L loses 
more and more its meaning as angular momentum. Thus in an 
electric field transitions may take place which would be forbidden 
in the absence of a field; for example, S - S, S - D, P - P, 
P - F, and so on. The He line M388 (Fig. 50) corresponds to 
the transition 2 1P - 5 1D. But in an electric field the neigh­
boring transitions 2 1P - 5 1P, 5 1F, 5 1G likewise take place. 
These give rise to the lines to the right in Fig. 50. It is seen that 
these lines gradually vanish toward weaker fields, and also ap­
proach. positions different from the non-forbidden lines to the left 
in the figure. For strong fields, the whole pattern tends to become 
symmetrical, as for the hydrogen-like spectra, because then the 
splitting is large compared with the separation between 5 1P, 
ID, 1p, 10. 

In certain cases the fields due to ions present in a discharge, or 
even interatomic fields, are sufficient to cause the appearance of 
such forbidden transitions (cf. also Chapter IV). 

Statistical weight. There is no means of further splitting 
the individual term components present in a magnetic 
field.13 They must therefore be regarded as actually simple 
-that is, no longer degenerate. These different states are 

11 Here it is assumed that the degeneracy between st.ates with different l but 
equal n for H atoms and H-like ions has already been removed-for instance, 
by an electric field. 
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ascribed the same a priori probability, or the same statistical 
weight; that is, it is assumed that they will appear equally 
of ten under the same conditions. This assumption has 
always been found to be correct. 

As the magnetic field grows weaker and weaker, naturally 
the equality of the statistical weights of the individual term 
components does not change. For t he limiting case II -+ 0, 
groups of such term components coincide. The resultant 
term which is thus formed has a statistical weight that is as 
many times larger than the weight of a simple term as the 
term itself has components in a magnetic field. Hence, if 
we take the statistical weight of a simple term equal to 1, 
then the term with angular momentum J has a statistical weight 
2J + 1, since this is the number of simple term components 
of which it consists in a magnetic field-and, therefore, also 
in the absence of a magnetic field-corresponding to the 
different possible orientations of J. More generally ex­
pressed, the statistical weight of a term is equal to its degree 
of degeneracy .14 

For two states with different J values, J 1 and J 2, the 
probability that the atom will be found in one of these states 
is given by the ratio (2J 1 + 1) : (2J2 + 1) . This is true if 
the states in question have approximately equal energies so 
that their Boltzmann factors e-E/kT are equal. 

However, not all degeneracies are removed by an electric 
field. Terms with equal positive and negative M have 
equal energy. Thus, with the exception of M = 0, each 
term in an electric field is doubly degenerate-that is, it still 
has a statistical weight 2. 

An important alteration in the absolute value of the 
statistical weight results from nuclear spin, and will be 
discussed further in Chapter V. 

Among other applications, statistical weights are of im­
portance in the calculation of the intensities of spectral lines 
(see Chapter IV), of the specific heat of gases, and of chem­
ical constants. 

H In wave mechanical terms, the statistical weight is, accordingly, equal to 
the number of independent eigenfunctions belonging to a given energy value. 



CHAPTER III 

The Building-Up Principle and the Periodic 
System of the Elements 

1. The Pauli Principle and the Building-Up Principle­

We have previously considered the terms of atoms with 
several electrons- in particular, those with several emission 
electrons. We shall now treat this topic in greater detail 
and investigate how the energy level diagram and the 
ground state of any atom can be theoretically derived. 

Quantum numbers of the electrons in an atom. A single 
electron moving in a spherically symmetrical but non­
Coulomb field of force (for example, the emission electron 
of an alkali) can always be characterized by two quantum 
numbers, the principal quantum number n and the azimuthal 
quantum number l. According to quantum mechanics, n 
can be considered as au approximate measure of the extent 
of the region in which the electron preferably remains. 
Different values of n (1, 2, 3, · · · ) correspond to widely 
different energy values. l gives the angular momentum of 
the electron in its orbit and, for a given value of n, can take 
all integral values from O to n - I. The energy difference 
between states with different l and equal n is, in general, 
not so great as that between states with different n . The 
possible states of an electron can thus be divided into 
principal groups or levels which differ from one another in 
their n values, and into sub-groups or sub-levels which have 
a given n but different Z values. This division is clearly 
indicated in the energy level diagram of lithium (Fig. 24, p. 
57). EYcn for given n and Z values, several different states 
of an electron are possible: first, due to the various possible 
orientations of the vector l (for example, in a magnetic 
field), and, second, dtre to the electron spins = ½ which can 
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III, I] Pauli Princi'plc 121 

set, parallel or antiparallel to a magnetic field (for example, 
that of 1). 

In an atom with several elcct.rons, the motion of ea<'h indi­
vidual electron can also be regarde?, to a first approxima­
tion, as a motion in a centrally symmetric but non-Coulomb 
field of force. This field results from the oYerlapping of 
the Coulomb field of the nudeus and the mean field of the 
other electrons. Therefore, to this approximation a definite 
value of n and l <'an also be ascribed to e:wh elertron in a 
eomplic:ated atom. The approximation will be partimlarly 
good when we are considering a single electron with large n, 
as is usually the case for most of the higher terms of an 
ntom (terms of an emission electron). Then the action of 
the remaining electrons may really be described, to a close 
approximation, as due to their mean field. In contrast to 
this, if we a.re dealing with a number of electrons which have 
equal n and are thus approximately equidist:rnt. from the 
nucleus, taking a mean field gh·es a relatively poor ap­
proximation, since the action of the other electrons on a 
given electron is strongly dependent on their momeri,tary 
positions. In this case, the field in which the given electron 
moves can, in general, no longer be considered (even 
approximately) to be centrally symmetric and the quantum 
numbers n and l have no longer any exactly definable 
meaning. In spite of this, they can still be used to obtain 
the number and type of the terms, on account of the 
adiabatic law (see Chapter II, section 2). 

The normal state of an atom is that state in which all the 
electrons are in the lowest possible orbits. The lowest 
possible orbit of a single electron in a centrally symmetric 
field is the ls orbit. (n = 1, l = 0), which is also called the 
K shell. Accordingly, one might pe.rhaps think that, for 
the normal state of uranium, all the 92 electrons are in this 
K shell, and analogously for all other atoms. However, 
such a conclusion can easily be shown to be incorrect; for, 
if the electron configuration of the ground state of an atom 
altered regularly with the atomic number, it would ob-
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viously be quite impossible to explain the observed periodicity 
of the chemical and spectroscopic properties of the elements. 
Furthermore, according to this assumption, the ground state 
of any atom would have to be an S state, which is not the 
case according to the analysis of the different spectra. For 
example, B and Al have a 2P state for the ground state. 
We have already noted that, in the case of Li, all three 
electrons are not in the K shell ; one (the emission electron) 
is in a 2s orbit (L1 shell, n = 2, l = O), as can be concluded 
from a comparison of the Li spectrum with those of Li-like 
ions (cf. Chapter I, section 5). 

Pauli principle. In order to understand the building-up 
of the periodic system and the periodicity in the properties 
of the atoms and in their energy level diagrams, we must 
introduce a new assumption. This is the Pauli exclusion 
principle, which prevents the filling of the va.rious shells 
with an arbitrary number of electrons. To formulate the 
principle conveniently, let us imagine the atom to be 
brought into a very strong magnetic field, which is so strong 
that not only is the normal Paschen-Back effect operative 
(uncoupling of L and S), but also the different l i and the 
different si are uncoupled from one another in such a way 
that all the Ii and all the s, are space quantized independ­
ently of one another in the direction of the field. That is, 
for each single electron, the components of l in the direction 
of the field can take one of the values m1 = l, l - 1, l - 2, 
· · ·, - l, whereas the components of s can take one of the 
values m. = ± ½- The number of possible states, with 
which we are concerned here, will not be altered by the 
assumption of a strong magnetic field. 

Pauli's principle now states: In one and the same atom, no 
two electrons can· have the same set of values for the four quan­
tum numbers n, l, m,, and m,.1 

1 The same conclusions will result if, instead of assuming an extremely strong 
field, we assume that the int.eractions between the individual electrons are so 
reduced that even a weak field produces the independent space quantization 
of the Zi and the s,. Moreover, instead of the four quantum numbers n, l, 
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It followi:i that only a limited number of electrons can 
have the same i:iet of values for the quantum numbers n 
and l. The detailed meaning of this fact will become clear 
in the following discussion. 

The Pauli principle does not result from the fundamentals 
of quantum mechanics, but is an assumption which, al­
though it fits very well into quantum mechanics, cannot for 
the time being be theoretically justified. 

If 1/l(X1Y1Z1, • • · , XnYnZn) is the eigenfunction of a system con­
taining n electrons, generalizing our previous considerations, we 
obtain 

#* dx1 dy1 ' ' ' dzn 
for the probability of finding the system in a configuration with 
the coordinates of the individual electrons \\"ithin the limits x1 and 
X1 + dx1, Yi and Y1 + dy1, · · ·, Zn and z,. + dzn, Since there is 
no way of distinguishing individual electrons, ,f4* must be inde­
pendent of the numbering of the electrons. Therefore, if any 
two electrons are exchanged (exchange of the corresponding 
indices in#*),#* = 11/11 2 must remain unaltered. Such is the 
case either if YI itself is unaltered or if it simply chn.ngPs sign; that 
is, YI must be symmetric or antisymmetric with respC'ct to an 
exchange of any two electrons. [For a more rigorous proof, see 
Condon and Shortley (13); cf. also p. 67.] 

The quantum mechanical formulation of the Pauli principle is: 
The total eigenfunction of an atom with several electrons must be 
antisymmetric in all its electrons. That is, of the two systems of 
states mentioned above, only the one which is antisymmetric 
actually occurs. It may be shown that this formulation is 
identical with the statement of the principle given above. 

At first it would appear to follow from this quantum mechanical 
formulation of the Pauli principle that, of the two term system.s of 
He previously considered, only the antisymmetric, to which the 
ground state does not belong, could occur (Chapter I, section 6) . 

m,, and m., we can also use the quantum numbers n, l, j, and m;, where j is 
the total angular momentum of a single electron {that is, j = l ± ½) and m 1 is 
the component of j in the direction of a field (m; = j, j - 1, · · ·, - j). See 
Chapter IV. \Ve can easily show that this gives the same number of possible 
states for an electron; with n = 2 and l = 1, it gives the following states: 

,~, I - 1.

1 

+ ½ I - !. - ½.! + ½. + ~ 
Thel'c are thus six states (see p. 127). 
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The assumption of electron spin is necessary to explain the fact 
that actually both systems occur. If t he spin is include<l, the 
total eigenfunction is obtained by combining the hitherto con­
sidered total eigenfunction VI (co-ordinate function ) with a further 
eigenfunction (3, the spin eigenfunction. To a first approximation, 
the new total eigenfunction VI' = V1 ·J3. Let (3+ be the spin fune­
tion of a single electron with the spin directed upward, and {3-, 
correspondingly, the spin function of an electron with the spin 
directed downward-that is, if the spin was originally direet<'d 
upward, I [3+ I 2 gives the probability of finding the rnlues + ½ or 
- ½ for the spin of the electron in any given direction; similarly, 
if the SRin was originally directed downward, the probability will 
be l,s-1 2 • Consequently t here are the following four possibilities 
for the total spin function of the two electrons 1 and 2: 

t t f31+f32+ 
ti f31+f32-
i t f31-f12+ 
+ + f11-,S2-

In a magnetic field such as that associated with l, the stat<'s 
represented by the first and fourth eigenfunctions have different 
energies, which are also different from those of the second and 
third, although the latter are degenerate with each other. If the 
mutual interaction of the two spins is taken into account, a 
splitting of the originally degenerate states into two different 
states with eigenfunctions f31+f12- + f11-f32+ and f:31+f32- - f31-[:J2+ 
occurs. This effect is quite analogous to the Heisenberg res­
onance phenomenon (Chapter I, section 6). We therefore have 
the following four spin functions of the two electrons: 

f:31 = f31+f32+ 

/311 = f:31+f:32- + f:31-f32+ 

f:3m = f:31+f12- - f31-f32+ 

f31v == f31-f:32-
Only one of these eigenfunctions is antisymmetric in the elPc­

trons-namely, fim; the others are symmetric. However, the 
total eigenfunction ,VI' = VI' {3 can now (and this is the important 
point) be antisymmetric for both term systems- that with sym­
metric as well as that with antisymmetric VI· We have only to 
recall that the product of a symmetric and an antisymmetric 
eigenfunction is antisymmetric, whereas the product of two sym­
metric or of two antisymmetric functions is symmetric. Then, 
if the one antisymmetric (3 is combined with the symmetric i/;, 
or if one of the three symmetric (3's is combined with the antisym­
metric VI, the total eigenfunction VI' will be antisymmetric; that is, 
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according to the Pauli principle, both term systems can actually 
appear. (See Table 8.) 

TABLE 8 

SYMMETRY OF THE EIGENFUNCTIONS OF HELIUM 

,f, {J ,f,' 

Co-<>rdin:i.te Function Spin Function Total Eigenfunction Term Syal.em 

Symmetric { Symmetric Symmetric (Does not occur) 
Antisymmetric Antisymmetric Singlet system 

Antisymmetric { Symmetric Antisymmetric Triplet system 
Antisymmetric Symmetric (Does not occur) 

The term system whose co-ordinate function is symmetric has 
a statistical weight of 1 (only one spin function /3m belongs to it, 
singlets); the system with antisymmetric co-ordinate function 
bas a weight of 3 (three spin functions, triplets). The former cor­
responds to S = 0; the latter, to S = I. The three symmetric 
spin functions correspond to the three possible orientations 
Ms = + 1, 0, - 1, of the spin vector S = 1 in an external mag­
netic field or in the field due to the orbital motion when L =I= O. 

The occurrence of both term systems is thus entirely due to the 
existence of spin. However, the latter has nothing to do with 
their energy difference. This already exists for the co-ordinate 
functions, without considering spin, and results from the electro­
static interaction of the electrons (see Chapter I, section 6). 

The different multiplet systems of atoms with more than two 
electrons may be obtained by analogous, though more complex, 
considerations. [Hund in (ld); Condon and Shortley (13).] 

Prohibition of intercombinations. A total prohibition of inter­
combinations exists between states with antisymmetric total 
eigenfunction ,f/ and states with symmetric total eigenfunction. 
This can be shown in the same manner as in Chapter I, section 6. 
If an atom is once in an antisymmetric state, it must remain in 
that state for all time. The fact that Pauli's exclusion principle 
holds for all atoms proves that they are all in the states with 
antisymmetric total eigenfunction. Transitions to states with 
symmetric total eigenfunction never take place; hence these 
states do not occur. 

The prohibition of transitions between states with symmetric 
and antisymmetric co-ordinate functions ,ft. and Via (the prohibition 
of transitions between states of different multipli city) holds only 
approximately-that is, so long as it is possible to use the separa­
tion y/ = t/,· /3, since then the matrix clement R•m (p. 53) can be 
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separated into two factors, one of which depends only upon t/1. 
The latter factor, as we have seen, is zero for a transition between 
states with symmetric and antisymmetric t/1, and thus the com­
plete transition probability is zero. As soon as the coupling be­
tween spin and orbital·angular momentum becomes appreciable, 
such a separation t/t' = t/1 · fJ is no longer strictly possible, and 
therefore R""' no longer splits into two factors, one of which be­
comes zero for a combination between two terms of different 
multiplicities. The smallness of the multiplet splitting shows 
that the coupling between spin and orbital angular momentum is 
weak for elements with low atomic number. Consequently the 
rule prohibiting intercombinations holds almost absolutely for 
them (AS = O). With increasing atomic number, it holds less 
rigorously. 

Application of the Pauli principle. Table 9 shows, for 
the possible states of an electron in an atom, the divisions 
into groups and sub-groups up ton = 4 (cf. scheme, p. 39). 
The order given is, in general, the energy order of the states. 
Each of the before-mentioned sub-groups with given n and l 
is once more subdivided according to the value of m1, All 
of the latter sub sub-groups of states have the same energy 
for a given n and given l value in the absence of a magnetic 
field. Actually, each of these values (given n , l, m1) should 
be once more subdivided into two sub-groups with m. = + ½ 
and m. = - ½, For the sake of simplicity, this subdivision 
is not carried out in Table 9. Instead, the presence of an 
electron in a cell (n, l, m1) is represented by an arrow whose 
direction (up or down) indicates whether m. is +½or - ½. 
On the basis of the Pauli principle, only two electrons can 
be in each such cell (n, l, m1), and then only when they have 
antiparallel spin directions, since otherwise these two elec­
trons would have the same four quantum numbers n, l, 
m1, m •. 

The number of electrons in a sub-group (n, l) is given by 
the exponent of the symbol representing the sub-group. 
For example, (2p ) 2 or 2p2 represents two 2p electrons. The 
maximum number of electrons which can have the same n 
and land yet not violate the Pauli principle is given by the 
number of arrows in Table 9 between the corresponding 
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TABLE 9 

POSSIBLE STATES OF Ai.~ ELECTRON 

K L M N 

. I 2 3 • 
I 0 0 I 0 I 2 0 I 2 3 . . ; . p d . , d I 

··- i--- -- --,--- --
- ~- ~ 0 !+ 11+-; -0 - I ! 0 j+ I -Ff ii"1+J+i _af: 2!- ~ o I+ J+I+.-1 .. , 0 0 -ll O !+ I 0 -1, 0 f+ I ... II II 11 pq 11 II 11 !11!11 11 ! rq rq 11 l 11 11 11 ! 11 , 11 rq rq 11 111 ! 11 I I I I I I 11 1.11 i 11 , ll ; ll , T1 111 

K L, L, 11, "'· M, N, N, N, N, 

vertical lines. This maximum number is obviously equal 
to 2(2l + 1), since 2l + 1 is the number of possible m, 
values for a given l. The entrance of any additional elec­
tron into such a sub-group (n, l) is forbidden by the Pauli 
principle, since the additional electron would then neces­
sarily have the same m, and m. as one of the electrons al­
ready present. When a sub-group or shell contains the 
maximum number of electrons, it is called a closed shell. 

The ground state of an atom.is the one in which all electrons 
are in the lowest possible energy states. On the basis of 
the Pauli principle, this is not (ls)N, where N is the total 
number of electrons, but it is the state in which all the 
lower shells are filled only so fa.r as the Pauli principle allows. 
Thus in the ground state not all of the electrons are equiv­
alent; rather, they can be differentiated as inner and outer 
electrons. Excited states of an atom result, in general, 
when the outermost and least firmly bound electron (emis­
sion electron) is raised to any of the higher orbits or 
levels. There are also excited states in which two or more 
of the outer electrons are simultaneously in higher orbits, 
or in which one of the inner electrons is raised to an outer 
orbit (see Chapter IV). However, such states are observed 
relatively seldom in the optical line spectra of the lighter 
atoms, but are found more of ten in the spectra of the 
heavier elements. 

The terms of an atom of nuclear charge Z + 1 may be 
obtained in the following way: the nuclear charge Z of the 
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preceding element in the periodic table in its ground state 
(or perhaps also in an excited state) is increased by 1, and 
then an additional electron is added to one of the shells not 
yet filled. Beginning with hydrogen, the terms of all the 
elements in the periodic system can be derived in this way 
(Bohr, Mainsmith-Stoner). The principle underlying this 
procedure is called the building-up principle. It is clear 
that the electron configurations of the ground states will 
show a periodicity, since, after a certain number of electrons 
have been added, the outermost electron will be once more, 
for example, an s-electron. Correspondingly, the other 
configurations of the outer electrons recur periodically. 

2. Determination of the Term Type from the Electron 
Configuration 

The above method gives us only the electron configura­
tion (n and l values of the individual electrons); thus far it 
does not tell us the term type of the ground state and the 
excited states. The term type is obtained by adding 
together the respective angular momentum vectors land s 
of the individual electrons. For this purpose it is necessary 
to make some definite assumptions about the mutual cou­
pling or interaction of the individual angular momentum 
vectors. 

Russell-Saunders coupling. The assumption that seems 
to apply to most cases is the Russell-Saunders coupling, 
which we have already used implicitly in the preceding 
chapter. In this coupling it is assumed that, when several 
electrons are present in an atom, each with a definite I i and 
each with s; = ½, the individual l; vectors are so strongly 
coupled with one another that states with different resultant 
L have very different energies. Further, it is assumed that 
the individual S i vectors are so strongly coupled with one 
another that states with different resultant S have a con­
siderable energy difference. As explained in Chapter II, 
for strongly coupled vectors, only the resultant (in this case 
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L or S) has an exact meaning as angular momentum. The 
vectors that are strongly coupled with one another must 
always be added together first. The resultants L and S, 
according to the Russell-Saunders coupling, are then less 
strongly coupled with one another and their resultant is J. 
Eaeh allowable value of L can be combined with each 
possible S; that is, the spins can take all orientations which 
are possible on the quantum theory for each state character­
ized by a definite value of L. The interaction between L 
and S gives the multiplet splitting of each term, which 
without this interaction would be simple. 

The Russell-Saunders coupling can be written symbolically: 
(s1, s2, · · ·) (li, 12, · · ·) = (S, L) = J (III, 1) 

It should be noted here that the considerable difference between 
the energy levels of corresponding terms of different multiplicity 
(different S) is actually due, not to a strong magnetic interaction 
of the respective s ;, but to the Coulomb interaction of the elec­
trons and the Heisenberg resonance phenomenon (p. 66), which 
is entirely independent of spin. The spin merely makes possible 
the actual appearance of the different term systems (p. 124). In 
spite of this we can proceed, in practice, as though the energy 
difference were due to the magnetic interaction of the spins. 

In Chapter IV we shall consider still another kind of coupling 
of the individual angular momentum vectors which occurs for 
heavy elements. 

Terms of non-equivalent electrons. Non-equivalent 
electrons are electrons belonging to different (n, l) sub­
groups (cf. Table 9) . In order to determine the terms re­
sulting from two non-equivalent electrons, we must, first 
of all, find the possible values of the resultant L. In the 
case of a p-electron and ad-electron, L = 3, 2, 1 (cf. p. 87); 
that is, the two electrons form F, D, and P terms. The 
spins of the two electrons can be either parallel or anti­
parallel. S is therefore 1 or 0, which means that triplet as 
well as singlet terms result. In all, there will be six terms: 
1P, 1D, 1F, 3P, 3D, 3F. Similarly, two non-equivalent 
p~electrons give the terms : 1S, 1P , 1D, as, ap, 3D. 

If a third non-equivalrnt cl<.'ctron is add<.'d, its l must be added 
vcctorially to the pre\"iously ealculatcd L; and s must Rimilarly 
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be added to S. If, for example, an s-electron is added to pd, 
the L values remain the same. The possible S values are now ½, 
½,!;that is, the possihle terms are : 2P, 2D, 2F, 2P, 2D, 2F, 4P, 4D, 4F. 
Two different doublet terms for each L will be formed, since 
p-electrons and d-electrons with parallel as well as antiparallcl 
spins can give S = ½ v..ith the addition of an s-electron. On the 
other hand, S = ½ can be obtained in only one way- namely, 
when all three spins are parallel to one another (quartet) . The 
three spin configurations for s pd are t l t, l t t, t t t. If the third 
electron that is added is an !-electron (l = 3), the possible L 
values are 3 + 1, 3 + 2, 3 + 3 (where the sign + indicat<'s vector 
addition). This gives the following L values: 2, 3, 4; 1, 2, 3, 4, 5; 
0, 1, 2, 3, 4, 5 6. As before, the possible S values are ½, ½, ½­
Thus we obtain: 2S(2), 2P(4), 2D(6), 2F(6), 2G(6), 2H(4), 21(2), 
4S(l), 'P(2), 4D(3), 4F(3), 4G(3), 4H(2), 41(1), where the numbers 
in parentheses indicate the number of the corresponding terms. 
For example, 4P(2) means two 4P terms. Even in the above 
comparatively simple case the total number of terms belonging to 
the same electron configuration ( pdf) is considerable. 

These and other examples are given in Table 10 (p. 132). 

Terms of equivalent electrons. When we are dealing 
with equivalent electrons (having the same n and the same 
l), some of the term& derived for non-equivalent electrons 
are no longer possible. For example, for two equivalent 
p-electrons (p2), not all the terms (1S, 1P, 1D, 3S, 3P, 3D) 
previously derived for two non-equivalent p-electrons are 
possible. In considering non-equivalent electrons, we 
assumed that no account need be taken of the Pauli prin­
ciple in adding together the individual l and s values; it 
was supposed that each orientation allowed by the quantum 
theory did actually occur. This assumption is in fact 
justified, since, when the electrons have different n or l 
values, the Pauli principle is already satisfied. When, 
however, the two electrons have equal n and equal l, that is, 
when they are equivalent, they must at least differ in their 
values of m1 or m .. When, for example, the two p-electrons 
(p2) both have l with the same direction, which gives a D 
term, m1 is the same for both ( + 1, 0, or - 1) and therefore, 
according to Pauli's principle, the two electrons cannot both 
have m, = + ½, or both m, = - ½. That is, their spins 
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can only be antiparallel for a D term, giving ID only, 
and 3D is not possible, alihough it would be with non­
equivalent electrons. Further consideration shows that 
t.wo equivalent p-electrons give only the terms IS, 3P, ID 
(sec below). Similarly, three equivalent p-electrons give 
1S1 

2P, 2D. These and additional examples are given in 
Table 11 (p. 132). 

Particular mention should be made of closed shells-that 
is, shells in which the maximum number of equivalent elec­
trons is present. In order to fulfill the Pauli principle, all 
Lhe electrons must be in antiparallel pairs (S = O). In 
addition, L = 0, since the state can be realized in only one 
way in a magnetic field-namely, with ML = L,?11,1 = 0. 
Therefore, a closed shell always forms a 1S0 state. 

In deriving the terms of an electron configuration that 
consists of one or more closed shells and a few additional 
electrons (for example, 2p6 3s2 3p3), the closed shells can be 
left entirely out of consideration. The terms are the same 
as for the electrons that are not in closed shells; for, in deter­
mining the resultant Land S, the respective l, can be added 
together in any desired groups to form partial resultants, 
and these can be added togethe, to give the total resultant. 
Since the partial resultants for closed shells are zero, they 
have no influence on the total resultant. 

From the latter statement the following may be derived: 
the term 1S0 for a closed shell must result when the shell is 
divided into two parts, the term types for each part derived, 
and the resulting angular momentum vectors added to­
gether. For example, adding the angular momenta of the 
t.erms of p2 vectorially to the corresponding quantities for p 4 

must give those for a p6 1S 0 state, that is, zero. From this 
it follows that the quantum numbers Sand L must be the 
same for these two electron configurations; that is, the 
terms of the configuration p4 are the same as those of p2• 

This result can also be obtained directly (see Table 11). 
Generalizing, we can say that the ter~ of a configuration xq 

are the same as the terms of a configuration xr-q where r is 
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the maximum number of x-electrnns, that is, 2('21 + I ). 
(See p. 127.) For example, the terms of pfi are the same as 
those of p; they give only one 2P term; or, the terms of d7 

are the same as those of d3 given in Table 11. 

TABLE 10 

TERMS OF KON-EQl.;lVALENT ELECTRONS 

Electron 
Configuration 

s s 
s p 
s d 
pp 
p d 
dd 
S 8 S 

8 S 71 

s s d 
s p 71 

s pd 

PPP 
ppd 

p df 

Electron 
Configuration 

1S, •s 
ip, •P 
1D, •D 
is, 1p, 1D, •s, •P, •D 
1P, 1D, 1F, 3P , 3D, •F 

Terms 

1s, 1P, 1D, 1F, 10, •s, •P, •D, •F, •o 
2s, •s, •s 
2P, •P, 4P 
2D, 2D, •D 
•s, 2P , 2D, 2S, 2P, 2D, •s, •P, •D 
2P, 2D, 2F, 2P, 2D, 2F, •P, •D, 'F 
2S{2), 2P{6), 2D{4), 2F{2), •S( l ), 'P(3), 'D (2), 4F(l) 
•S(2), 2P(4), 2D(6), 2F(4), 20(2) , 'S(l), •P(2), •D (3) , 4F{2), 

'G(l) 
2S(2), 2P(4) , 2D{6), 2F(6), 20(6), 2H(4), 21(2) 
4S(l), •P(2), 'D(:11, •F(3), '0(3) , 'H(2), 41 (1) 

TABLE 11 

TERMS OF EQuIVALENT E LECTRONS 

,s 
1S, 1D, 3P 
2P, 2D, •s 
1S, 1D, •P 
•P 

1S, 1D, 1r., •P, 3F 

Terms 

2P, 2D(2}, 2/<', 2G, 2f/ , •r, •F 
'8(2), 1D(2), 11", 1(;(21, 11, 3P(2) , •D, •F(2), 3G, 3//, •D 
2S, 2P, 2D(3) , 2P(2), •U(2), 2l/, 2/, 4P, •D, •F, 'G, 0.S 
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We shall now derive, in greater detail, the terms of equivalent 
electrons for a special case. According to the adiabatic law al­
ready used, we should be able to derive all possible terms by using 
any desired alteration of the coupling conditions. In the 
Paschen-Back effect, L and S are space quantized with respect 
to the field direction, independently of each other, with com­
ponents ML = L, L - 1, · · ·, - L, and M s = S, S - 1, · · ·, 
- S. ML and Ms represent the components of the total orbital 
and spin momenta in the field direction. On the other hand, for 
complete uncoupling of the individual electrons from one another, 
the individual l ; and s; are space quantized with components 
m1 = l, l - 1, l - 2, · · ·, - l, and m , = ± ½. Under these 
coupling conditions :Em1 and :Em, represent, respectively, the 
components of the total orbital and spin angular momenta in the 
field direction. Therefore, according to the adiabatic law, :Em1 
.must equal ML, and :Em, must equal Ms, for all the configurations 
which the electrons under consideration are allowed, according to 
the Pauli principle, to assume in lhe cells of Table 9. Exactly the 
same ML and Ms must be obtained as from the L and S values of 
the resulting terms, and, conversely, these may be derived from 
the calculated :Em1 and :Em, values. 

Table 12 gives the possible configurations for the case of two 
equiyalent p-electrons,2 as well as the corresponding values 
:Em1 =ML and :Em, = Ms (s~e p. 134). 

In order to determine the resulting terms, it is useful to begin 
with the highest value of }:m1 = ML, which must be equal to the 
highest occurring value of L. In the present case, the highest 
value of ML is 2 and thus a D term results. Since this M L occurs 
only with Ms = 0, the term is 1D. Apart from ML= 2, 
ML= + l, 0, - 1, - 2 also belong to this term, each having 
Ms = 0. They are indicated by f:::,, in the last column of Table 
12. There are two terms each with ML = ± 1, M s = 0, and 
three with ML = 0, M s = 0. Which of them is selected for the 
components of the 1D term is of no special importance for this 
derivation. Of the remaining ML and Ms values, the maximum 
ML is + 1 and the largest Ms is + 1. These values must belong 
to a 3P term, since only for such a term can the largest values of 
ML and M s be + 1. M L= 0 and - 1 also belong to this 3P 
term, each of the M L values having Ms = + 1, 0, - 1. Alto­
gether, for 3P we obtain nine configurations. In Table 12, these 
are marked +. One configuration remains : ML = O, Ms = 0; 
this is indicated by X . It can give only a 1S term. Thus, two 

2 It must be noted t\lat, because of the identity of electronti, the configura­
tion t + in a single cell is not different from + t; whereas, if the two elect.rons are 
in different cells, the configuration t + is different from + t. Only the varjous 
states-not the electrons themselves-can be identified. This assumption may 
be considered a supplement to Pauli'!! principle [cf. Slater (134)]. 
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equivalent p-electrons give the terms 1D, 3P, 1S and no others. 
The terms of the other configurations listed in Table 11 may be 
derived in a similar manner. 

TABLE 12 

DERIVATION OF TERMS FOR TWO EQUIVALENT p-ELECTRONS 

m1 
2:m1 = ML 2:m, = Ms 

+1 0 -1 

t i +2 0 t:,. 
t t +1 +1 + 
t i +1 0 t:,. 
i t +1 0 + 
i i +1 -1 + 
t t 0 +1 + 
t i 0 0 t:,. 
i t 0 0 + 
i i 0 - 1 + 

t i 0 0 X 
t t -1 +1 + 
t i -1 0 t:,. 
i t -1 0 + 
i i -1 - 1 + 

t i -2 0 t:,. 
: 

A procedure similar to the one outlined here for equivalent 
electrons can also be followed in the case of non-equivalent elec­
trons. However, the method previously used (p . 129) is much 
simpler. 

If we have a configuration containing equivalent as well as non­
equivalent electrons (for example, p3sd) the corresponding partial 
resultants must be taken from Tables 10 and 11. These are then 
added together to give a total resultant in which each term of one 
partial configuration (p3 in the example) is combined with each 
term of the other (sd in the example) . In general a large number 
of terms result. In the above relatively simple example, there 
are 28 terms: 28(2), 2I'(4)", 2D(5), 2F(4), 2G(2), •s, 4P(2), •D(-1), 
P(2), 4G, 5D. 

The angular momenta l ands of the individual electrons 
have a well-defined meaning only when they influence one 
another but slightly (in principle, not at all). If this were 
actually the case, all terms with the same electron configu-
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ration would have the same energy (cf. p. 83). Actually 
they have not. In many cases, considerable energy differ­
ences occur; these are larger, the larger the interaction. 

In this connection two rules operate. The first was 
formulated by Hund : Of the terms given by equivalent elec­
trons, those with greatest multiplicity lie deepest, and of these 
the lowest is that with the greatest L. For the cases given in 
Table 11, this term is the last one in each line. The 
second rule states: Multiplets formed from equivalent elec­
trons are regular when less than half the shell is occupied, 
but inverted when more than half the shell is occupied. For a 
proof of this rule, the reader is referred to Condon and 
Shortley (13). 

Electron distribution with a number of electrons present. 
It has already been stated that, when a number of electrons 
are present in an atom, the wave mechanical charge distri­
bution is given, to a first approximation, by a superposition 
of the charge distributions of the individuaJ electrons (cf. 
Fig. 21, p. 44). It is clear that superposition of the elec­
tron distributions of s-electrons, each having a spherically 
symmetrical charge distribution, must giv~ a spherically 
symmetrical total charge distribution for the resulting S 
term. A more detailed wave mechanical calculation shows 
that S terms resulting from somewhat more complicated 
electron configurations (possibly containing p-electrons and 
d-electrons) also have a spherically symmetrical charge 
distribution. This holds in particular for closed shells, 
which always give 18 0 terms; the spherical symmetry holds 
rigorously for these shells, even when the interaction of the 
electrons is taken into exact account. 

The more accurate wave mechanical calculation of the 
charge distribution for atoms with a number of electrons is 
too complicated to be further considered here. The Har­
tree method of self-consistent fields has shown itself to be 
particularly useful, but likewise will not be dealt with here. 
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In Fig. 54 are given the results of such calculations for 
the radial charge distribution curves for the ground states of 
the Li+, Na+, and K+ ions. Since these ions have closed 
shells only, the charge distribution will be completely 
described by the curves. The distribution for the ground 
state of the hydrogen atom is given (drawn to the same 
scale) for comparison. Fig. 54 corresponds in all details to 
the solid curves of Fig. 20 (p. 43). The summation of 
r2if;r2 over all electrons, "E,r2if;r2, is indicated here ; whereas, 
in Fig. 20, r2i/;r2 was drawn, since only one electron was 
present. The curves in Fig. 54 thus give the mean charge 
distribution (that is, the sum of the probability densities of 
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Fig. 54. Radial Charge Distribution for the Ground States of H, Li+, 
Na+, K+. The curves for Na+ and K+ are drawn according to the work of 
Hartree and his co-workers (62) and (63); the curve for Li+, according to 
Pauling and Goudsmit (9). All curves are drawn to the same scale. 



III, 2] Term Type from Elc<:tron Confii:i;urnl ion l :n 

the individual electrons) for lhe gh·en ions, referred to the 
whole spherical shell of radius r. The <'harge distribution 
has pronounced maxima at certain dist anres from the 
nucleus. For Li+, there is only one maximum, correspond­
ing to the one closed shell (n = 1, K shell). The mean 
distance of the electrons from the nucleus is 0.28 A, which 
is considerably smaller than for the H atom (0.79 A) be­
cause of the gr('atcr nudcar C'hargr. At the :c;amc time the 
height of the maximum is p;rrntcr. ThiR differen<'e is due 
to the fart that the eigenfunctions have naturally been so 
normalized that the probability of finding an electron some­
where in the atom is equal to the number of electrons; that 
is, the area under the curves (Fig. 54) must be equal to the 
number of electrons. In the case of one electron, the 
probability = 1.3 Thus, owing to the contraction in the 
direction of the abscissae and the increase in the number of 
electrons, the height of the curves must increase with 
increasing Z. In the case of Na+ there are two maxima, the 
first of which is mainly due to the electrons in the K shell, 
and the second to the closed L shell (n = 2). Because of 
much higher nuclear charge, the mean distance of the K 
electrons from the nucleus is only 0.07 A; that of the L 
electrons, 0.41 A. K+ shows still another maximum, due to 
the additional M shell. For the electrons of the M shell, 
the mean distance is 0.82 A. The maxima for the K and L 
shells are again pushed farther inward. Corresponding 
results are obtained when still more shells are added (Rb+ 
and Cs+). 

It is seen that we can also speak of a shell structure oft-he 
atom from the wave mechanical viewpoint. Such a state of 
affairs holds for all atoms and ions. However, the distribu-

3 The normalization is generally so carried out that fr2,/,,2 dr = 1, and not 
4,,. fr2,/,,2 dr = 1 {where 4irr2 dr = volume of spherical shell). The factor 4,,. 
is introduced into the normalization of the directional part of the eigenfunction. 
Therefore, for one electron the function ,J,y,* averaged over the different 

directions in space is equal to 
4
~ y,,2• Thus, we can also say that the curves 

in Fig. 54 represent 41rr2'T.,J,y,*. 
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tion of most of the elect.rons that are not in closed shells is 
not spherically symmetrical, but is similar to the eledron 
distributions for a single electron given in Fig. 21, p. 44. 

3. The Periodic System of the Elements 

The elect.ron configurations and the term types of the 
grnund slates for all the clements of the periodic system arc 
given in Table 13, pages 140- 141 (cf. Table H). 

H (hydrogen). The lowest orbit of t.hc one clcC'tron of 
the H atom is a ls orbit. The ground state is therefore a 
281,2 state. The higher states correspond to the various 
other pairs of n and l values. They are, according to the 
value of l, 2S, 21', 2D, · · · states. However, for equal n, 
the states nearly coincide (see Chapter I ). The sped.rum 
is a doublet spectrum, since S = s = ½- The same is true 
for He+, Li++, and so on, except that the terms are 4, 9, · · · 
times larger. 

He (helium). This clement has a nuclear charge 2 and 
can have 2 electrons. On the basis of the Pauli principle, 
both electrons can go into the K shell (n = I) only when 
they have anti parallel spin directions ( t O, since, if the 
spins were parallel, all four quantum numbers would be the 
same for the two electrons (n = 1, l = 0, m1 = 0, 
m, = + ½). Therefore, in the ground state S = 0, and, 
since both electrons are ls electrons, L = 0. Thus the 
ground state is a 1S state (closed shell). A triplet state is 
not given by this electron configuration. An excited state 
results when an electron (the emission electron) goes to a 
higher orbit. Then both electrons can have, in addition, 
the same spin direction; that is, we can have S = l as well 
as S = 0. Excited triplet and singlet states are possible 
(orthohelium and parhelium). The lowest triplet state 
has the electron configuration ls2s; it is a 2 3S 1 state. It 
is the metastable state already referred to (p. 65). The 
corresponding singlet state is 2 1S 0 and lies somewhat higher. 
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We can easily see how the two term systems of helium are 
obtained in this way (cf. Fig. 27, p. 65). 

Li (lithium). If an electron with n = 1 is added to the 
helium-like Li+ ion, this electron would have the same four 
quantum numbers as one of the electrons already present. 
This is forbidden by the Pauli principle. The K shell is 
thus complete with two electrons, and with it also the first 
period of the periodic system. The third electron can only 
go into the next shell (n = 2, l = 0), or to a still higher shell 
(see Table 9, p. 127) . The Li terms are doublet terms, like 
those of hydrogen, since S = s = ½. The ground state 
(1s22~) is a 2S1 12 term. In the first excited state the emission 
electron has n = 2, l = 1 (Table 13); a 2P state results. 
The combination of this state with the ground state gives 
the red resonance line of Li (a doublet like the D lines of Na). 
The principal quantum number n does not alter in this 
transition, which according to page 51 is allowed. 

Sometimes the electron configuration is written in front 
of the term symbol in order to give a more accurate repre­
sentation of the term of an atom containing a number of 
electrons; for example, for the term just discussed, 1s22p 2P. 

Be (beryllium). In the lowest state of the next element, 
beryllium, the additional electron can have the same quan­
tum numbers n = 2, l = 0, m1 = 0, as the electron pre­
viously added in the case of Li, but must then have opposite 
spin. The ground state of Be is thus 1S, since all the elec­
trons have l = 0 and form pairs (closed shells only). Ac­
cording to the Pauli principle, a corresponding 3S state (two 
electrons with parallel spins) does not exist. However, 
just as soon as one of the outer electrons has quantum 
numbers n, l different from those of the other, its spin can be 
either parallel or antiparallel to that of the other. Thus 
there is a triplet term corresponding to each higher singlet 
term (for example, 1s22s3d 3D, 1D), analogous to He. The 
L value of the term is equal to the l value of the outermost 
electron. The singlet and triplet line series ordinarily 



TABLE 13 

ELECTRON CONFIGURATIONS AND TERM TYPES FOR THE 
GROUND STATES 01? THE ELEMENTS 

(Numbers and symbols in paFentheses are uncertain.) 

Element 
K L M N 0 Ground - -

5p Tnm i. 2. 2p a, 3p 3d 43 4p 4d 4/ ,5., 5d .5/ .5o -
1. H 1 ,s,,, 
2. He 2 1So 
3. L 2 1 181,'1 
4. Be 2 2 •s. 
5. B 2 2 1 1P11t 
6. C 2 2 2 •P, 
7 . N 2 2 3 •s.,, 
8. 0 2 2 4 •P, 
!l. F 2 2 5 •P,i, 

10. Ne 2 2 6 tSo 
11. Na 2 2 6 1 tS1;t 
12. Mg 2 2 6 2 1S, 
13. Al 2 2 6 2 l 1P111 
14. Si 2 2 6 2 2 •Po 
15. P 2 2 6 2 3 •s,,, 

-16. S 2 2 6 2 4 ,p, 
17. Cl 2 2 (I 2 5 ,p,,. 
18. A 2 2 6 2 fl IS., 

19. K 2 2 6 2 6 1 •s,,. 
20. c: .. 2 2 6 2 fl 2 •So ································· ·············· 21. Sc 2 2 6 2 6 1 2 •D,12 
22. Ti 2 2 6 2 6 2 2 •P, 
23. V 2 2 6 2 6 3 2 4Fa,'t 
24. Cr 2 2 G 2 6 5 I ,s, 
25. Mn 2 2 6 2 6 5 2 •Sr,, 
26. Fe 2 2 Ii 2 6 6 2 •D, 
27. Co 2 2 6 2 6 7 2 •P,1t 
28. Ni 2 2 6 2 6 8 2 •P, .............. ....... 
29. Cu 2 2 6 2 6 10 l 1S112 
30. Z,1 2 2 G 2 6 10 2 •So 
31. Ga 2 2 6 2 6 10 2 l 1P 11t 
a2. Ge 2 2 6 2 6 lO 2 2 ,p. 
33 . ..... 2 2 6 2 6 10 2 3 •S,,. 
3-1. Se 2 2 6 2 6 10 2 4 •P, 
35. Rr 2 2 6 2 6 tr. 2 5 .,,,,. 
3fl. K r 2 2 6 2 6 10 2 6 1So 
37. Rb 2 2 6 2 6 10 2 6 l •S111 
38. Sr 2 2 6 2 6 10 2 6 2 •s. .............. ···················· .... . .... . ...... 
39. Y 2 2 6 2 6 10 2 6 l 2 •D,,-, 
40. 7.r 2 2 6 2 6 10 2 6 2 2 >F, 
41. Cb 2 2 II 2 6 10 2 6 4 I •D11t 
42. Mo 2 2 6 2 6 10 2 6 5 1 •S, 
43. Ma 2 2 6 2 6 10 2 6 (5) (2) (•S,,-.) 
44. Ru 2 2 6 2 6 10 2 6 7 1 •P, 
45. Rh 2 2 6 2 6 10 2 6 8 1 .,.,.It 
46. Pd 2 2 6 2 6 ....................... 10 2 6 10 •So 

•s,,. 47. A11, 2 2 6 2 6 10 2 6 10 l 
48. Cd 2 2 6 2 6 10 2 6 1_0 __ _2 ___ •So 
49. In 2 2 6 2 6 10 2 6 10 2 1 •P,11 
50. Sn 2 2 6 2 6 10 2 6 10 2 2 •Po 
51. Sb 2 2 6 2 6 10 2 6 10 2 3 1s,11 
52. Te 2 2 6 2 6 11) 2 6 10 2 4 •P, 
sa. I 2 2 6 2 6 10 2 6 10 2 5 1Puz 
.54. XP. 2 2 6 2 6 10 2 0 10 2 II 1So 

----v- '---;--y-' 
2 8 18 

140 



TABLE 13 (Continued) 

ELECTRON CONFIGURAT.JONS AND TERM TYPES FOR THE 
GROUND STATES OF THE ELEMENTS 

(Numbers and symbols in parentheses are uncertain.) 

K L /If N O P Q 
E lamNil -·1-,,-4-p_4_rl_l/-l-,;-.-5-p _5'_1 _/i/_5'] __ 6_• tl_p_lld_fl_.f _fv,_f\_h-1-7-.'-.. -

---- - ='========l=========l===========l====I==== 

Ground 
Tern' 

5,;. ~ !? S 18 2 6 10 2 6 I 
56. Ba 2 S 18 2 6 10 2 6 2 
;;1. LA ··r-r·s···isr2··;;··i;;······i·2··;;····i········i·2··········! 
58. Ce ·2····s·· .ii1 ·2··6···iii°.ci·;··2···;;-··(ii······ ·c°;.i;····i ) 
59. Pr 2 S 18 2 6 10 (2) 2 6 (I) (2) 
60. ~d 2 S 18 2 6 10 (3) 2 6 (1) (2\ 
61. II 2 8 18 2 6 10 (4) 2 6 (I) (2) 
62. Sm 2 8 18 2 6 10 6 2 6 2 
63. Eu 2 8 18 2 6 10 7 2 O 2 
64. Gd 2 8 18 2 6 10 7 2 6 I 2 
65. Tb 2 8 Ill 2 6 10 (II) 2 0 (I) (2\ 
66. Dy 2 8 18 2 6 10 (9) 2 6 (1) (2) 
67. Ho 2 8 18 2 6 10 (10) 2 6 (I) (2) 
68. Er 2 8 18 2 6 10 (Ill 2 6 (I) (2) 
69. Tm 2 8 18 2 6 10 13 2 6 2 
70. Yb 2 S 18 2 6 10 14 2 6 2 

·:;i:·"£;;····2····;t ·is··2··s··io··i:i···2···t···i······· ··2······ 
72. Hf 2 8 18 2 6 10 14 2 6 !? 2 
73. Ta 2 8 18 2 6 10 14 2 fl 3 2 
74. W 2 8 18 2 6 10 14 2 6 4 2 
75. Re 2 8 18 2 6 10 14 2 6 5 2 
76. Oa 2 8 18 2 6 10 14 2 6 6 2 
77. Ir 2 8 18 2 6 10 14 2 6 7 2 
78. ~l 2 11 IS 2 6 10 14 2 6 9 I 

·:;;i:-·;.·~·· ··2····s· ·is···2··;;···.-o···.-.i· ·2··ii···io··········.············ 
80. TTg 2 8 18 2 6 10 14 2 6 10 2 
81. Tl 2 8 18 2 6 10 14 2 6 10 2 I 
82. Pb 2 8 18 2 6 10 14 2 6 10 2 2 
83. Bi 2 8 18 2 6 10 14 2 6 10 2 3 
84. Po 2 8 18 2 6 10 14 2 6 10 2 4 
85. - 2 8 18 2 6 10 1-1 2 6 10 2 5 
86. Rn 2 8 18 2 6 10 14 2 G 10 2 6 

87. - 2 S IS 2 6 10 14 2 6 10 2 6 I 
88. Ra 2 8 18 2 6 10 14 2 6 10 2 6 2 

·irir··~·· 1·1··rt ·rrrr:r1--r1 ·tr····· r··n~c·········1···m 
!!2. l' 2 8 II\ 2 6 10 14 2 6 10 2 fl (4) (2\ 

('H,) 

('K) 
('L) 

('L\ 
7Po 

•s,,, 

('L) 

(•L) 
:p,,.., 

•P,11 

•P 

•s,,, 
,p,,, 
•s,,, 
,p,,, 

•s,,, 

•So 

1So 

•P, 

(•D,r:) 
(IP,) 

( •Fm) 
(•Dol 

observed (see Chapter I ) result from transitions of this 
emission electron. There can also occur terms for which 
both outer electrons are in orbits other than the lowest 
(n = 2, l = 0). Under these circumstances several terms 
will, in general, result from a given electron configuration 
(see section 2 of this chapter) . These are the so-called 
anomalous terms of the alkaline earths, which cannot be ar­
ranged in the normal term sequences. (Cf. also Chapter IV 
- particularly Fig. 61, in which the complete energy level 
diagram for Be is reproduced.) 

141 
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B (boron). Again on the basis of the Pauli principle, the 
fifth electron cannot be added to the so-called L1 shell 
(n = 2, l = O), but must be added at least to the L2 shell 
with n = 2, l = 1 (cf. Table 9, p. 127). Since all the elec­
trons of boron (except that in the L2 shell) form pairs 
(closed shells), a doublet spectrum is normally produced. 
The ground state is 2P (not 2S, as for Li), since now L = l 
= 1. Otherwise the energy level diagram is similar to 
that for Li. (Cf. the energy level diagram of aluminum in 
Fig. 73, p. 198, which is quite similar to that of boron.) 
However, boron can also have terms in which only one 
electron is in t he 2s shell, and the other two are in the 2p 
shell or higher orbits. Then all three outer electrons can 
have parallel spins; that is, Scan be J. Quartet terms and 
also anomalous doublet terms result. Up to the present 
time, these quartet terms have not been observed for B, 
although they are known for c+, which bas the same 
number of electrons as B, and for Al [Paschen (64) ]. 

C (carbon). In the lowest state of carbon, two electrons 
are in the 2p shell (l = 1). According to the preceding 
section, this gives three terms : 3P, 1D, 1S; of these 3P is the 
lowest and is therefore the ground state of the C atom. 
The 1D and 1S terms do not lie very far above the ground 
state, since they belong to the same electron configuration. 

When one of the two emission electrons of the C atom 
goes from the 2p orbit to a higher orbit, normal series of 
singlet and triplet terms result. The number of term series 
is, however, much greater than for boron and the preceding 
elements in the periodic system, since now several terms can 
result for each electron configuration (Table 10). Fig. 55 
gives the energy level diagram for CI, so far as it is known. 
It is drawn in a manner which differs from that of the 
preceding energy level diagrams because of the presence of 
different terms belonging to the same electron configuration. 
Terms belonging to the configurations ls22s22p np (n = . 2, 
3, ... ), 2pns (n = 3, 4, : .. ), and 2pnd (n = 3, 4, · · ·) 
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are placed under one another, with the singlet terms indi­
cated to the left and the triplet terms to the right. When 
necessary, terms of the same electron configuration are 
bracketed together. We see from the figure that, for 
example, six terms result for 2p np if n > 2 (cf. Table 10), 
and these draw closer together as n increases (cf. p. 84). 
Apart, from these normal terms, additional relatively low­
lying terms are possible, which result when an electron is 
brought from the 2s shell (which is complete in the ground 
state) to the 2p shell, for example, ls22s2p3• In the ener­
geticaliy lowest term of this configuration all four outer 
electrons have parallel spins and the result is a 5S2 term, 
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Fig. 55, Energy Level Diagram for C I. The unobserved 3p 1S term is indi­
cated with a dotted line. 
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which has thus far not been observed. Other terms of the 
same configuration are represented to the right in Fig. 55. 

N (nitrogen). The succeeding element, nitrogen, in its 
lowest electron configuration has three electrons in the L2 
shell (2p3

). According to Table 11, these give the terms 
4S, 2D, 2P; of these, according to the Hund rule (p. 135), 
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Fig. 56. Energy Level Diagram for N I. 
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\'{ lies lowest and is therefore the ground state of the N 
at.om, in agreement with experiment. In t,his state all the 
three 2p eledrons h:we parallel spins. Higher excited 
states result when one elertron goes from the 2p orbit to a 
higher orbit. Series of quartet and doublet terms are 
thereby produced; and the number of term series is again, 
as with carbon, much larger than for Li. 

Fig. 56 represents the N I energy level diagram in a man­
ner similar to that of the CI diagram, Fig. 55. . \few terms, 
drawn to the right of the dotted line, do not go to the normal 
series limit (cf. Chapter IV). In addition, a term ~p for 
which one electron is brought from the 2s shell to the 2p 
shell is indicated. If an electron goes from the 2s--shell to 
higher orbits, sextet terms can result, since the five electrons 
can then have parallel spins. uch terms ha,·e not yet been 
observed for N I. 

0 (oxygen). The lowest possible orbit for the added elec­
tron in the case of oxygen is 2p; hence four equivalent 2p 
electrons are present, and produce the terms 3P, 1D, 1S, 
just as for carbon (Table 11, p. 132). Again, 3P is the 
lowest and is the ground state for oxygen. According to 
the Pauli principle, the spins of the four outer electrons 
can never all be parallel in the 2p shell. They can, how­
ever, all be parallel when one electron is brought from the 27) 
shell into higher shells, and then excited quintet terms, as 
well as singlet and triplet terms, are formed. The oxygen 
lines lying in the visible region are combinations of these 
quintet terms. The energy level diagram of the oxygen 
atom will be treated in detail in the next chapter (cf. Fig. 
59, p. 163). 

F (fluorine). For this element, one electron is lacking to 
complete the L2 shell. The ground term is therefore the 
same as for boron with its one electron in the L 2 shell, 
namely 2P. The difference now is only that the 1P 
ground term of F is an inverted term (~Pm lies lower than 
2P112), whereas the ground term for B is regular. This 2P 
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term is the sole low-lying term of fluorine. For all other 
terms, the principal quantum number of at least one elec­
tron is raised. Excited doublet and quartet terms then 
result (cf. the energy level diagram of CI, Fig. 74, p. 199). 

Ne (neon). This element has six 2p electrons, and for 
it the L2 shell and also the whole L shell are filled. As a 
result, the ground state is 1S0 (cf. He and Be). Excited 
states result when one electron goes from the L2 shell to a 
higher orbit. As in the case of helium, the energy necessary 
for this transition is very great, since the principal quantum 
number must be altered. In addition, for a single electron 
in an orbit with n ~ 3, the nuclear charge is almost com­
pletely shielded by the nearly complete inner L2 shell, and 
hence the excited terms are rather hydrogen-like; whereas, 
for the electrons in the closed 2p shell (ground state), the 
nuclear charge is much less completely shielded, and there­
fore the ground state lies considerably lower than the cor­
responding hydrogen term n = 2 (cf. Chapter VI). In 
fact, it actually lies lower than the hydrogen term n = 1. 
The large first excitation potential, together with the term 
type of the ground state (1S), is responsible for the character 
of an inert gas (Chapter VI). The excited states of Ne are 
singlet and triplet states, as for He. 

Succeeding periods of the periodic system. On the basis 
of the Pauli principle, after eight electrons have been added 
(Ne), no more electrons can enter the L shell, since any 
additional electron would necessarily have the same four 
quantum numbers as one of the electrons already present 
(cf. Table 9, p. 127). The eleventh electron must therefore 
go into the M shell (with n = 3). The lowest possible state 
has l = 0. The ground state of the element Na (with 
nuclear charge 11) is therefore ls22s22p63s 2S112• Apart 
from the insertion of the L shell (2s22p6) and the alteration 
in principal quantum number, this is exactly the same as 
for Li. 
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We understand from the preceding discussion the funda­
mental reason why the second period of the periodic system 
is completed with Ne (cf. Table 13, p. 140). 

As already stated, the number of terms and the term 
types are not altered by a closed shell. This fact, together 
with the Pauli principle which first made possible the con­
cept of a closed shell, provides the essential basis for the 
theoretical explanation of the periodicity of the properties 
of the chemical elements (cf. Chapter VI, section 3). 

Apart from the altered principal quantum number and 
the built-in closed L shell, the eight elements (Na, Mg, Al, 
Si, P, S, Cl, A) following Ne have exactly the same electron 
configurations in the ground state as have the preceding eight 
elements. According to the building-up principle, the 
excited stat~s should also be quite analogous, except for a 
slight difference introduced by the possibility of excitation 
to ad level without change in principal quantum number. 
All this is in full agreement with experiment. For the terms 
of these elements, we need only refer to Table 13. 

At argon, the M1 and M2 shells (n = 3, l = 0, 1) are 
filled; but it can be seen from Table 9 that the whole M 
shell is not filled at this stage, since l can also be 2. For 
l = 2 (Ma shell), m, = + 2, + 1, 0, - 1, - 2, and hence 
there can be ten electrons in the Ma shell. However, as 
the argon spectrum shows, the energy necessary to bring 
an electron from the M 2 shell to the M 3 shell is very great­
even somewhat greater than that required to bring an 
electron into the N1 shell (4s orbit). The latter, that is, the 
first excitation potential of argon, is also considerable (11.5 
volts), and this, together with the fact that the ground state 
is a 1S state, makes argon an inert gas (see above). If 
a.not her electron is added with a corresponding increase in 
nuclear charge, it goes into a 4s orbit, since according to the 
evidence of the argon spectrum the 4s orbit lies lower than 
3d. This explains the early occurrence in the periodic 
system of another alkali metal, namely K, with a ground 
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state 2S. Thus the third period, as well as the second, 
contains only eight elements. 

For Ca, two electrons are in the 4s orbit. Ca corresponds 
to Mg, which has two 3s electrons. If after Ca the building­
up process should go on as after Mg, we would expect the 
next electron to enter the 4p shell. But the spectra show 

4/ 
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Fig. 57. Rough Representation of the Energies of the Shells for Different 
Nuclear Charge Z (to Explain the Filling Up of Inner Shells). The arrows at 
the bottom of the figure (numbered 4, 5, and 6) point to the values of Z at 
which the fourth, fifth, and sixth periods of the periodic system begin. 



III, 3] Periodic System of the Elements 149 

that, for the succeeding elements (Sc to Ni), the 3d shell 
is first filled (cf. Table 13). The reason for this is explained 
in Fig. 57. The energy of the different shells (n ~ 2) is 
given here very roughly for small (- 20) and large (,..,, 90) 
nuclear charge Z, with a correspondingly altered scale. 
For large Z, the shells with the· same principal quantum 
number lie relatively close to one another; whereas, with 
decreasing Z, the field becomes less and less hydrogen-like 
(particularly for the outer shells) and consequently shells 
with the same n separate from one another (indicated by the 
connecting lines), until in some cases they are no longer 
grouped together. 

For example, with small Z, the 3d sh.ell lies somewhat 
above the 4s shell (see above). With increasing Z, the 3d 
shell tends to be lower; eventually it is lower than the 4s 
shell. This happens first when Z = 21, and therefore the 
3d shell (M2) is first filled for the elements following Ca (cf. 
Table 13). At the same time the 4s shell does not always 
remain filled with two electrons; for example, the Cr I spec­
trum shows that the lowest term (7S3), formed from 3d54s, 
is lower than the lowest term from 3d44s2, because of the 
not very different heights of the 3d and 4s shells. In the 
same way the 3d104s 2S term for Cu lies lower than the 
3d94s2 2 D term. Thus the 3d shell is completely filled for 
the ground state 2S of Cu. In this state Cu, having one 
s-electron outside the closed shells, is similar to the alkalis. 
This similarity is in agreement with the common form of 
the periodic system in which Cu is placed in the alkali 
column. The succeeding elements (Zn, Ga, Ge, As, Se, Br) 
have electron configurations and energy level diagrams 
analogous to those in the second and third periods, apart 
from an altered principal quantum number for the outer 
electrons and an additional closed 3p63d10 shell (cf. Table 
13). The 4s and 4p shells are completed at Kr, and this 
ends the first long period of the periodic system with its 
(10 + 8) elements. 
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Now the performance begins again, just as at the begin­
ning of the first long period. When more electrons are 
added with a corresponding increase of nuclear charge, it is 
not (as might be expected) the 4d or 4f shells that are first 
filled, but rather the 5s shell, which lies lower for these 
nuclear charges (cf. Fig. 57). This gives the elements Rb 
and Sr. The 4d shell lying at about the same height as 
the 5s shell is then filled for the succeeding elements, Y 
to Pd (similar to the 3d shell). When this is completed, 
the next lowest shells, the 5s and 5p shells (see Fig. 57), 
are filled, and give the elements Ag to Xe, which correspond 
exactly t o the elements Cu to Kr. This completes the 
fifth period, or second long period, with (10 + 8) elements. 

The inner 4f shell is still unoccupied (see Table 13 and 
Fig. 57). The 4f shell is first occupied after the 6s shell has 
been broken into by Cs and Ba, and the 5d shell by La. 
The rare earths then follow, exactly 14 in number, this 
being the maximum number of electrons in t he 4f shell. 
When this is filled, the 5d shell is filled from Lu to P t, and 
then the 6s and 6p shells. The result ing elements, Au to 
Rn, correspond ~>nee more to the elements Cu to Kr. 
With Rn, the sixth period of the periodic system with its 
32 ( = 8 + 10 + 14) elements is completed. The elements 
following from the unknown element 87 to uranium corre­
spond to the first elements of the fourth, fifth, and sixth 
periods. The elements for which a building-up of inner shells 
takes place are grouped within dotted lines in Table 13. 4 

Inert gases (except for He) always occur with the closing 
of an s2p8 group, as seen from Table 13. For n > 2, inert 

' It should be noted that the elements Y to Pd do not correspond exactly to 
the elements Sc to Ni (although in both cases a d shell is built up), since, 
owing to the approximately equal heights of the 8 and d shells under considera­
tion (3d and 48 : 4d and 58), a sort of competition occurs between the two which 
leads to different results for different principal quantum numbers. Conse­
quently the ground terms are not always completely analogous to one another. 
For example, the ground state of Pd is the 4d10 1So state, whereas the ground 
state for Ni occurring one period (18 elements) earlier is 3d84s1 •F. This cor­
responds to the chemical behavior. The elements of these columns of the peri­
odic table have by no means such similar properties as have, for example, the 
halogens or the alkalis. 
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gases do not follow the completion of a whole shell with 
a given value of n, because of the fact that the d orbits lie 
considerably higher than the s and p orbits for the same 
value of n-in fact, just about as high as the s and p orbits 
having none higher (see Fig. 57). On account of this, the 
excitation potential for closed s and p shells is large (inert 
gases), whereas it is small for elements for which a whole 
shell with n > 2 is filled (for example, Pd, no inert-gas 
character). 

The order of the different inner shells for an element of 
high atomic number is normal (Fig. 57, right) . For ex­
ample, when electrons are added one after another to the 
lowest possible orbits for a uranium nucleus (Z = 92), the 
nineteenth electron comes into a 3d orbit and not into a 4s 
orbit, as with K (Z = 19). The normal order for the nine­
teenth electron is already reached by Sc (Z = 21). This is 
shown by the second spark spectrum of Sc, which has a 2D 
state for its ground state and not a. 2S state; that is, the 
outermost electron (the nineteenth) is here ad-electron and 
not ans-electron (and similarly in other cases). 

A more detailed discussion of the periodic system is given 
in the following books: Grotrian (8); Pauling-Goudsmit (9); 
White (12). It has, however, been made quite clear that 
the whole periodic system of the elements can be unambiguously 
derived by using the building-up principle in conjunction with 
the Pauli principle. The length of the long and short 
periods is given exactly, together with the existence of the 
rare earths, which had previously appeared to contradict 
the periodicity. The rAre earths correspond to the build­
ing-up of an inner shell, similar to the Fe, Pd, and Pt groups. 



CHAPTER IV 

Finer Details of Atomic Spectra 

1. Intensities of Spectral Lines 

The intensity of an emission spectrum line corresponding 
to the transition from n to m is given by the product: 

W 11mhv',.m 

where wnm is the number of transitions taking place per 
second in the light source, and hv' nm is the energy of the 
radiated quantum. .wnm is the product of Nn, the number 
of atoms in the initial state n, and A nm the number of transi­
tions per second of an atom. A nm is the so-called Einstein 
transition probability. Thus a knowledge of the two magni­
tudes A nm and N,. is important in the calculation of in­
tensities. 

The intensity of absotption for the transition m to n 
(that is, the absorbed energy per unit time of the frequency 

I ) • 
JI nm IS: 

where Nm is the number of molecules in the initial slate m, 
p. is the radiation density of the frequency v' "'"' and B""' is 
the transition probability for absorption. 

The transition probability for absorption is proportional to 
the transition probability for emission. According to Ein­
stein, we have: 

(IV, 1) 

where gn and gm are the statistical weights of the states n 
and m. 

The transition probabilities can be calculated, according 
to wave mechanics, from the eigenfunctions belonging to 
the atomic states taking part in the transition (seep. 52). 

152 
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From these eigenfunctions can also be obtained the selec­
tion rules, which will be summarized in the following. 

General selection rules (dipole radiation). The selection 
rule for the total angular momentum 1 is tiJ = 0, ± 1, with 
the restriction that J = 0 +. J = 0 ( +. means "cannot 
combine with"). This holds for any type of coupling (see 
section 3 of this chapter). For the component M of Jin a 
preferred direction (for example, the direction of a magnetic 
field), the following rule holds: tiM = 0, ± 1, with the 
restriction that M = 0 +. M = 0 for t:,,,J = 0 (see p. 104). 
For Russell-Saunders coupling, which holds at least ap­
proximately in the great majority of cases and which we 
have always used above, t:,,,S = 0 (prohibition of inter­
combinations, p. 94). Under the same conditions, the 
selection rule for the orbital angular momentum L ; .. 
tiL = 0, ± 1. At the same time, til must be ± 1 for the 
electron making the quantum jump (seep. 85). 

Special selection rules (dipole radiation). Transitions in which 
the quantum numbers of only one electron change are always by 
far the most intense. Transitions in which two or more electrons 
jump at the same time are considerably weaker but are not forbidden 
by any strict selection rule. In order to formulate the selection 
rules for such transitions, it is useful to divide the terms of an 
atom into even and odd terms, according as I;l; is even or odd. 
The summation is to extend over all the electrons of the atom. 
The odd terms are distinguished from the even by a superior n 
added to the term symbol, or sometimes the subscripts g 
( = gerade, meaning "even") and u ( = ungerade, meaning "odd") 
are used. For example, the ground state of the O atom, 
l s22s22p4 3P, is an even state, and may be written simply 3P or 
sometimes 3P 0• The ground state of the N atom, ls22s22p3 4S312, 

is an odd state, and may be written 4S0
31 2 or 4Sa12,... 

The division of the terms into odd and even has the following 
wave mechanical meaning. As indicated before, the number of 
nodal surfaces which go through the origin of co-ordinates (the 
nucleus) is equal to l for the eigenfunction of a single electron; 
that is, the number is even or odd according as Z is even or odd. 
This means at the same time, however, that the eigenfunction 
either remains unaltered (l even) or changes sign (l odd) by 

1 This rule does not hold for a strong magnetic field or for quadrupole 
radiation (cf. below). 
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reflection at the origin (inversion),2 that is, when + x, + y, + z 
are replaced by - x, - y, - z. When several electrons arc 
present, the total eigenfunction is approximately equal to the 
product of the eigenfunctions of the individual electrons, and it 
therefore follows that the total e-igenf unction is even or odd according 
as :El; is even or odd; that is, remains unaltered by reflection at the 
origin or changes sign. This property of the eigenfunction holds 
even when the l; are no longer approximately quantum numbers 
(angular momenta), as a more detailed wave mechanical investi­
gation shows [cf. Condon and Shortley (13)]. 

The transition probability between two states n and m is now 
given by f,J,,,.,J,,,,.*x dr, and correspondingly for the other co­
ordinates (see p. 53). The integrand is obviously an odd func­
tion when ,J,,,. and ,J,,,,. are either both even or both odd; that. is, the 
integrand, and with it the value of the integral, change sign by 
the transformation of co-ordinates + x, + y, + z to - x, - y, 
- z. Since, however, the value of an integral cannot possibly 
change by an alteration of the system of co-ordinates, the above 
integral must be exactly equal to zero (see similar argument, 
p. 69). On the other hand, if y,,,. is even and ,J,,,,. is odd, or vice 
versa, the integrand will be an even function and the integral will 
generally differ from zero. 

Thus the strict selection rule for dipole radiation is: Even terms 
can combine only with odd, and odd only with even (Laporte rule) . 
For the particular case of two electrons i and k. the Laporte 
rule may be formulated: When Lil; =± 1, Lil1,; must be O or 
+ 2 or - 2, and vice versa. A special case of the Laporte 
rule 1s the prohibition of the combmation of two terms of the same 
electron configuration. (For example, according to this, the three 
lowest terms of the N atom, ls22s22p3 'S, 2D, 2P cannot combine 
with one another.) 

Additional special selection rules are: (1) In a strong magnetic 
field (Paschen-Back effect), tiM L = 0, ± 1, and tiM s = 0, but 
tiJ need no longer be 0, ± 1. (2) For (j, j) coupling (cf. below), 
Aj; = O, ± 1 for the electron performing the quantum jump. 

Forbidden transitions. As we have already noted, transitions 
violating the above selection rules do sometimes occur with very 
small intensity. The following are possible grounds for these 
transgressions: 

Case 1. The selection rule under consideration may be true 
only to a first approximation. 

Case 2. A transition may be forbidden as dipole radiation but 
may be allowed as quadrupole radiation or magnetic dipole radiation, 
and may therefore appear, even though very weakly. 

• The nodal surfaces for Z ,,. 3 (drawn schematically in Fig. 19, p. 41) will 
help to make this clear. It should be remembered that ,j, has opposite signs 
on different sides of a nodal surface. 
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Case 3. The selection rules under consideration (for dipole 
radiation) may be strictly true in the absence of electric or mag­
netic fields. They may, however, be transgressed when such 
fields are applied externally or are produced by neighboring atoms 
or ions (enforced dipole radiation). 2• 

Case 1. An example is the selection rule 6.S = 0, which holds 
unconditionally only under the assumption of vanishing coupling 
between L and S , and therefore holds less and less rigoroui-ly as 
the coupling between L and S increases; that is, the higher the 
atomic number and thus the larger the multiplet splitting, the 
stronger will be the intercombination lines which apprar. For an 
atomic number as high as that of Hg, these forbidden transitions 
are rather intense (for example, the Hg line 2537 A). 

Case 2. The second case comes into operation with the selec­
tion rule 6.J = 0, ± 1 (J = 0 -t-+ J = 0) and with the Laporte 
rule. According to quantum mechanics, these selection rules 
should actually hold quite accurately. The fact that transitions 
violating them do appear, though with very small intensity, is 
due to the possibility of quadrupole radiation or magnetic dipole 
radiation (cf. Chapter I, p. 54). As stated earlier, quadrupole 
radiation depends on the integral f x¼,ni/tm * dr, which (as v is 
an even function) will always vanish except when Y'n and y,,,., are 
both even OP both odd. A similar relation holds for magnetic 
dipole radiation. Hence we have, for these two types of radia­
tions, exactly the opposite selection rule to the Laporte rule, 
namely: Even terms combine only with even, and odd only with odd. 
From this it follows directly that ordinary dipole radiation, on the 
one hand, and quadrupole radiation or magnetic dipole radiation, 
on the other, cannot take part simultaneously in one and the 
same transition. 

Further citlculations show that, for quadrupole radiation, the 
selection rule for J is: 6.J = 0, ± 1, ± 2, with the addition that 
J' + J'' ~ 2, where J' and J" are the J values of the upper and 
lower states (that is, J = 0 -t-+ J = 0; J = ½ -t-+ J = ½; J = 1 
-t-+ J = 0). For magnetic dipole radiation: 6.J = 0, ± 1; and 
J = 0 -t-+ J = 0 (as for ordinary dipole radiation). For L, the 
selection rules arc (Russell-Saunders coupling): 6.L = 0, ± 1, 
± 2 (L = 0 -t-+ L = 0) and 6.L = 0, ± 1, respectively. The 
selection rule for S is: 6.S = 0, and this holds to the snmc clcgrPc 
as for ordinary dipole radiation. 

To illustrate, terms of the same electron configuration can com­
bine with one another according to the selection rules for quadru­
pole radiation as well as for magnetic dipole radiation, whereas 
they could not combine according to the selection rules for 
ordinary dipole radiation (see above). 

The ratios of the intensities of magnetic dipole radiation and 
quadrupole radiation compared to electric dipole radiation arc, 

2a Two further <'auses of violations of selet·lion rules have recently been 
discussed: Ca;;e 4 : ('ouplinp; with the nuclear spin [Mrozowski (Ii>!!} , see also 
footnote 3, p. 156 and Chapter VJ, and Case 5: Simultaneous emission of two 
light quanta [Breit and Teller (l.39)]. 
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respectively, of the or<ler 10- 5 : 1 an<l 10-s: 1, provi<k<l that there 
is no i11trrcombination. 

Crise 3. The occunc-n<·c of linC's in an electric field which con­
tradict the selection rules t:i.L = 0, ± 1, or 6.l = ± 1 is an 
example of the third case (enforced dipole radiation). Unckr 
these circumstances the intensity of the forbidden lines may 
even become comparable to the intensity of the allowed linrs. 

It is important to note that the selection rule,; for the Zeeman 
effect for quadrupole, magn<'tic dipole, and rnforced dipole 
radiation differ from those for ordinary dipole radiation, and all:io 
from one another. Consequently an investigation of the Zerman 
effect gives an unambiguous criterion for the kind of transition 
under consideration. Details will not be given here [see Rubino­
wicz and Blaton (65)]. 

In absorption, forbidden tran:-;itiom; can be observed by using a 
sufficiently thick layer of absorbing gas. For example, the inter­
combination line 1S - 3P of the alkaline earths can be observ<'d 
in this way. The intrnsity of the corresponding line for Hg is 
so great that a very thin layer suffices for the observation (cf. 
above) . Because of the J selection rule, only the component 
1S 0 - 3P 1 usually appears.3 (Cf. the energy level diagram of Hg, 
p. 202.) The forbidden lines of the alkalis, l2S - m 2D (for 
small values of m), haYe also been observed, with small intensity, 
in absorption. Segre and Bakker (68) have shown, from a study 
of the Zeeman effect of these lines, that they are undoubtedly due 
to quadrupole radiation, and not to enforced dipole radiation. 
On the other hand, Kuhn (69) has observed the higher members 
of the same series in absorption in the presence of an external 
electric field, but they have not be<'n observed in the absence of a 
field. Thus we are dealing here with enforced dipole radiation. 

In emission, transitions due to enforced dipole tadiation arc 
sometimes observed in electric discharges where electric fields are 
always present (external fields or ion fields). Here, also, it is 
chiefly the higher members of the series that appear since the 
higher terms are influenced much more strongly by the Stark 
effect than the lower (seep. 118). With the alkalis, for example, 
the series 2P - mP, 2S - mS, 2S - mD are observed. 

On the other hand, forbidden ·transitions which are not caused 
by electric fields are more difficult to observe in emission. When 

• By using considerably thicker absorbing layers of Hg (107-fold), the for­
bidden line >-2269.80, corresponding to the transition 1S0 - •P,, may also be 
observed Q,ord Rayleigh (66)]. The occurrence of this line contradicts the 
selection rules for ordinary dipole radiation, as well as those for quadrupole 
and magnetic dipole radiation. (The upper state is odd, and the lower even.) 
According to Bowen [cited in (67)], ihe transition is apparently due to the 
influence of nuclear spin. The line X2655.58, corresponding to the transition 
1S 0 - 3Pu, has been observed in emission [Fukuda (141)]. It also contradicts 
the above-mentioned selection rules. 
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the probability for a giwn transition i~ C'xtremely small, the 
corresponding upper state has a very long life' (provided no other 
allowed tranRitions take place from that state). Therefore in 
an ordinary light. sour!'<', bC'fore an atom in such a metastable 
state radiates Rpontaneously, it has the opportunity to collide 
many times and thus to lose its excitation energy without radiat­
ing (collisions of the second kind, p. 228). 4 This influence of 
collisions can be kept sufficiently small only under special condi­
tiom:; for example, at extremely low pressures or by the addition 
of a gas whose atoms or molecules either arc not able to remove the 
exeitation energy of the metastable state or ran remove it only 
with difficulty. Since the life of ~ state which is actually meta­
stable to dipole radiation is of the order of seconds (as compared 
to 10-s seconds for an ordinary excited state), it iR almost im­
possible in terrestrial light sources to reach a prcRsure so low as to 
avoid the effect of collisions-especially since, at low pressures, 
collisions with the wall of the vessel lead to loss of excitation 
energy. Howe,·er, suitable conditions are present in cosmic 
light sources. 

Bowen (70) first showed that the nebulium lines, which had been 
observed in the spectra of many cosmic nebulae but were long 
a complete mystery, were to be explained as forbidden transitions 
between the deep terms of O+ (4S, 2D, 2P), Q++ (3P, 1D, 1S), and 
N+ (3P, 1D, 1S). The deep terms of these ions are shown in Fig. 
58 (see p. 158). Transitions between them involving dipole 
radiation are strictly forbidden by the Laporte rule, since they are 
terms belonging to the same electron configuration: 1s22s22p3 for 
O+, ls22s22p2 for Q++ and N+. The positions of these energy levels 
have been known with great accuracy for a long time from al­
lowed combinations with higher terms. Bowen showed that the 
wave lengths of the forbidden lines, calculated from the combina­
tion of these terms, agree exactly (within the limits of experimental 
accuracy) with the wave lengths of the unexplained nebulium 
lines. Thus it was proved that the nebulium lines result from 
forbidden transitions in the O II, 0 III, and N II spectra, and 
it was no longer necessary to assume the presence of a new ele­
ment in these nebulae. Actually, in cosmic nebulae the condi­
tions are extremely favorable for the occurrence of these forbidden 
transitions. It is estimated that the densities in the nebulae are 
of the order of 10-17 to 10- 20 gr. per cc. Assuming a plausible 
value for the temperature (approximately 10,000° K), the time 
between two collisions suffered by an atom is then 101 to 104 

seconds. Thus, when O+, Q++, or N+ ions, which certainly are 
present, go into these low metastable states by allowed transitions 

'If other allowed transitions are possible from this state, a forbidden transi­
tion is even less likely to occur, since Jong before that transition the ordinary 
dipole transition to some other level would have taken place. 
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from higher states, they remain there uninfluenced until they 
radiate spontaneously. A large fraction of the more highly ex­
cited ions must come eventually into these states, and practically 
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values are written to the right. fhe O III lines, 5006.8 A and 4958.9 A, &re 
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every ion goes from them to the ground state by radiation. This 
explains why the nebulium lines are very intense in nebulae, 
whereas they are not observed in terrestrial light sources, in which 
t he other allowed O II, 0 III, and N II lines appear strongly. 

In the last few years, additional weaker nebular lines have been 
identified by various investigators in a similar manner as for­
bidden transitions of S II, S III, Ne III, Ne IV, Ne V, A IV, AV, 
and Cl III. The identity of a few others still remains doubtful 
[ see Bowen (71)]. 

In an analogous way, McLennan (72) and Paschen (73) have 
explained the green and red auroral lines as corresponding to for­
bidden transitions (1S-+ 1D and 1D-+ 3P, respectively) of the 
neutral O atom.5 (Cf. the energy level diagram in Fig. 59.) 

According to Condon (74), the intense nebulium lines NI and 
N2, ascribed too++, are due to magnetic dipole radiation. Cor­
responding to this, the component 1D2-+ 3Po does not appear 
(cf. the above selection rules). Since we are dealing at the same 

5 Thi~ naturally suggests that the lines observed in the spertrum of the 
mlnr t·orona. which have not been found in nny terrestrial light sources. may 
be explained i:i a similar way ns forbidden transitions. Ilo,\'t>Ycr fur many 
yl'ars they defied all attempts of iilentifiratinn. Only Vfiry recentlv Edlcn 
( 146) [;see Swinj!s (147) J l'•ttree<lcd in i<lentifyin!( them with forhitlden transi­
tions between the lqw terms of Fe X, Fe XI Fe XIII, Fe XIV, Fe XV, 
:Ki Xll, '.\i :,tm, '.\i XV, 1\i X\'I, Ca XH, Ca XIII, Ca XV, AX, and A XIV. 
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time with an intercombination (singlet-triplet), the mean lifr 
of the upper state is even greater than for quadrupole radiation 
without intercombination. On the other band, the green auroral 
line, as well as the corresponding nebular lines I D2 - 1S0, is due 
to quadrupole radiation (6.J = 2, no intercombination). 

The auroral lines have also been obtained in the laboratory in 
suitable light sources [McLennan and Shrum (75); Paschen (73) ]; 
for example, in discharges through argon with a small addition 
of oxygen. The destruction of the metastable atoms is con­
siderably hindered by the argon. This artificial production of 
the green auroral line made possible the study of its Zeeman 
effect. From this it follows definitely that a quadrupole transi­
tion is involved [Frerichs and Campbell (76)]. Since it is a 
singlet transition, the normal Zeeman effect with three com­
ponents would have been expected for dipole radiat ion. Actu­
ally, two additional components were observed at twice the dis­
tance from the middle line-an effect in agreement with the 
theory for quadrupole transitions.6 

General remarks on the intensity ratios of allowed lines. 
Apart from the selection rules by which certain transitions 
are completely, or almost completely, forbidden, certain 
theoretical predictions can be made concerning the intensity 
ratios of allowed lines. In a series of lines which differ in 
the value of the principal quantum number for the upper 
state, the intensity generally decreases regularly toward the 
series limit. Theoretically, the variation in intensity can 
be calculated according to wave mechanics (seep. 50), and 
so far as these calculations have been carried out, there is 
agreement with experiment. 

According to the earlier part of this chapter, the intensity 
depends on the number of atoms in the initial state as well 
as on the transition probability. In order to ascertain the 
intensity, two limiting cases may be distinguished: 

Case 1. In the case of thermal equilibrium or the tempera­
ture excitation of the spectral lines, if En is the excitation 
energy of the state n above the ground state, the number 
of atoms or molecules in the state n is proportional to 
e-E.11r.T (Boltzmann). However, this rule holds only so 

'The middle component does not appear for exactly transversal or longi­
tudinal observations, but does occw- for observations inclined to the direction 
of the magnetic field. 



160 Finer Details of Atomic Spectra [IV, 1 

long as the statistical weight or a priori probability is 1 
(cf. p. 119). If the weight, is Yn, the probability of finding 
the state n is Yn times as great; that is, the number of atoms 
in the state n is proportional to gne-E•fkT. If m is a second 
state with excitation energy E,,., then 

Nn gne-EnlkT 

Nm = g,,.e- Bm/kT 
(IV, 2) 

where N" and Nm are the number of atoms in states n and 
m, respectively. If m is the ground state of the atom 
(E,n = O), the number of atoms in the state n becomes: 

(IV, 3) 

The intensity of the line Vnm is proportional to this quantity 
in the case of thermal equilibrium. 

Case 2. In the case of many electric discharges where 
excitation results from collisions with electrons of all pos­
sible velocities, the Boltzmann factor plays no very signifi­
cant part. Or, expressing this in another way, the tem­
perature of the electron gas is so high that e-EfkT can be 
taken equal to 1 for most of the states in question. Then 

Nn gn (IV, 4) 
N,,. = g,,. 

Thus, while the states of lowest excitation energy are the 
most frequent for temperature excitation (owing to the 
Boltzmann factor), in electric discharges the higher excited 
states are, within certain limits, approximately as frequent. 
In both cases, for states with practically equal excitation 
energies, N n/N m = g,.fgm since e-E.fkT is then approxi­
mately equal to e-EmfkT; that is, the intensities are deter­
mined mainly by the statistical weights. 

The first doublet of the principal series of the alkalis 
illustrates the point (for example, the D lines of Na). 
The lower state is single. The two components of the 
upper state, 2P 312 and 2P112 , have statistical weights 4 and 2. 
Owing to the approximately equal excitation energies, for 
temperature excitation as well as in a discharge, the number 
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of atoms in the 2P 31~ state is twice the number in the 2P1n 
state. The intensity ratio of the two lines in emission 
should therefore be 2 : 1, and this actually is observed. 
The same holds for absorption, since then the number of 
transition possibilities is twice as great for one component 
as for the other. 

Sum rule. The generalization of these considerations for 
complicated cases is the Burger-Dorrtcl11-0r11stein sum rule: The 
sum of the intensities uf all the lines of a. multiplet which belong to 
the same initial or final state is. proportional to the 8tatistical weight 
2J + 1 of the initial or final state, respectively. By way of illus­
tration the following scheme for a 2P - 2D combination may be 
derived [see Table 14; cf. Figs. 29(b) and 30, p. 74 and p. 75]. 
The sum of the intensities of the transitions with 2P1, 2 are to 
those with 2P 312 as 5 : (1 + 9) = 2 : 4; that is, in t.he ratio of 
the statistical weights. Similarly for 2D, (5 + 1) : 9 = 4 : 6. 
Conversely, from these two relations the relative intensities may 
be calculated. 

TABLE 14 

INTE~SITIES FOR A •P - •D TRA::'.\SITION' 

4 

5 
1 

6 

9 

From the sum rule the following general rules can be derived: 
(a) The components of a multiplet f or which J and L alter in the 
same manner are more intense than those f or which they alter un­
equally. (b) The components belonging to a large J value are more 
intense than those with small J. These rules are especially impor­
tant for t he practical analysis of a multiplet (cf. Figs. 31, 33, and 
34; see also section 4 of this chapter). 

The sum rule is not sufficient for an unambiguous determination 
of the intensities of compound triplets or higher multiplets. In 
such cases we must use the general theoretical intensity formulae 
derived by Sommerfeld, Honl, and de Kronig [see (5a) and (13) ], 
which naturally contain the sum rule. These formulae, as well 
as the sum rule, hold only for Russell-Saunders coupling (small 
multiplet splitting). Intensities in more general cases and for 
non-Russell-Saunders coupling have been treated in recent in­
vestigations but this work will not be dealt with here. A discus-
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sion of the intensity rules for Zeeman components must also be 
omitted [consult White (12); Condon and Shortley (13)]. 

2. Series Limits for Several Outer Electrons, Anomalous Terms, 
and Related Topics 

Series by excitation of only one outer electron. When the 
outermost or valence electron for an alkali atom is raised to 
orbits with higher values of n and then allowed to return to a 
lower state, there result different emission series whose limits cor­
respond to the complete removal of the valence electron. In 
absorption, only one series of lines (doublets) is obtained, the 
principal series, whose limit gives directly the ionization potential 
of the atom. The state of the ion resulting from the removal of 
the outermost electron bas only closed shells; it is the 1S0 ground 
state (inert gas configuration, see Table 13). This state is single, 
and therefore the series limit is single; all term series go actually 
to the same limit. Similar relations hold for the alkaline earths 
and the earths (boron group), where, likewise, the removal of the 
outermost electron leads to the ground state of the ion. How­
ever, different relations hold for the elements of the carbon 
group and the following groups. For these elements, the ion 
which is obtained by removing the outermost electron has an 
electron configuration which gives excited terms in addition to 
the ground state. For example, for C the remaining ion can be in 
a 2P1,2 or 2P 312 state; for N, in a 3P, 1D, or 1S state; and so on. 

We shall consider in more detail the case of the oxygen atom. 
According to the building-up principle (Chapter III), we can 
predict the qualitative energy level diagram that will be obtained 
when we add an additional electron to the lowest electron con­
figuration of the ion, ls22s22p3• In this case ·the lowest electron 
configuration of the ion corresponds to three different terms, 4S, 
2D, and 2P (as for N). Different term series are thus obtained 
for the neutral O atom according as the emission electron is added 
to the terms 4S or 2D or 2P in the different free orbits with various 
n and L values. The number of terms is thus considerably larger 
than for Be or B, for example. 

If an s-electron is added to the 4S ground state of the o+ ion, 
3S and 6S terms are obtained by vector addition of the l of the 
added electron to the L of the ion, and of the s to the S (see p. 
129 f.). For each of these terms there is an entire series corre­
sponding to the different possible values of the principal quantum 
number (n;;;; 3). 

If a p-electron is added to •S, a series of 3P as well as a series of 
6P terms is obtained. According to the Pauli principle, for 6P 
the n value of the added p-electron must be at least 3 (see 
Table 13); but for 3P, n can also be 2. The state 2p 3P is the 
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ground state 7 of the O atom. Similarly, 3D and 6D, or 3F and 5F 
series are obtained by the addition of ad-electron or an /-electron, 
respectively. Parts of these series are shown graphically at the 
left of Fig. 59 (terms not observed are indicated by dotted lines). 

If ans-electron is added to the excited 2D state of the ion having 
the same electron configuration (ls22s22p3

) as 4S, there result 
series of 1D and 3D terms whose limit, however, lies above the 
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Fig. 59. Energy Level Diagram of the O Atom, with Different Series 
Limits. The n values given are the true principal quantum numbers of the 
emission electron. The term to the extreme right (2s2p1 1 P) does not belong 
to any of the indicated series limits. Dotted lines indicate terms not yet 
observed. 

limit of the previously considered terms by an amount equal to 
the excitation energy of the 2D state of the ion (see Fig. 59, center). 
From 2D, by adding a p-electron further series of terms are ob­
tained: 1P, 3P, 1D, 8D, 1F, 3F; correspondingly, by adding a 
d-electron: 1S, 3S, 1P, 3P, 1D, 3D, 1F, 3F, 1G, 3G. In an exactly 
similar manner, the series 1P, 3P, 1S, 3S, 1P, 8P, 1D, 3D, · · · result 
from the 2P state of the ion (Fig. 59, right), the series limit being 
still higher. 

In general, the term values are so chosen for atomic spectra 
that ionization with the ion left in its lowest state corresponds to a 
term value O and terms of smaller energy are counted positive 

7 For simplicity, only the symbol for the emission electron is given. 
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(see Chapter I ). Terms corresponding to excited ion states which 
lie above the first ionization limit will thus be negative. 

When it is necessary to distinguish terms belonging to series 
with different limits, the term type of the corresponding ion can 
be included in the designation; for example, 2p3( 2D)4p 1D 2, and 
similarly in other cases. All terms of the same multiplicity and 
the same electron configuration resulting from a given term of 
the ion are called a polyad. For example, all triplet terms, 3P, 
3D, 3F, of the configuration 2p3(2D)np of oxygen would be called a 
triad. They generally lie fairly close together. All the transi­
tions between the terms of two polyads are called a supennuUiplet 
[cf. Condon and Shortley (13)]. 

Term series going to different limits (such as have been amplified 
here for the O atom) appear for all those atoms (and ions) that 
possess several terms for the lowest electron configuration of the 
ion. A great many such cases have already been investigated, 
and each has confirmed the theoretical conclusion that the separa­
tions of the series limits must be equal to the observed term differ­
ences of the corresponding ion. The existence of these additional 
terms leads to a corn,iderably larger number of line series in emis­
sion and absorption than is observed for simpler atoms. For 
example, according to the selection rules (t.S = O; t.L = 0, ± l; 
t.l = ± l), the ground state of the O atom can combine with the 
terms l s22s22p3(4S) ns 3S0

; 2p3( 4S) nd 3D 0
; 2p3(2D) ns 3D0

; 2p3( 2D) 
nd aso, spo, sDo; 2p3(2P ) ns apo; 2ps(2P) nd spo, a Do; whereas, for 
instance, the ground states of Na and Mg can combine with only 
one term series, n 2P and n 1P, respectively. 

Series by excitation of two electrons; anomalous terms. Apart 
from the terms for which only one electron is excited, other terms 
are possible for which two (or even more) electrons are in shells 
other than those for the ground state. Such terms are actually 
observed and are called primed or anomalous terms. They were 
first observed for the alkaline earths and the alkaline-earth-like 
ions. In their spectra. were found multiplets which could not 
be arranged in the normal triplet series and which did not 
show the normal structure of a compound triplet. Fig. 31(d), 
p. 76, shows a spectrogram of an anomalous triplet of Ca, which 
should be compared with the normal compound triplet in Fig. 
31(b). The lower part of Fig. 60 shows the same schematically. 
The relationships between the separations and between the in­
tensities for a normal compound triplet (see p . 78) are not ful­
filled here. However, these and similar multiplets may be ex­
plained (as indicated in Fig. 60) a~ due to a combination of two 
3 P terms with not very different splitting (taking into account the 
selection rules for J and the intensity rules) . If the explanation 
is correct, the energy level diagram shows that the separations of 
the components a to c and d to f must be exactly equal. This is 
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actually observed to be the case and the separation gives the 
splitting 3P 2 - 3P 1 of the lower term. It now appears that this 
splitting and also the splitting 3P1 - 3P 0 (separation of the lines 
c and e) agree exactly with those of the 
lowest 3P term of the alkaline-earth 
metal under consideration (Ca, in Fig. 
60) which have been known for a long 
time. The foregoing means that the 
lower state of this multiplet is the lowest 
sp 3P state. The upper state is an ano­
malous term which does not belong to 
the normal term series and is designated 
as 3P'. 

t - -

The fact that this anomalous term 
combines with the known 3P term, 
although it is itself a P term,8 contra­
dicts the selection rule 6.L = ± 1, which 
must hold for terms for which only one 
electron has l + 0. It follows that the 
anomalous term corresponds to an excita- iT·1 jf7 
tion of two electrons. When this is the .. b ca• f 

J 

}• 'P' 

case, 6.L = 0 is also possible, provided ~ 
that 6.l = ± 1 for the one electron Fig. 60. Origin of an 
making the quantum jump (transition Ano~alous Triplet of the 
between even and odd terms). This con- Alkaline Earths. 
clusion is supported by a large number of 
further arguments which cannot be taken up here [consult 
White (12)]. Agreement with experiment is obtained when the 
assumption is made that, in the 3P' term, both outer electrons are 
excited for Be to 2p orbits, for Mg to 3p orbits, for Ca to 4p 
orbits, and so on. According to the foregoing (p. 131), two 
equivalent p-electrons give the terms: 1S, 3P, 1D. Here we are 
dealing with the 3P state since it can combine with the sp 3P 
term in the way shown in Fig. 60. Writing the symbols in full, 
for Be we have the transition ls22p2 3P. - ls22s2p 3P; fm: Ca, 
4p2 3P - 4s4p 3P [see Fig. 31(d)]. Since only one electron jumps, 
these transitions are allowed and are very intense. Owing to the 
Laporte rule, the p2 3P state cannot be reached by absorption 
from the s2 1S ground state. It is probably also impossible to 
excite it directly in a discharge by electron collision from the 
ground state. Possibly it is reached through the sp 3P state by 
two successive electron collisions. 

The two other terms, 1S and 1D, with the same configuration, 
p2, have likewise been found for Be and for other cases, although 
their identification is not so certain since they are singlets. 

1 The values of J necessary to explain the splitt ing pattern show that the 
term cannot be any other tban a P term. 
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The triplet splitting for the anomalou!' p2 3P term must be of 
approximately the same magnitude as that for the normal sp 8P 
term since the p-electrons have the same principal quantum 
number. This is in agreement with experiment [cf. Figs. 60 
and 31(d)]. 
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[Paschen and Kruger (78)]. The normal singlet and triplet series are drawn 
to the left (cf. Fig. 32 for Ca. I); the anomalous term series, to the right. The 
terms drawn with dotted lines have not been observed. Apart from the 
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only the first member of each has been observed (indicated at the extreme. 
right of the figure). n is the true principal quantum number. 
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The observed energies of these anomalous terms correspond 
also with the theoretical expectations. They should lie, roughly, 
twice as high above the ground state as the normal sp 3P term, 
since two electrons have been brought into the 2p orbit (for Be) 
instead of one. An inspection of the Be energy level diagram in 
Fig. 61 shows that this is actually the case. 

The following is another somewhat more accurate estimation of 
this excitation energy. If the explanation of anomalous terms i~ 
correct, we should expect for Be, for example, that the wave 
number of the transition l s22s2p 3P - ls22p2 3P would approxi­
mately agree with the wave number of the line obtained when 
one 2p electron is left completely out (that is, with the ls22s 
2S - ls22p 2P transition of the Be+ ion), since it can hardly be 
assumed that the 2p electron can influence the energy of the two 
terms very differently. Actually, this relation is well fulfilled 
(see Fig. 61) . 

Thus the term ls22p2 of Be and the analogous terms of the other 
alkaline earths and of the alkaline-earth-like ions lie rather 
close to the first ionization limit. Apart from the term ls22p2, 
analogues are obviously to be expected for which one electron 
goes to higher orbits, 3p, 4p, and so on (that is, a whole series ls22p 
np, corresponding to the series l s22s np). The limit of the former 
series is the ion term ls22p; that is, an excited state of the ion 
quite similar to the foregoing, but with the difference that this 
term no longer has the same electron configuration as the ground 
state of the ion. Two members of this series have been found for 
Be (see Fig. 61). These terms have negative term values; that is, 
they lie above the lowest ionization potential. Due to this, only a 
few of them have been observed in this and similar cases. Before 
an atom in such a state can radiate, pre-ionization (auto-ioniza­
tion) usually takes place. (This topic will be discussed further 
at the end of the present section.) Series of terms corresponding 
to the above also result when ns or nd replaces np. 

Similar anomalous terms have been found for many atoms and 
ions. Relatively few occur for the lighter elements since they lie, 
for the greater part, above the lowest ionization limit. However, 
these terms are very numerous for the heavier elements since, for 
them, some of the outer shells frequently have not much more 
energy than the ground state, and hence the energy for the simul­
taneous transition of two electrons to a higher shell is often not 
particularly large. That they a.re so numerous also depends on 
the fact that the corresponding ion has a large number of low­
lying terms. This is one of the reasons for the essentially greater 
complexity of the spectra of the heavier elements as compared to 
those of the lighter. 

Excitation of inner electrons. Very closely connected with 
the foregoing are the spectra resulting from the excitation of inner 
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electrons. Such spectra have recently been investigated in detail 
by Beutler (79) . They provide a connecting link between optical 
and X-ray spectra. As is well known, the latter correspond to 
t ransitions involving the innermost electron shells of an atom. 
Beutler found, in absorption, transitions from the ground state of 
the atom to states in which one of the electrons of the outermost 
dosed shell (which must be designated as an inner electron) goes 
to a higher orbit. He has designated these spectra P spectra, as 
an extension of the usual designation for the ordinary spectra of 
neutral atoms as I spectra (for example, Hg I). The essential 
point is that, contrary to the case just treated, only one electron 
needs to alter its quantum numbers in order to reach the corre­
sponding excited state (P term) from the ground state. However, 
it must be an inner electron, and this difference distinguishes such 
terms from normal terms. Since only one electron has to jump, 
these terms may be reached by absorption. 

An illustration from t he zinc spectrum will help to make this 
point clearer. The electron configuration of Zn in the ground 
state is ls22s227163s23p63d104s2• The normal spectrum results 
when one electron goes from the 4s shell to higher orbits; anoma­
lous terms result when both electrons go from the 4s shell to 
higher orbits. The P term series results when one electron goes 
from the closed 3d shell into higher orbits. Such terms lie very 
high-appreciably highPr than the ionization limit of the normal 
atom. The lowest state to be exrited in this way is · · · 3d94s24p. 
Beutler found a wholr series with np (n = 4, 5, · · · ), and a cor­
responding series with nf. Naturally, many terms belong to each 
configuration ( cf. Tables 10 and 11 on p. 132). Of these terms, 
only three (1P1, 3P1, 3D 1) can be observed in absorption from the 
ground state (1S0), because of the selection rules 6.J = 0, ± 1 
(J = 0 -t--+ J = 0).9 Term series with ns or nd in the place of 
np or nf cannot be observed because of the selection rule 6.l = ± 1. 

Fig. 62 shows the observed Zn P terms. All of the predicted 
terms except the nf 3D1 terms have been observed. The terms lie 
above the lowest ionization limit of the normal atom. The energy 
level diagram is drawn from this point up. The energy level 
diagram of the Zn+ ion is indicated at the right of the figure. 
Thr series lim it (n-> oo) of the P terms under consideration must 
rorrcspond to the 3d94s2 state of the Zn+ ion. This is a term of 
the ion (2D) for which an inner electron is excited (according to 
Beutler, a IP term). A continuous absorption spectrum joins 
the series limit just as for a normal series, and corresponds to 
ionization leaving the ion in the IP state mentioned. In X-ray 

9 The deviation from Russell-Saunders coupling is already so great that the 
selection rules l1S = 0 and l1L = 0, :I:: 1 no longer hold strictly. 



170 Finer Details of Atomic Spectra [IV, 2 

nomenclature this spectrum would be called an absorption spectrum 
from the Ms shell. 

Beutler and his co-workers have already found, similar absorp­
tion spectra for a large number of atoms. The series limits do 
not necessarily correspond to a IP term of the ion. For K, for 
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Fig. 63. Perturbed 1F 
Terms of Al II Compared with 
the Hydrogen-like Terms 
4R/n2 and with the 1F Terms. 
The perturbing term is in­
dicated by a dotted line. 

example, the upper states of a P 
series are 3p54s ns, and this gives the 
ordinary excited state 3p54s of K+ 
when n -oo. 

Naturally there also exist terms 
which correspond to the excitation of 
shells lying still farther in. They 
are correspondingly designated IC, J<t, 

. For Tl, absorption lines have 
been found whose transitions corre­
spond to such terms. These spectra 
bridge the gap to X-ray spectra and 
might well be called X-ray spectra. 

Summarizing the results of the 
preceding discussion, we conclude: 
in theory, term series of a neutral atom 
result from the addition of an elec,tron 
not only to the ground state of a singly 
charged ion but also to each excited 
state of the singly charged ion, whether 
or not it bas the same electron con­
figuration as the ground state, 
whether it is normal or anomalous, 
or whether or not it belongs to the b 
terms. In general, this leads to a 
great number of terms. The fore­
going considerations of course also 
apply to the spectra of ions. 

Term perturbations. Sometimes 
deviations from the normal posi­
tions (expected according to the ordi­
nary series formula) are observed in 
certain line series belonging to atoms 
and ions with several emission elec­
trons. These deviations are known 
as perturbations. As an example the 

1F 3 and 3F 4 terms of the Al II spectrum are given to the right and 
left of Fig. 63. For comparison, the terms 4R/n2 are drawn in the 
center of the figure. They should follow very closely the variation 
of the F terms of Al II, since F terms are usually hydrogen-like. 10 

10 The factor 4 enters the formula since we are dealing with the first spark 
spectrum. 
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We can sec that this is largrly the case for the 1[<\ terms through­
out the entire region. On the other hand, for the 3F4 terms this 
is true only for large and small valu<'s of n, whereas pronounced 
deviations from the normal position appear in the region n = 5 to 
n = 7. There is actually one more term present than would be 
cxpected.11 

The reason for this phenomenon is a resonance process quite 
analogous to the Heisenberg resonance for He (p. 66), which 
led to the energy difference between singlet and triplet terms. 
When it happens that two terms of different electron configura­
tions of the same atom or ion have approximately the same en­
ergy, the states influence each other. In the case of He, the 
eigenfunctions of the resulting states are mixtures of the eigen­
functions of the two originally degenerate states [,pi(l),p,.(2) : 
electron 2 excited, and ,p.(l),p1(2): electron 1 excited; cf. p. 67]. 
Similarly, here, a mixing of the eigenfunctions results. If i/t1 and 
i/t2 are the zero approximation eigenfunctions of the two states of 
nearly equal energy with different electron configuration, the 
eigenfunctions of the two resulting states will be, to a first approxi­
mation (as shown by more detailed calculations not given here): 

i/t1 = af 1 + bi/t2 and i/tn = ci/11 + di/t2 

Thus each of the resulting states has, so to speak, both electron 
configurations (though not in equal amounts as for He, where 
a = b = c and d = - a) . This mixing may also be regarded as 
an oscillation of the atom between the two states (the two elec­
tron configurations). There is at the same time a shifting of both 
terms away from each other, as for He. Theory shows that these 
perturbations can occur only between terms which have equal J 
and, in the case of Russell-Saunders coupling, equal L and S. 
In addition they must either both be odd or both even. 

In fact, in the example of Al II an anomalous term 
(l s22s22p63p3d 3F0

) is to be expected, and it will be of the same 
type as the term of the normal 2p63s mf 8F0 series and may lie 
somewhere between n = 6 and n = 7 (dotted line in Fig. 63, 
center). Its eigenfunction mixes with that of the neighboring 
normal terms, and, furthermore, the latter will be displaced away 
from the position of the perturbing term. The perturbing term 
itself forms the extra. term. On account of the mixing of the 
eigenfunctions, we cannot ascribe an unambiguous electron con­
figuration to terms in the region of perturbation. 

Pre-ionization (auto-ionization). The phenomenon of pre­
ionization or auto-ionization [Shenstone (81)] is very closely re­
lated to perturbations. As we have already pointed out, many 

11 In addition, there is at the same time an abnormally large triplet splitting 
of the 'F terms (not shown in Fig. 63). 
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of the terms resulting from the excited states of an ion (for example, 
practically all Jb terms) have negative values; that is, they lie 
higher than the lowest ionization potential of the atom or ion in 
question. They thus overlap the continuous term spectrum 
which joins the normal sequence of terms. This is shown 
schematically in Fig. 64. As in the case of perturbations, we 
have here two different states of an atom which have the same 
energy: the discrete anomalous state, and the continuous ionized 
state with a corresponding relative kinetic energy of ion plus elec­
tron (indicated by the dotted arrows in Fig. 64, right). As before, 
a mixing of the eigenfunctions takes place-that is, an oscillation 

between the two states of equal 
energy. ---+ 

- --+ 

---- + ---'4 .. 

Fig. 64. Pre-ionization of 
the Terms Lying above the 
First Ionization Potential of 
an Atom or an Ion. To the 
left are shown the discrete 
terms that lie at the same 
height as the continuum 
which joins the series of 
terms drawn to the right. 

However, when the system has once 
oscillated from the discrete state into 
the continuous state lying at the same 
height, a return oscillation is not pos­
sible, since the electron has already 
left the atom. This can also be ex­
pressed in the following way: A radi­
ationless quantum jump takes place 
from the discrete state to the contin­
uous state lying at the same height 
(shown by the horizontal arrows in 
Fig. 64), and results in an ionization 
of the atom. Analogous to a similar 
phenomenon for molecules (pre-disso­
ciation), this effect should be called 

pre-ionization but in the literature is usually referred to as auto­
ionization. 

In the case of perturbations, a shifting of the levels takes place. 
Similarly here, theory shows that a broadening of the disa-ete levels 
is to be expected. Actual observations show that lines in which 
such negative terms participate are in many cases considerably 
broadened, although in some cases they are sharp (narrow). It 
may be shown theoretically that the greater the probability of a 
radia~ionless transition, the greater the broadening. A noticeable 
broadening (greater than the normal Doppler breadth) will take 
place only when the probability of a radiationless transition is 
very great compared with the probability of a t ransition to an 
energetic3,lly lower state with radiation. This means at the same 
time that emission lines which originate from levels broadened 
in this way should be either very weak or entirely missing, a con­
clusion that agrees completely with experiment. It was stated 
above that negative terms are very difficult to observe in emission. 

We shall now consider why some of the absorption lines are 
fairly sharp and some of the emistiion lines are relatively intense 
even when the above conditions for pre-ionization are fulfilled. 



IV, 3] Other Types of Coupling 173 

This has, in principle, the same explanation as the facts that some 
normal lines are strong and others weak, and that the continuous 
spectrum which joins the absorption series diminishes fairly 
rapidly in intensity with decreasing wavE' length . The radiation­
less transition probability depends on the eigenfunctions oi the 
two states involved, in a similar manner to the transition proba­
bility with radiation. There are also selection rules for radiation­
less transi,tions. It should be noted that in the continua which 
extend beyond the different term series, the angular momenta S, 
L , and J retain their meaning unaltered and the property even-odd 
is also defined. The selection rules are the same as for perturba­
tions (see above): t:.J = 0, t:.S = 0, t:.L = 0, and even terms do not 
combine with odd. The discrete terms lying above the lowest 
ionization potential cannot, therefore, go over by a radiationless 
transition into the continuum joining any arbitrary term se­
quence; instead, they can go only into specific continua. If these 
definite continua do not exist, pre-ionization cannot occur. In 
addition, the radiationless transition probability becomes smaller 
with increasing distance from the series limit, since the eigen­
function is a periodic function with a nodal distance (wave length) 
which becomes smaller and smaller with increasing distance from 
the limit. Therefore the value of the transition integral ap­
proaches nearer and nearer to zero. This conclusion corresponds 
to the fact that absorption lines, whose upper states lie at a fairly 
great distance from a series limit, are very sharp. 

Similar radiationless quanturu jumps occur also in the X-ray 
region. When a K-electron is removed from an atom by K 
absorption, the ion is left in a highly E'Xcited state (upper stat<> of 
Ka and K~) . This state lies considerably higher than the lowest 
ionization potential of the ion-actually higher than the ioniza­
tion energy for the removal of an £-electron. Therefore, instead 
of the atom emitting a Ka quantum as a result of the transition of 
an electron from thC' L shell to the K sh<'ll, the energy set fr<>e by 
this transition can be used to liberate one of the remaining L-C'lec­
trons. Such a radiationless quantum jump was first di:c:<·o,·<>re<l 
by Auger, and is called after him the Auger effect or Auger proce1>s. 
This name is sometimes used as a g<>neral term for all such 
processes- for atoms as well as molecules. 

3. Oth~r Types of Coupling 

Thus far we have always u,.;cd Rus,.;ell-Saunders coupling 
(p. 128), which assumes that the interaction of the individual l, 
and the individual s, is so strong lwb,·<'('ll th<>ms<>l\'es that they 
combine to give a resultant Land S. L and S thC'n combine with 
a smaller coupling to give a resultant J. This assumption hold:-; 
for a large numbn of {'}cments, particularly for all the lighter 
clements, as may be seen from the fact that, for them, the multi-



174 Finer Details of Atomic Spectra [ IV, 3 

plet splitting is usuaily small compared to the energy difference 
of the levels having the same electron configuration but different 
L. The splitting is likewise small compared to the energy differ­
ence of corresponding levels which differ only in their 
multiplicities. 

Because of its validity in so many cases, Russell-Saunders 
coupling forms the basis for the usual nomenclature. 

(j,J) Coupling. When we assume the opposite case to Russell­
Saunders coupling-namely, not that there is a strong interaction 
of the l ; with one another and the si with one another, but rather 
that there is considerable interaction between each l i and the s; 
belonging to it-we obtain so-called (j, j ) coupling: Each l; 
combines with the corresponding S ; to give a j ;, the total angular 
momentum of the individual electron.12 The individual j ; are less 
strongly coupled with one another and form the total angular 
momentum J of the atom. Such coupling can be written 
symbolically: 

(l1s1)(l2s2) (l3s3) · · · = Udd3· · · ) = J (IV, 5) 

There is no definite L and S for this coupling. However, J 
remains well defined. The same holds for M. 

Let us consider, as an example, the configuration ps, which 
gives a 3P 0 1, 2 and a 1P1 state on the basis of Russell-Saunders 
coupling. Assuming (j, j ) coupling, however, the resultant is 
formed first from Z1 = 1 and s1 = ½. This gives }1 = ½ or ½. 
From the supposition of strong coupling between l and s, these 
two states have very different energies. }2 can take only one 
value, namely, ½, since Z2 = 0. Because the coupling between ii 
and h is assumed to be small, we have, to a first approximation, 
two terms which have equal j2 and which differ in the two above 
j I values. The two states may be characterized briefly as 
(j1, j2) = (½, ½) and (½, ½). To the same approximation, we 
likewise have two terms for Russell-Saunders coupling: one 1P 
and one 3P term. (See Fig. 65, in which the two limiting cases 
are drawn to the extreme left and right.) When the small (j, j) 
interaction is taken into account, a slight splitting of each of the 
two levels, (j1, }2) = (½, ½) and(½,½), into two components occurs 
(two possible orientations of )2 with respect to i1), For (t }), J is 
2 or 1; for(½,½), J is 1 or Q. For Russell-Saunders coupling, when 
we allow for the small (L, S) interaction, 3P splits into its three 
components, J = 0, 1, 2 (Fig. 65, left). 

Thus we see that the number of terms is eventually the same 
for both types of coupling and that the J values are the same also. 

12 The component of j in a magnetic field is m;. For the application of the 
Pauli principle, in this case.it is more convenient to employ n, l, i, and 1n; 
than it is to use n, l, m1, and m, (cf. footnote 1, Chapter ill). 
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Hence an unambiguous correlation is possible (dotted lines in 
Fig. 65). Therefore terms can be designated in the Russell­
Saunders manner in spite of the fact that they may have prac­
tically (j, j ) coupling. However, this method of designation lw .. -i 
then only a very limited value. First of all, it no longer corre-

Fig. 65. 
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Relative Positions of the Terms of a ps Configuration. To the left, 
Russell-Saunders coupling; to the right, U, j) coupling. 

sponds to the relative position of the terms. Second, the prohibi­
tion of intercombinations A.S = 0 and the selection rule AL = 0, 
± 1 no longer hold, since Land Sare no longer definite quantum 
numbers. The terms combine according_ to the Laporte rule and 
the selection rules: A.J = 0, ± 1; A.j; = 0, ± 1 (see section 1). 

For cases in which pp, pd, or other configurations are present 
instead of the case of one p-electron and one s-electron, the rela­
tionships are naturally much more complicated. Neither these 
nor the completely altered g-formula for Zeeman splitting for 
U, j ) coupling will be considered further here. [Consult White 
(12); Condon and Shortley (13).] 

Transition cases. Pure (j, j ) coupling occurs relatively seldom. 
Instead, we usually have to deal with transition cases which cor­
respond to the region at the center of Fig. 65. The figure shows 
that in this region the splitting of the terms does not follow exactly 
either Russell-Saunders or U, JJ coupling. In Fig. 66 the posi­
tions of the first excited 3 P terms and the corresponding IP terms 
of the elements of the carbon group are given. These two terms 
are due to an electron configuration ps. Carbon has practically 
pure Russell-Saunders coupling, as has Si. However, Ge, Sn, 
and Pb approach closer and closer to (j, j ) coupling; this effect is 
indicated especially by the term with J = 2, which moves from 
the neighborhood of the lowest term with J = 0 into the neigh­
borhood of the uppermost term with J = 1 (1P1) (seep. 175). 

It must be emphasized that, when (j, J1 coupling occurs for 
one term, it need by no means bold for the whole term system of 
the atom in question. This coupling holds preferentially for 
excited states. Practically pure (j, j ) coupling is present in the 
above case of an excited state of Pb, but does not hold for its 
ground state. The outer electrons in the ground state have the 
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configuration p2
; therefore th<' lowest terms are, in order, 3P , 1D, 

1S, just as for C (s<'<' p. 142). The triplet splitting, it is t rue, is 
considerable, though uot so large that the terms cannot be dis­
tingui!-hcd according to Russ<>ll-Saundcrs. The same holds for 
Sn and Ge, whereas their excited states (Fig. 66) already approach 
fairly closely the case of (j, j ) coupling (the higher excited states 
approaching it even more closely) . 

Thus with increasing atomic number first the higher excited 
st.ates show a transit.ion to (j, j ) coupling, because, for an electron 

J 
1
P1 - ··· - .. ·- ···- ··--1 

' :---' 

' 
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°ઓ� C Si Ge Sn Pb 

Fig. 66. Observed Relative 
Positions of the First Excited ap 
and 1P Terms of Elements of the 
Carbon Group. Transition from 
Russell-Saunders to (j, j ) cou­
pling. The scale is different for 
the various elements, but has been 
so chosen that the separation be­
tween each uppermost and lowest 
term in the diagram is the same 
for each element. 

,~·ith large principal quantum 
number, the coupling with the 
other electrons is rather weak. 
Even with fairly small atomic 
number this coupling may be 
weaker than the coupling 0f l and 
s for this electron. Therefore a 
resultant j is first formed for this 
electron, which then interacts 
weakly with the angular momenta 
of the other electrons. In the 
case of elements of the carbon 
group (shown in Fig. 66), only one 
additior.al electron is present with 
l =+= 0 (namely, a p-electron). 
This electron forms its own j, 
and (j, j ) coupling results for 
large principal quantum numbers 
of the emission electron. The 
two j values of the p-electron in 
the core correspond to the two 
components of the 2P ground term 
of the ion to which the terms of 
the neutral atom converge. 

If several electrons with l =+= 0 
are present, as well as an emis­
sion electron with high n, the 
former will have Russell-Saunders 

coupling with one another for a not too high atomic number; 
that is, they give an L e and an S c of the atomic core with a. re­
sultant J c, which will then be weakly coupled with the j of the 
emission electron. This coupling can be written symbolically: 

(lil2· · · )(s1s2· · · )(l, s) = (Le, S c)(l, s ) = (J c, j ) = J (IV, 6) 

Such a case occurs for the excited states of Ne, for example, in 
spite of a rather small atomic number. 

Still other modes of coupling are possible but will not be dealt 
with here. 
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When approximation to (j, j) coupling makrs it impossible to 
ascribe definite Russell-Saunders term Rymbols to the ohs<.'n·cd 
terms in a given case, the latter are distinguish<.'d by thrir J 
value, if necessary with a superior • add<'d as an up1wr ind<'x to 
indicate that the term is odd. When the symmetry of the ground 
state is known, whether a term is odd or even can easily he estab­
lished on the basis of the Laporte rule, which holds absolutely for 
any type of coupling. 

4. The Interval Rule; Analysis of Multiplets 

General remarks concerning the analysis of atomic spectra. 
According to what has already been said, the analysis of atomic 
spectra such as the alkali or alkaline-earth spectra, consisting of 
simple series, presents no difficulties. One needs only to identify 
among the observed lines those lines that belong to certain series, 
and then to relate these series according to the theoretical prin­
ciples. However, the analysis of a complicated spectrum whE>n 
several outer electrons participate is by no means so simple. It is 
.particularly difficult for the beginner to understand how to pick 
out the regularities from the perplexing abundance of lines in such 
a spectrum (cf. Fig. 6, p 7), how to assign the lines to definite 
series and definite terms, and how this can ever lead to an un­
ambiguous result. We shall touch on these topics briefly in this 
section. 

First of all, the regularities which have been discussed in earlier 
chapters and which form the basis of the analysis will be sum­
marized. 

1. It must be possible to arrange the lines in Rydberg series of 
the form already given (see also p. 197). The different members 
of such a Series may lie in entirely different spectral regions. 

2. Lines belonging to one and the same series show the same 
Zeeman effect; only singlet lines show the normal Zeeman effect. 

3. Apart from singlet lines, it should be possible to group the 
lines together as multiplets. [We are disregarding here the case 
of (j, j) coupling.] The discovery and analysis of such multiplets 
is the first main task in the analysis of a spectrum. In this step 
the following points are of importance: 

(a) In a multiplet, constant differences must occur between 
pairs of lines. This follows from the explanation given previously 
in connection with compound triplets (p. 78). For example, in 
the quartet transition for-C+ shown in Fig. 34, the following 
separations must be exactly equal to one another: b - a = h - d, 
d - c = g - e; and, conversely, d - a = h - b, e - c ~ g - d. 
These separations correspond to term differences of the upper and 
J.ower states, res'pe'Cti.vely. When, therefore, the lines of a multi­
plet are put in a square array (see Table 15) such that lines in 
each vertical row have lower states with equal J, and those in 
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each horizontal row have upper states with equal J, the differ­
ences between the lines in two horizontal or two vertical rows must 
be exactly constant. The table shows that this is actually the 
case, within the limits of experimental error. In the schrme only 
the diagonal from upper left to lower right and the two parallels 
to it are occupied by lines, due to the selection rule 6.J = 0, ± I. 

(b) According to our earlier discussion (p. 161), in a multiplet, 
those transitions for which J and L alter in the same sense are the 
most intense; of these, the most intense is that with greatest J. 
Tahlc 15 shows that this rule holds also for the C+ quartet. 

TABLE 15 

4P - 4D TRANSITION FOR C+ [FOWLER AND SELWYN (!59)] 

(Wave-number differences are given in italic type. Numbers in paren­
theses are estimated intensities. Superior letters a, b, c, elc., refer t-0 Fig. 34, 
p. 80.) 

4P112 4P 312 4]> 6/2 

4D112 14,729. 79(2)• fJS.78 14, 706.06(0) • 
}4.82 11,.61 

4Dm 14,744.61(2)• iS.94 14,720.67(3)d 44_95 14,675.72(0)• 
i5.10 i5.0S 

•D.,, 14,745.77(4)A 45.02 14,700.75(3)b 
36.80 

•D,,s 14,737 .05(6)/ 

(c) In the Zeeman effect, each multiplet level splits into 2J + 1 
components. The number of components for each line is given 
by the splitting of the upper and lower terms and by the selection 
rules (II, 12) and (II, 13). Conversely, it is always possible to 
use the Zeeman splitting to obtain the J values for the upper and 
lower states of the respective lines. Investigation of the Zeeman 
effect is, however, not always practicable. 

(d) When an investigation of the Zeeman effect is not practi­
cable, an interval rule (discussed in the following) is employed 
in the determination of J. 

Lande interval rule. Under the assumption of Russell­
Saunders coupling, the ratios of the intervals in a multiplet can 
be easily calculated in the following way: The magnetic field pro­
duced by Lis evidently proportional to ..JL(L + 1), and the com­
ponent of Sin the direction of this field is ..JS(S + 1) cos (L, S). 
Therefore from (II, 7), the interaction energy is 

H J.LH = A ..JL(L + 1) ..JS(S + 1) cos (L, S) 



IV, 4] Interval Rule; Ann.lysis of Multiplets 17!) 

whPrc A is a constant. From Fig. 47 (p. 109) it follows [similar 
1.o equation (II, 19) J that 

cos (L S) = J (J + 1) - L (L + 1) - S(S + 1) 
' 2~L(L + 1) ..[s(s + 1) 

Consequently the intC'raction energy is: 

A J (J + 1) - L (L + 1) - S(S + 1) 
2 

As/, anti S arC' <'on:,;tant for a given multiplet t<'rm, the intnvals 
hdwcen 1-lll<'<'Pssive multiplet components arc in the ratio of the 
differences of the corresponding J(J + 1) Yalues. But the 
diffcrcneP. bc•tween two successiYc J(J + 1) values is 2J + 2. 
Consequently, for a multiplet term the interval between tico suc­
cessive com71onents (J and J + 1) is proportional to J + 1. This 
interval rule wa.s first formulated by Lande. Deviations from 
this rule occur with increasing dcYiatiou from Russell-SaundC'rs 
('oupling. According to the interval rule for example, the SC'pa­
rations of the components of a •D term with J = ½, ½, ~. J, arc in 
thr. ratio 3 : 5 : 7. For the 4D term of C+ (Table 15), these sepa­
rations arc 14.72, 25.07, 36.30; and are in the ratio 2.94 :5:7.24. 
The interval rule is thus verified to a fair approximation in this 
ca..c;e, and similarly in other cases.13 The multiplet interrnb in 
all the illustrative diagrams have been drawn in accordance with 
the Lande interval rule. 

Example of a multiplet analysis. In order to locate multipkts 
i11 a complicated atomic spectrum, it is necessary first, by syste­
matic trial, to discover pairs of lines with exactly equal waYe­
numhrr differences. As can be seen in Table 15, these pairs 
usually occur in double sets. When a number of such doublr 
srt:,; have been found, they must be arranged in a scheme similar 
to the one used in that table. For a given multiplet, only such 
double sets come under consideration as have one line in common. 
Jn arranging the various pairs in the scheme, one must considl'r 
that in all the horizontal rows the wave numbers of the lines 
derr!'ase or incrrase continuously from left to right; the same 
appliPs, correspondingly, for the vertical columns. Practically, 
it is usually <'a.c;y to arrange the lines in such a sehemr when the 
li11!'s in the spr.ct.rum fonn separated groups (multiplet~); how­
C'\"<'r, t.liis is always theoretically possible even when different 
multiplrts ovc>rlap one another. 

Table 16 gives such a scheme for a multiplet of Fe, which 
is shown in Fig. 6 (p. 7). As can be seen, the wave-number 
differences (given in italic type in the table) of pairs of lines, such 

13 An exception is provided, for example, by He (see footnote 2, Chapter II). 
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as i - g and f - c, agree exactly. To be sure, the separations 
h - g and m - d occur only once. Nevertheless, that the lines 
h and m belong to the multiplet follows from the fact that the 
same differences appear for other Fe multiplets having the same 
upper or lower states. 

TABLE 16 

Fe I MULTIPLET [LAPORTE (82)] 

(Wave-number differences a.re given in italic type. Numbers in paren­
theses above the wave numbers of the lines are estimated intensities. Su­
perior letters a, b, c, etc., refer to Fig. 6, p. 7.) 

J 

k 

k + l 

k +2 

(40)h 
25,966.89 

104.61 
(4Q)D 

25,862.38 168.92 
216.62 
(10)< 

25,646.86 168.!11 

i + l 

(60)' 
26,031.30 

216.65 
(60)' 

25,815.77 
t94.45 

(S)b 
25,521.32 

;+2 

(SO)t 

t67.7S 26,073.50 
t94,# 
(60)· (125)1 

t57.7S 25,779.05 361..'W 26,130.35 
411 .21 1,11.19 

(5)0 osi 
'25,367.84 361,:jf 25,719.16 448.60 

(200)"' 
26,167.66 

The types of terms combining with one another must now be 
determined. We know that J increases or decreases by 1 for 
successive horizontal and vertical rows. The direction of in­
creasing J is determined by observing the direction of increasing 
separation of the lines in the horizontal and vertical rows, since, 
according to the interval rule, the multiplet intervals increase 
with increasing J. The relative values of J are, therefore, those 
given in Table 16. They include a constant i or k, which is thus 
far undetermined. The absolute values of J are obtained when 
the ratio of successive intervals for the upper and lower states is 
calculated. In the present case, the numbers, for the upper state, 
104.51, 215.53, 294.45, 411 .20, are approximately in the ratio 
1: 2: 3: 4; whereas those for the lower state, 168.92, 257.73, 
351.31, 448.50, are in the ratio 2 : 3 : 4 : 5. From this it follows 
that i = 1 and k = 0. Consequently, the J values of the upper 
state are: 0, 1, 2, 3, 4; those of the lower state are: 1, 2, 3, 4, 5. 
When L > S, the number of term components is 2S + 1. In 
the present case this number is 5, and therefore S = 2. The 
supposition that, here, L > S follows from the fact that the two 
states have an equal number of components, although they 
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have different J rnluC's. 14 With S = 2 and with the above J 
values, we find that L = 2 in the upper state and that L = 3 in 
the lower state. The transition is t hus a •F - •D transition. 
The intensities provide a check on the correctness of the J and 
L values (see aboYe). 

The foregoing considerations do not alter when the upper and 
lower states are interchanged; that is, when Table 16 is reflected 
at the diagonal through the upper left corner. A decision as to 
which is the upper or the lowei: state can be obtained only by 
comparison with other multiplets of the same spectrum or by 
absorption experiments. The arrangement actually used in the 
table was verified in both ways. Since the " values in a vertical 
row in Table 16 decrease with increasing Jin the upper state, it 
follows that the upper state is an inverted term. The same holds, 
in a similar manner, for the lower state. Thus, for both terms, 
the components with smallest J lie highest. 

After a large number of multiplets of the same spectrum have 
been analyzed in this way, we can arrange similar terms in Ryd­
berg series: R/(m + a) 2 (see p. 55). T erms for which this ar­
rangement is possible differ from one another only in the principal 
quantum number of one electron. The energy level diagram of 
the atom is thus obtained, and, when sufficient terms of a Rydberg 
series are known, the ionization potential can be obtained very 
accurately by extrapolation to n = oo. (Cf. Chapter VI, section 
1.) When the carrier (emitter) of the spectrum is known, a 
qualitative energy level diagram may be constructed on the basis 
of the building-up principle, and then the observed combinations 
may be arranged in this diagram. 

14 The number of components for L < S is 2L + I. Two terms with equal 
S can, therefore, have the same number of components less than 2S + I only 
when they have the same L; that is, the satne J values. 



CHAPTER V 

Hyperfine Structure of Spectral Lines 

When individual multiplet components are examined with 
spectral apparatus of the highest possible resolution (inter­
ference spectroscopes, large concave gratings in the higher 
orders), it is found that in many atomic spectra each of 
these components is still further split into a number of 
components lying extremely close together. This splitting 
is called hyperfine structure. The total splitting is only of 
the order of 2 cm-1 (that is, in the visible region of the 
spectrum approximately 0.4 A) and is in many cases con­
siderably smaller. In Fig. 67(a), (b), and (c) we give as illus­
trations the "lines": 4122 A of Bi I (photogram), 5270 A 
of Bi II, and 4382 A of Pr II. 

As we. have seen in the preceding chapters, the assump­
tion of orbital and spin angular momenta of the individual 
cl<'ctrons of an atom explains completely the multiplet 
structure thus far mentioned. It is, however, difficult to 
imagine an additional degree of freedom of the extra­
nuclear electrons of an atom which would account for the 
st.ill further splitting (hyperfine structure) just mentioned. 
We arc therefore led to assume (following Pauli) that this 
hyperfine structure is caused by properties of the atomic 
nucleus. This assumption is confirmed by a more thorough 
investigation of the phenomenon. 

The influence of the nucleus may be due either to its mm;s 
(isotn1>e effect), or to a new property, an intrinsic u.ngul:ir 
moment.um or nuclear -~JJin, which can be considered similar 
to the electron spin. Both influences have been found. 

1. Isotope Effect 

As is well known, most chemiral elements consist of :i. 

nnmher of isotopic titoms, each of which has an npproxi-
182 
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mately whole-number atomic weight. Different isotopes 
of an element have the same number and arrangement of 
extra-nuclear electrons, and consequently have the same 
coarse structure for their spect ra. They are, however, dis­
tinguished from one another by their mass. 

Isotope effect for the H atom. We have seen in Chapter I 
that, because of the simultaneous motion of nucleus and 
electron about the common center of gravity, the Rydberg 
constant depends on the nuclear mass. The H spectrum 
thus depends upon the nuclear mass. Urey and his co­
workers first found (1932) that each of the Balmer lines 
Ha, H11, H'Y, and Hc1 has a very weak companion on the short 
wave-length side at distances of 1.79, 1.33, 1.19, and 1.12 A, 
respectively. The wave lengths of the additional lines 
agree completely (within the limits of experimental error) 
with the values obtained from the Balmer formula when 
the Rydberg constant for a mass 2 is used instead of for a 
mass 1 (p. 21). The calculated separations are 1.787, 
1.323, 1.182, and 1.117 A. The existence of the hydrogen 
isotope of mass 2 (heavy hydrogen) was first shown in this 
way. It should perhaps be added that the heavier isotope is 
present to the extent of only 1 in 5000 in ordinary hydrogen. 

f; 
11 

f 
I 

I I 

I f l J 
1 I} 

-
-· 

(a) (b) (c) 

Fig. 67. Hyperfine Structure of Three Spectral Lines. (a) Photogram of 
the "line" 4122 A of Bi I, with 4 components. Total splitting 0.44 A 
[Zeeman, Back, and Goudsmit (83)]. (b) Spectrogram of the "line" 
5270 A of Bi II, with 6 components. Total splitting 1.37 A [Fisher and 
Goudsmit (84)]. (c) Spectrogram of the " line " 4382 A of Pr II with 6 
components. Total splitting 0.30 A [White (85)]. ' 
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Isotope effect for more complicated atoms. As soon as several 
electrons are present, the isotope effect can no longer be calculated 
in such a simple maimer a.c; for the H atom. We shall discuss here 
only the qualitative results. The fine structure of the Li res­
onance line, which is not a simple doublet, was explained a 
number of years ago as due to the isotopic shift of Li6 and Li7 
[Schiiler and Wurm (86)]. This interpretation has been vcrifiPd 
by the intensity ratio of the rorresponding lines 'in the hyperfine 
structure pattern, whirh agrees with the abundance ratio of the 
isotopes. 

Another case that was among the first to be cxplain<'d is the Ne 
spectrum, part of the lines of which consist of two compon<'nts. 
Apart from the somewhat rare isotope Ne21, Ne has two prindpal 
ii-otopes, Ne20 and Ne22, whos<' abundance ratio (9 : 1) agrees 
with the intensity ratio of th<' two line componC'nts and to which 
the two line components are thus to he as.rribed. This int<'rpre­
tation was further confirmed by the separation of the two isotopes 
by diffusion [Hertz (87)]. The separate-cl isotopes show only. the 
one or the other component of the doublet. 

It might be expected that with increasing atomic number the 
isotope effect would become smaller, since the motion of the 

Zn"' 

108 cm"1 

-189 0 

Fig. 68. Isotope Effect 
for the 6215 A "Line " of 
Zn II (Schematic). Fre­
quency. differences in units of 
10-s cm-1 referred to the 
most intense line (right) are 
given as abscissae. Total 
splitting < 0.2 cm-1 [SchiHer 
and Westmeyer {89}]. 

nucleus becomes more and more un­
important. However, it has actually 
been found [Schuler and Keyston 
(88); and others] that even for ele­
ments of rather high atomic number 
a noticeable isotope effect is present, 
which is of the same order of magni-
tude as the influence of nuclear spin. 
(Cf. section 2 of this chapter.) . As 
an example, Fig. 68 shows schematic­
ally the isotope effect of the 6215 A 
"line" of Zn. The intensity of the 
components is indicated by the height 
of the vertical lines in the diagram. 
It corresponds to the abundance of 
the three I principal isotopes: Zn64, 

Zn66, Zn68 • Worth noticing is the 
fact that the lines of the three iso­

topes lie equidistant, in the order of their masses. 
In general, it is not always easy to separate the two effects 

(isotopy and nuclear spin). For this purpose the intensity of the 
components is important. An unambiguous decision is always 
possible when the Zeeman effect can be studied. For a pure 
isotope effect, each of the individual components will show the 
Zeeman effect for the cxtranuclear electrons quite independently 

1 The much rarer isotope·Zn61 has been observed for another line, >.7479. 
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of one another, whereas hypermultiplets, resulting from nuclear 
spin, should show an essentially different Zeeman effect (see 
below). Apart from this, it is naturally possible to make an un­
ambiguous differentiation when the spectra of separated or partly 
separated isotoifes can be investigated. In this way the isotope 
effect in the hyperfine structure of Pb has been carefully investi­
gated by using leads from different radioactive origins (with 
different atomic weights and therefore different proportions of 
the individual isotopes). [See Kopfermann (90).] 

A quantitative explanation of the isotope effect is not simple, 
since, with the exception of the H atom, it is not given merely by 
the altered Rydberg constant. A detailed wave mechanical 
calculation shows that, for the lighter atoms (Li, Ne, and so forth), 
an explanation can be obtained on the basis of different masses 
alone and is at least of the right order of magnitude [Hughes and 
Eckart (91); Bartlett and Gibbons (92)]. However, for the 
heavier elements, the effect is traced back to the change of nuclear 
radius with mass [Pauling and Goudsmit (9); Bartlett (93) ]. 

In this connection it is interesting tG note that Schiller and 
Schmidt (135) found in the case of samarium that the three even 
isotopes Sm150

, Sm152
, Sm154 do not give equidistant lines as do the 

isotopes of Zn (Fig. 68) and practically all other elements. The 
separation of Sm150--Sm152 is double that of Sm152--Sm154 Since 
the usual isotope shift for heavy nuclei is due to a regular increase 
in nuclear radius (cf. above), the large change between Sm150 and 
Sm162 points to a larger than usual increase in radius, which may 
indicate a fundamental change in the building-up of the nucleus 
at this atomic weight. 

2. Nuclear Spin 

In many cases the isotope effect is not sufficient to explain 
the hyperfine structure. The numl,er of hyperfine struc­
ture components is often considerably greater than the 
number of isotopes. In particular, elements which have 
only one isotope in appreciable amount also show hyperfine 
structure splitting. This is, for example, the case with Bi 
and Pr (cf. Fig. 67). Likewise, the number of components 
of different lines is frequently quite different for one and 
the same element. These hyperfine structures can be 
quantitatively explained, however, when it is assumed (as 
for the electron) that the atomic nucleus possesses an in­
trinsic angular momentum with which is associated a magnetic 
moment. This angular momentum can have different 
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magnit.udes for different uuclci ancl also, of roursc, for 
different isotopes of the same clement. 

Magnitude of the nuclear spin and its associated mag­
netic moment. If it. is ns:mmcd that wave mechaniC's 
holds for nurlci, 1 he nudcar spin ran he only an integral 
or half-integral multiple of h/Z1r. We write for it J('1/21r)1 

where J is the quantum number of the nurlC'ar angular 
momentum,2 whi<'h <':lll he intC'grnl or half infrgrnl. For 
the simplest nucleus, the proton, investigations of the H 2 

molc<'ulc (spectrum, sperific heat) have shown that its 
spin I equnh; ½. The proton hns therefore thc.i::amc angular 
moment.um as t.he C'lcrtron. Naturally, different vnluc•s 
might he experted for hcnvicr 11uclei since they coutain, 
among other component parts, several protons . 

. \ magnetic moment is a:a;so<·inted with the nudcar Hpin 
(as with ele<'t ron spin), i::irwe the nucleus is also electrically 
charged and the rotation of electrically <'harged part.icles 
gi,·es ri!-e to a magnetir moment. C'lassirally, the magnetic 
moment resulting from thC' rotation of rharges is (e/2mr)p 
(Hee Chapter II). For an angular momentum 7> = 1 h/'21r 
and m = the mass of the electron, one Rohr magnelon 
results (Bl\1). If we substitute the mass of the proton for 
m and if 7J = 1 h/21r, we obtain a magnetic moment of 
1/1840 BM, which is ralled one nuclear maynelon (NM). 
Therefore, classically, the magnetic moment of the proton 
should be } NMr or 1840 times smaUer than that of the 
electron, which should similarly be ½ BM. Actually, this 
1:ela.tionship holds for neither the proton nor the electron. 
Analogous lo the procedure with the extrnnurlcar clC'ctrons, 
the disc-rcpancy is formally explained by intro<luC'ing n. 
nuclear g-faclur and putting the magnetic· moment of the 
nucleus equal to: 

e h 
g- -1 - = g·I NM 2mpC 2,r 

'The more acl'urate formula for the mngnitude of the nuclear nngular 
momentum is .../ /(/ + 1) li/21r, ju.st a.c; for J (seep. 88). J.'ur the sake of i;im­
plicity, we shall use the exprellt;iou /(li/2r) in wuat follows. 
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where mp is the proton mass. Note tha.t g is counted posi­
tive when the magnetic moment falls in the direction of the 
nuclear spin (as is generally to be expected for the rotation 
of positive charges), and is counted negative when it falls 
in the opposite direction. 

Sin~e the g values for the nuclei are numbers of the order 
of 1, the magnetic moment of the nucleus is always about 
2000 t imes smaller than that of the electron. 

Vector diagram allowing for nuclear spin. Previously 
L and S were combined to give the total angular momentum 
J of the extranuclear electrons. Now J and I must simi­
larly be combined to give a resultant, in order to obtain the 
total angular momentum F of the whole atom, including nuclear 
spin. As before, the corresponding quantum number F 
can take values 

F = J + I, J + I - I, J + I - 2, · · ·, I J - I I (V, 1) 

This gives, in all, 2J + 1 or 21 + 1 
cording as J < I, or J > I. 

different values, ac-

Fig. 69(a) shows the addi­
tion for the case of J = 2, 
I = !- It corresponds 
completely to the addition 
of L = 2 and S = J in 
Fig. 37 (p. 89). 

Because of the magnetic 
moment of the nucleus, a 

F 
h 

coupling between J and I (b) 

results (similar to that < 5• ·• 
~:a! 

!2 noted previously between 
L and S) and produces a 
precession of the vector 
diagram (Fig. 70) about 
the total angular momen­
t1.1m F as axis. Due to 
this, a small energy differ­
<'nrc bet ween st.atc-s with 

Fig. 69. Vector Diagram and Cor­
responding Energy Level Diagram Al­
lowing for Nuclear Spin. (a) Ye<'lnr 
addition of J and I to give the total an­
gular momentum F for the rase J = :!, 
I = %- (b) Energy level diagram for 
J = 2, T = H- To the left, without al­
lowing for hyperfine structure splitting; 
to the right, nllowing for it. The split­
ting of the stMes with different /.' is 
<lrnwu iu accordance with the interrnl 
rnle (see Ch:1ptcr n·, section,!). 
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different F exists. However, since the magnetic moment 
of the nucleus is approximately 2000 times smaller than 
that of the electron, the precession is 2000 times slower 
than that of L and S about J (also indicated in Fig. 70), 

and correspondingly the energy differ­
ences are very much smaller. These 
are the small differences observed in 
the hyperfine structure of spectral 

\ S=2 li , , ·nes. Fig. 69(b) shows the energy 
', \ ... ,~ level diagram of the term with J = 2 

F=6 --·-;,;> and I = -½, 
J=4 / 

,,, From equation (V, 1), it follows 
//L=3 

,,, ,,, that in general the number of hyper-

Fig. 70. Precession of 
the Angular Momentum 
Vectors about the Total 
Angular Momentum F for 
the Component F = 5 of 
a 5F, Term with I = 2. 
The solid-line ellipse 
shows the precession of 
I and J about F. The 
dotted-line ellipse shows 
the much faster preces­
sion of L and S about J, 
taking place at the same 
time. 

fine structure components of which an 
atomic term consists is different for 
different terms ,of the same atom. 
Terms with J = 0 are always single. 
If I = ½, all other terms show a split­
ting into two components. If I is 
greater than½, terms with J <· I have 
2J + 1 components, whereas those 
with J > I have 21 + 1 components 
(cf. above). 

The greater the nuclear magnetic moment, the greater 
will be the splitting. The latter is also dependent on the 
type of atomic state under consideration. For example, 
if the emission electron is in an s orbit, the splitting is much 
greater than for a p orbit with the same principal quantum 
number, since the electron in ans orbit approaches closer to 
the nucleus. This dependency can be calculated in detail 
theoretically, but will not be taken up further here [consult 
Condon and Shortley (13)]. 

Selection rule for F; appearance of a hypermultiplet. 
The same selection rule holds for the total angular momen­
tum F [see Pauling and Goudsmit (9)] as holds for the 
total angular momentum of the extranuclear electrons: 
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1).F = ± 1, 0 and F = 0 ~ F = 0 (V, 2) 

From this it follows that a hypermultiplet, although its 
splitting is much smaller, will have a similar appearance to 
an ordinary multiplet (cf. Figs. 29 and 31, p. 74 and p. 76), 
particularly since the same interval rule holds for both. 

In Fig. 71 (a) , (b) , and (c), energy level diagrams for those 
lines of Bi I, Bi II, and Pr II are shown whose spectro­
grams have already been given on page 183. The spm of 
the Bi nucleus is I = ~. In the upper and lower states of 
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Fig. 71. Energy Level Diagram Showing the Hyperfine Structure for the 
Three Spectral Lines Reproduced in Fig. 67. (a) Bi I M l22 line. (b) Bi II 
>-5270 line (upper and lower states must be interchanged). (c) Pr II M382 
line. 
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the Bi I line M122, J = ½; for the Bi II line >-5270, J = 1 
in both states. This gives in the first case 4 components, 
and in the second case 7 components. The J values are not 
known exactly for the Pr II line M382, but must, at any 
rate, be very large. With I = ~ and the assumption that 
the splitting is exceedingly small in the lower state, 6 line 
components result; of these, 4 consist of 3 unresolved com­
ponents each, and one consists of 2 unresolved compo­
nents [see Fig. 71(c)]. 

Determination of I and g from hyperfine structure. As­
suming the above theoretical relations and selection rules, 
we can, conversely, derive from the observed hyperfine 
structure the magnitude of the nuclear spin of an atom. 

In principle, the procedure is the same as that given above for 
the analysis of an ordinary multiplet. However, here we have 
an advantage: usually the J values of the terms involved 3 are 
known, as is also the fact that all the terms must have the same 
I value. Once again we have to arrange the hypermultiplet in a 
square array (cf. Table 16, Chapter IV) . If the same number of 
components is obtained for two terms with different J values, 
this number gives directly 21 + l. Such is the case in the above 
example of Pr II, where a . great many different lines have 6 
components, as shown in the diagram [Fig. 71(c)]. It therefore 
follows that I = ¾ [cf. White (85)]. If, however, the number of 
components varies for different terms, the number of components 
must be equal to 2J + 1, as in the example of Bi [Fig. 71(a) 
and (b)]. In such cases, when there are more than 2 components, 
we first obtain F from the interval rule, and from this I (see 
Chapter IV, section 4). For the Bi II line in the figure, the inter-

. vals in the lower state are 1.756 and 2.15~, and in the upper state 
0.459 and 0.562, as derived from the observed pattern. They are 
both approximately in the ratio 9 : 11; that is, the F values must 
be t, f, 1/ , as indicated in the figure. From the fact that there 
are 3 components each, it follows that J = l and therefore 
I = f. A similar procedure could always be rather easily car­
ried out if it were not for the overlapping of the lines-a situation 
that often is complicated by the smallness of the splitting, the 
limited resolving power of the spectral apparatus, and the finite 
width of the lines. 

a Conversely, with a known nuclear spin, we can determine the J values of 
unanalyzed multiplets by investigating their hyperfine structure. 
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When the value of the nuclear spin I bas been obtained, the 
g-factor and the magnetic moment of the nucleus can be derived 
from the magnitude of the splitting by using the theoretical 
formulae. 

Zeeman effect of hyperfine structure. In a magnetic field a 
space quantization of F takes place precisely as given above for J. 
The quantum number MP of the component of the angular 
momentum in the field direction can take only the following 
values: 

MF= F, F - 1, F - 2, · · ·, - F (V, 3) 
The 2F + 1 values of MF correspond to states of different energies 
in a magnetic field. Because of the precession of J and I about F 
(see Fig. 70), the direction of the magnetic moment of the extra­
nuclear electrons lies, on the average, in the direction of F. The 
energy differences of the 2F + 1 states with different MF are 
thus of the same order of magnitude as for the ordinary Zeeman 
effect [ cf. formula (II, 14)]. As before, the states are equidistant. 
With increasing field strength, the precession of F about the field 
direction becomes faster and the energy difference between the 
various term components becomes greater. Fig. 72 shows, to the 
left, the splitting of the two hyperfine structure components of a 
term with J = ½ and J = il- in a weak field. (The order of the 
components with F = 1 is the inverse of the order with F = 2, 

J=½ !=% 

~---+½ 
+''2 

+"'-1} MJ 

M,~~-=: 
+2 
+I 

F =2 o 
- I 
-2--~ 

=::}-"· ~ --+•1, 
~--+% 

Fig. 72. Zeeman Splitting of the Hyperfine Structure Components F = 1 
and F = 2 of a Term with J. = ½, I = %- To the left, the splitting is in a 
weak field; to the right, in a strong ficltl. 
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since in the first case J is antiparallel to F.) On the basis of the 
selection rule /J.Mp = ± 1, 0 (MF= 0 +-t MF= 0, for /J.F = 0), 
which is analogous to (II, 12) and (II, 13), each individual com­
ponent of a hypermultiplet gives a Zeeman splitting corresponding 
completely to the spectrograms previously given for the anom­
alous Zeeman effect (Fig. 39). In actual investigations this effect 
is scarcely ever observed, since the hyperfine structure splitting 
itself is generally close to the limit of possible resolution (see 
however the more recent work of Rasmussen (1--18) and Jackson 
and Kuhn (149). 

When the magnetic field is so great that the velocity of pre­
cession of F about the field direction becomes greater than that 
of J and I about F, a Paschen-Back effect takes place, as for ordi­
nary multiplet structure. In the case of hyperfine structure, on 
account of the weakness of the coupling between J and I, the 
Paschen-Back effect occurs at very much lower field strengths 
than for ordinary multiplet structure. J and I are then space 
quantized in the field direction independently of one another and 
with components MJ (corresponding to M, above) and Mr. 
The space quantization of J gives the ordinary Zeeman effect 
studied in Chapter II, with line separations which, with sufficient 
field strength, are considerably greater t han those of the field-free 
hyperfine structure components. Each term with a given MI is, 
however, once more split into a number of components corre­
sponding to the different values of Mr, Since Mr can take 
values I, l - I, I - 2, · · ·, · - l, there are 21 + I components. 
This number of components is the same for all terms of an atom, 
since I is constant for a given nucleus. The splitting in a strong 
field is shown to the right of Fig. 72 for the simple case J = ½, 
I = ¾, The splitting of the levels with different M 1 is small 
compared to the separation of the levels M J = + ½ and 
M J = - ½- It is not due to the interaction of the nuclear spin 
I with an external magnetic field H, since this is 2000 times 
smaller than that of J with H; but is due to the interaction be­
tween I and J, which is also present in a strong magnetic field and 
contributes a term AM 1 M r to the energy, similar to the ordinary 
Paschen-Back effect (p. 113). The 21 + 1 components of a 
term with a given M J are thus equidistant. A is the constant 
determining the magnitude of the field-free hyperfine structure 
splitting. The difference from the ordinary Paschen-Back effect 
is that the term corresponding to the term 2hoM s of equation 
(II, 21) can be disregarded here for all practical purposes, because 
of the factor 1/2000. This also accounts for the difference 
between Figs. 72 and 49. 

For a transition which, without field, gives rise to one hyper­
multiplet, the selection rules in a strong field are: t..M, = 0, ± 1 
[identical with (II, 12)] and t..M 1 = 0 (corresponding to 
t:,.M s = 0). The first of these rules gives the ordinary anomalous 
Zeeman effect if at first we disregard nuclear spin. Because of 
nuclear spin, however, each of the magnetic levels with a certain 
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M J value has 21 + I equidistant components, the separations 
being different in the upper and lower sts.tes. Therefore, con­
sidering the selection rule llM 1 = O, each anomalous Zeeman 
component is split into 21 + I lines. This splitting does not 
depend upon the field strength so long as the latter is sufficiently 
great to produce an uncoupling of J and /. Thus, simply by 
counting up the number of line components, the nuclear spin l can 
be determined quite unambiguously from photographs in a suffi­
ciently strong magnetic field. This elegant method for the deter­
mination of nuclear spin from hyperfine structure was first em­
ployed by Back and Goudsmit for Bi. In a strong magnetic 
field each of the Zeeman components of Bi consists of 10 com­
ponents due to nuclear spin, and therefore I must be equal to t 
(a result already obtained above, though with less certainty, from 
the interval rule). 

Statistical weight. It follows from the foregoing discussion 
that a hyperfine structure term with a given F has a statistical 
weight 2F + 1. In hypermultiplets, this statistical weight is 
important for the determination of intensity ratios, which in 
tum serve as a check on the analysis of hyperfine structure. 

The total statistical weight of a term with a given value of J 
(that is, the total number of single components in a magnetic 
field, if nuclear spin is included) is: 

(2J + 1) X (21 + 1) 

since we have seen that in the Paschen-Back effect each Zeeman 
term (single without nuclear spin) splits into 21 + I components. 
The statistical weight is thus increased, by a factor 21 + 1, over 
that previously given (p. 119) where nuclear spin was not allowed 
for. As this factor is the same for all states of an atom, our 
earlier discussion of intensities in ordinary multiplets still applies. 

Determination of nuclear spin by the Stem-Gerlach experi­
taent. Rabi and his co-workers, employing the foregoing con­
siderations on the Zeeman effect of hyperfine structure, have de­
veloped a very beautiful method for the determination of nuclear 
spin with the aid of atomic rays. For example with the alkalis, 
disregarding nuclear spin and using any arbitrary field strength, 
there will be a splitting of an atomic ray into two rays (M J = + ½ 
and M J = - ½), because of the 2S ground state. If a nuclear 
spin is present, for a weak field, F (not J) is space quantized. In 
this case the magnetic moment of the atom has, on the average, 
the direction of F, and therefore the atomic ray is split into 
2F + 1 (not 2J + 1) components, where F is the largest of the 
possible F values (for J = ½ and I = l, there are 5 components 
instead of 2) . 

On the other hand, in a strong field the components of the 
magnetic moment (which are the deciding factors in the splitting 
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of the ray) take only two values, given by M J = + ½ and 
M J = - ½- The magnetic moment connected with / does not 
have any appreciable influence on the splitting of the atomic ray, 
because of the uncoupling of J and /. Thus a splitting into only 
two rays takes place. Using a strong inhomogeneous field, Rabi 
and his co-workers first produce such a splitting into two rays. 
One of the rays is shielded off, and the remaining ray (which 
may have, for example, M J = + t) contains atoms with M, = I, 
I - 1, · · ·, - I . All such atoms, however, have practically the 
same magnetic moment and, therefore, practically the same 
deflection. This ray is then sent through a second field, which is 
weak and extremely inhomogeneous. When the second field is 
so weak that no Pascben-Back effect can take place, I is no longer 
uncoupled from J, and there occurs a comparatively large splitting 
into as many rays as there are MF values in the ray. There are 
just 21 + 1 values of Mr, since the states which had M J = - ½ 
in a strong field are no longer present. In this way the magnitude 
of the nuclear spin is found simply by counting up the number of 
component atomic rays, as in the Zeeman effect for hyper­
fine structure. For Na, Rabi and Cohen (94) have found 
I = ¾ (see Fig. 72). 

If the variation in the splitting pattern of the atomic ray in the 
transition from weak to strong fields is investigated in greater 
detail, the nuclear magnetic moments may also be determined, 
since the uncoupling of J and / is reached sooner for smaller 
magnetic moment (cf. above). A more direct method consists in 
the application of the ordinary Stern-Gerlach experiment either 
to atoms whose outer electrons have zero magnetic moment, or to 
diatomic molecules with zero magnetic moment which contain the 
atoms in question. Much more accurate results have been ob­
tained more recently by Rabi and his coworkers (150) (151) (152) 
by means of the moleculo.r beam magnetic resonance method. 

The results of these procedures for individual nuclei will be 
given here only for the proton and the deuteron, the nucleus of 
the hea\·y hydrogen atom. The proton, whose spin I = ½, gives 
a \'alue of 2.789(3 XM [see (151) and (152)], which is remark­
ably high; whereas the magnetic moment of the deuteron, whose 
spin I = I, is only 0.8565 X:\1 [see (151) and (152)]. 
mentioned methods are listed in Table 17. For the sake 
of completeness, values obt~ined by band spectroscopic 
methods have also been included in the table. 

Importance of nuclear spin in the theory of nuclear structure. 
It is clear that significant conclusions as to the structure of the 
nucl.eus may be obtained from the determination of nuclear spin 
and the magnetic moment belonging to it, just as a fundamental 
knowledge of the arrangement of the extranuclear electrons was 
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TABLE 17 

OTISERVED VALUES FOR NUC'J.F.AR RPIN 
- --- -

,7. Tsotope I 7. T!lobµe I I 7. Tsotnpe I 

1 H I .ti 36 Kr" 0 ;;9 Prut ~"l 
Ht 1 37 Rl.>11 H 62 :::im'! l-2 

2 He• 0 Rh" % 63 E111• 1 5~ 

3 I ·, l 38 s .... 0 E11133 % ,I 
I ·1 3 / Sr•1 % 65 Tl,U• ~-,I n 2 

4 Ue• ½('?) Sri' 0 67 Hn111 ;-i 
6 ( 'It 0 39 y o H 69 Tm10• 

I , 
/ 2 

7 N" l 41 ('b"' % 70 y1,111 H 
8 011 0 42 :\(ult." 0 Yb113 ~·i 
9 J,'19 J-i :\{oH !i(?) 71 Lum ;,,i 

10 ~ 20 • e 0 :\ ( n'I& 0 L11171 ~ 7 
~e" 0 :\ ( 0117 ti('?) I,u m.111 }t(Uf?) 

l I ~ 23 • ll a / 2 :\lo.., 100 0 72 Hfm.11, t2('?) 
12 :\lg" O('?) 47 A~,01 H Hf""·"" 0 
13 Al'Z7 ~2 A11;1ot ½ 73 Ta'"' J2 
1/i I'" h 48 CJIIO 0 74 \\' 1"2 0 
16 83! 0 (;i(III I / , 2 \\"''3 !·2 ('!) 
J7 ('(33 ~2 ( 'Jilt 0 \\"UM 0 

( ' )17 ,2 ('ti'" H \\'"'" 0 
19 K" J / , 2 C'<l'" 0 75 lle1•• ~i 

"'" % ('JIii 0 Re"" ~2 
20 ( ':1'° Of?) 49 ln111 ,2<?, 77 Ir1• 1 J,i 
21 H1·" % J n'" 9 , 

/ 2 Ir'" % 
23 , .. , 

3-2 50 S11111 I ' / 2 78 Pt"' 0 
25 :\In., % Sn119 I , 

2 l't"' H 
27 C'o" >2 51 81,12, ~.; Pt"• 0 
29 C u63 ~2 81,,23 3-2 79 • .\11"7 a,2 

(;uM J / / 2 52 Te1u 0 80 Hg' .. 0 
30 Zn"' 0 Te118 0 H.,, .. ,., ,Li 

znea 0 Te•• 0 ilK""' 0 
znv ~-~ 53 (127 % Hg20I ~/ 2 
Zn"' 0 54 Xem }2 Hg'"' 0 

31 Ga" % Xe"' s2 Hg''" 0 
Ga.11 ~2 Xe132 0 81 Tim I , 

2 
33 As71 % Xc13' 0 Tl'"" .i-2 
34 007• 0 Xe1• 0 82 Pb20

' 0 
~ 0 55 ( 's133 }i Pl,206 0 

35 Br" % 56 B:1133 'l ' :.- :z Ph!07 J,,i 
Ur81 % Ha•M 0 p1,20• 0 

36 K r" 0 Bu117 % 83 Bi''" , 2 
Kr83 9 / / 2 U:.t131 0 91 Pa231 ~ , 

2 
l\r"' 0 57 La"' J-i I 

- -
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obtained from the evaluation of their angular momenta. How­
ever, the relationships for nuclei are more difficult to find since, 
for each nucleus, only one nuclear spin can be determined-that 
belonging to the lowest state of the nucleus. Excited nuclear 
states occur only for natural or artificial disintegration processes 
and cannot be investigated optically-or, at least, only with 
great difficulty. It is due to this that we have not yet made 
much progress with the systematization of the spin values occur­
ring for different nuclei (representation by the spin of the indi­
vidual nuclear components). For speculative work in this field, 
Schuler (100), Lande (101), Bartlett (102), and Bethe and 
Bacher (138) should be oonsulted. 

Apart from conclusions regarding the spin and the magnetic 
moment of the nucleus and also the nuclear radius, the investiga­
tion of hyperfine structure may provide information about a 
possible asymmetry of the nucleus, as was recently pointed out by 
Schuler and Schmidt (139). In some cases there occur in hyper­
multiplets deviations from the interval rule which are ascribed to 
a quadrupole moment of the nucleus-that is, to a deviation from 
spherical symmetry. 



CHAPTER VI 

Some Experimental Results and Applications 

1. Energy Level Diagrams and Ionization Potentials 

In earlier chapters, examples have been given of a number 
of energy level diagrams obtained from analyses of corre­
sponding line spectra. They were the energy level diagrams 
of t he atoms H (Fig. 13); He (Fig. 27); Li (Fig. 24); K 
(Fig. 28); Be (Fig. 61); Ca (Fig. 32); C (Fig. 55); N (Fig. 
56); 0 (Fig. 59). In order to show at least one example 
from each of the columns of the periodic table, the energy 
level diagrams of Al I and Cl I are reproduced in Figs. 
73 and 74 (pp. 198 and 199). 

In addition, the energy level diagram of Hg, which is 
important for many practical applications, is reprodu<'ed 
in Fig. 75 (p. 202). It is qualitatively similar to Ca (Fig. 
32), except that the triplet splitting is very much larger (cf. 
also the Hg spectrogram in Fig. 5, R· 6) . 

Finally, Fig. 76 shows the energy level diagram of Ni I 
as an illustration of t he complicated term spectrum of one 
of the elements for which a building-up of inner shells takes 
place (seep. 203). 

If for an atom several terms T of the same series have 
been found, they can be represented by a Rydberg formula : 

(Z - p)2R 
T = A - (m + a)2 (VI, 1) 

where Tis measured against the lowest term (m = running 
number, Z - p = number of charges of core; see pp. 55 
and 60 f.). In order to calculate t he two unknown con­
stants A and a, at least two members of t he term series must 
be known, although more known terms are preferable. For 
m ---+ oo, T = A; that is, the constant A empirically found 
is the ionization potential of the atom or ion in question 

197 
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measured in cm-1• If an absorption series is observed for 
the atom, A is the wa,·e number of the series limit (cf. p. 
59). The results obtained in this way for the various ele­
ments are given in Table 18 (pp. 200- 201), which contains 
not only the ionization potential of the normal atoms 
(column I) but also that of the single- and multiple-charged 
ions (columns II to V). Higher ionization potentials than 
the fifth are not included, although they are known in a few 

Volta 2Si;, 2pl!<, 2p½ 'D% ' D% 2F112. $1J 
5.96 n 71, n " n n cm-I 

s= 
1-- , _ 
G--
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5 

4 
15,000 

20.000 

8 
25,000 

30,000 
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45,000 

Fig. 73. Energy Level Diagram of Al I [Grotrian (8)]. n is the true 
principal quantum number of the emission electron. Only the normal doublet 
terms are indicated, all of which go to the same limit. Series of anomalous 
terms (doublets and quartets) have been observed by Pn.:,chcn (04). 
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cases. The evaluation of ionization potentials 1s partic­
ularly important for practical applications. 1 

Energy level diagrams of atoms and ions with one, two, 
and three valence electrons are given fairly completely in 
Grotrian (8). Complete tables of all terms of atoms and 
ions observed up to Hl32 haYe been collected by Bacher 
and Goudsmit (22), whose data have been used for most 
of the energy level diagrams reproduced in this book. 

30,000 

8 40,000 

50,000 

6 
60,000 

70,000 
4 

80,000 

I 
2 I 90.000 

I 
I 100.000 

0 ----s/P=-~~-- - -1- - ---

Fig. 74. Energy Level Diagram of Cl I [Kiess and de Bruin (103)], 
Terms belonging to the !<ame electron configuration are drawn under one 
another. Apart from the gronud i;tate, the different multiplet components 
are not drawn !SCpnrately in the diagram. 

1 For the sake of eompletene!<s, there are included in Table 18 some values 
of ioni1.ation potentials which have heen obtained by other methods (electron 
collision meas11romr.nt,;, and ,;o on) for want of spcct,roscopic data. Uncertain 
value,; ate indicah!<l hy ,...,_ 
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TAB!,E 18 

IO'.':IZATIO:'i POTENTIALS OF THE ELE:\1E'.'1TS (IN' VOLTS) 

All vnl11es are bR.Se:l on the new conversion fact.or 1 volt = 8057.5 cm-1 

(;;ee p. 10). U:icerttiin or estimn.tcd value, are in:licnted by ,._,_ 

Element I IT III IV V 

1 H 13.595 - - - -
2 IIe 24.581 54.405 - - -

3 Li 5.390 75.622 122.427 - -
4 Be 9.321 18.207 153.8.5 217.671 -
5B 8.296 25.119 37.921 259.31 340.156 
6C 11.265 24.377 47.866 64.478 392.0 
71\ 14.545 29.606 47.609 77.4 97.87 
80 13.615 35.082 55.118 77.28 113:7 
9F 17.422 34.979 62.647 87.142 114.22 

IO ~e 21.559 40.958 63.427 96.897 126.43 

11 l\ u. 5.138 47.292 71.650 - -
12 :\lg 7.645 15.032 80.119 109.533 -
13 Al 5.985 18.824 28.442 119.961 154.28 
14 Si 8.149 16.339 33.489 45.131 165.5 
15 P 10.977 19.653 30.157 51.356 65.01 
16 S 10.357 23.405 35.048 47.294 62.2 
17 Cl 12.959 23.799 39.905 .'>4.452 67.8 
18 A 15.756 27.619 40.68 ,._.,61 ,._.,78 

19 K 4.340 31.811 45.7 - -
20 Ca 6.112 11.868 51.209 67.2 -

... i'i's~ .... ................... . .................. ·················· ................... .............. 
,._.,6,7 ,._.,12.9 24.753 73.913 91.8 

22 Ti 6.835 ,._.,13.6 ,._.,27.5 43.237 99.84 
23 V 6.738 14.2 ,._.,26.5 ,._.,48.5 ,._.,64 
24,Cr 6.761 ,._.,16,7 - - ,._.,73,0 
25 :\In 7.429 15.636 - - -76.0 
26 Fe 7.86 16.240 30.6 - -
27 Co 7.876 17.4 - - -
28 !\i 7.633 18.2 - - -............... ................... ··················· ................... . ....... , .......... .............. 
29 C:u 7.723 20.283 - - -
30 Zn 9.392 17.960 ,._.,39_7 - -
31 Ga 5.997 20.509 30.7 64.l -
32 Ge s. i 26 15.93 34.216 45.7 93.4'3 
33 As 10.5 20.2 27.297 50.123 62.6 1 
34 8e 9.750 21.691 34.078 42.900 73.11 
3.5 Br 11.844 - 19.2 3/i.888 - -
36 Kr 13.996 -26.5 36.94 -68 -
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T ABLE 18 (Continued) 

IONIZATION POTE~TIALS OF THE ELE'.\lE~TS (IN VOLTS) 

All values are based on the new conversion factor 1 volt = 8067.5 cm-1 

(soo p. 10). Uncertain or estimated values are indicated by "'· 

Element I II III IV V 

37 Rb 4.176 27.499 --..-47 -so -
38 Sr 5.693 11.026 - - -............... ··················· ··················· ................... ................... ............... 
39 Y -----6.6 12.4 20.5 - ,._,77 
40 Zr 6.951 14.03 24.10 33.972 -
41 Cb - - 24.332 - -so : 
42 Mo 7.383 - - - 61.12 [ 
45 Rh - 1.1 - - - - ~ 

46 Pd 8.334 19.9 - -....... ........ ................... ................... ................... ................... ............... 
47 Ag 7.574 21.960 36.10 - -
48 Cd 8.991 16.904 38.217 - -
49 In 5.785 18.867 28.030 58.037 -
50 Sn 7.332 14.629 30.654 40.740 81.13 
51 Sb 8.64 - 18.6 24.825 44.147 55.69 
52 Te 9.007 21.543 30.611 37.817 60.27 
53 I 10.44 19.010 - - -
54Xe 12.127 21.204 32.115 .-....46 ,._,75 

55 Cs 3.893 32.458 ,._,35 ,__,51 -58 
56 Ba 5.2097 10.001 - - -............... .................... .... ............... . .................. . .................. .............. 
57 La 5.614 11.43 19.17 - -
58 Ce -6.57 - 19.70 36.715 -
62Sm 5.6 -11.4 - - -
63 Eu 5.67 11.24 - - -
64 Gd 6.16 - - - -
70 Yb 6.25 12.11 - - -
74 W 7.98 - - -
76 Os -8.7 - - - -
77 Ir 9.2 - - - -
78 Pt 9.0 ,...,19_3 - - -

··············· ................... ................... ................... ··················· ·············· 79 Au 9.223 20.l - - -
80 Hg 10.43-l 18.752 3i.5 -12 -82 
81 Tl 6.106 20.423 29.8 50.8 -
82 Pb 7.415 15.04 32.1 38.97 69.7 
83 Bi - 16.7 25.56 45.3" 56.0 
86 Rn 10.746 - - - -

88 U.a 5.278 10.145 - - -............... ··················· ................... .... ·············· ................... ·············· 90Tb - - 29.5 - -
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2. Magnetic Moment and Magnetic Susceptibility 

Magnetic moment of an atom. According to the dis­
cussion of the Zeeman effect in Chapter II, the magnetic 
moment l'J of an atom in a given state has the average 
magnitude 

l'J = ...JJ (J + 1) gµo 

where µ o is the Bohr magneton (p. 103) and g is the Lande 
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Fig. 75. Energy Level Diagram of Hg I [Grotrian (8) ]. The wave lengths 

of the more intense Hg lines arc given (cf. Fig. 5, p. 6). The symbols 6p, 
etc., written near each level, indicnte the true principal quantum number and 
the l value of the emission electron. 
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g-factor. l'J has the opposite direction to J. For Russell­
Saunders coupling g depends on J, L, and S of the atomic 
state under consideration in the way given by (II, 15) . 
Russell-Saunders coupling holds to a close approximation for 
the ground states of practically all atoms. 

On account of the double magnetism of the electron, the 
instantaneous direction of the magnetic moment does not 
generally fall in the direction of J for states with S =I= 0, 
but carries out a more or less rapid precession about this 
direction (cf. Figs. 47 and 48). However, the above mean 
value for the magnetic moment in the J direction can usually 
be used. 2 For J = 0, the magnet ic moment becomes 0. 

In a magnetic field the atom arid its magnetic moment can 
take only 2J + 1 different directions. The precession of J, 
as well as that of l'J, about the direction of the magnetic 
field is faster, the stronger the magnetic field. The com­
ponent of the magnetic moment in the field direction is 
Mgµo (M = J, J - 1, J - 2, ... , - J ).a 

The most direct determination of the magnetic moment is 
based upon the deflection of an atomic ray in an inhomo­
geneous magnetic field (see Stern-Gerlach experiment, 
Chapter II, section 3). From the magnitude of the splitting 
of the rays (corresponding to the different orientations), 
the velocity of the rays, and the value of the inhomogeneity 
of the magnetic field, the magnetic moment of the atom 
considered can be evaluated.4 

Paramagnetism. When a gas which consists of atoms 
possessing a magnetic moment different from zero is in a 
magnetic field, the states with smaller energy (with negative 
M) are more strongly occupied. than the states with larger 
energy, as a result of the Boltzmann distribution law. This 

• For accurate investigations, the component of the magnetic moment 
which is at right angles to J must sometimes be taken into account. [Cf. Van 
Vleck (36).J 

3 Often the maximum value of these components, Jg,,.., is given as the mag­
netic moment of the atom (and not the component l'J in the direction of J ). 

• Primarily one measures the components of the magnetic moment in the 
field direction and not /J.J itself (see footnote 3, above). 
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means that the atoms align preferentially with their magnetic 
moment in the field direction, as would be expected. The 
stronger the magnetic field, the greater will be the energy 
difference for the various orientations in the field and, 
therefore, the greater the difference in the number of atoms 
occupying each state. For a given field, the difference in 
these numbers will be greater, the lower the temperature, 
since the arrangement of the atoms will be less hindered by 
unordered heat motion. The fact that in the presence of a 
magnetic field, on the average, more atoms will align with 
their magnetic moments parallel to the field direction than 
antiparallel to it results in a magnetic moment per unit 
volume, P, whose action is added to that of an external 
field and which can be experimentally determined. The 
gas is paramagnetic. P (the intensity of magnetization) 
is proportional, to a first approximation, to the field strength 
H, and is inversely proportional to the absolute temperature 
T. The proportionality factor depends mainly on the 
magnitude of the magnetic moment of the atom considered. 
The theoretical formula for a not too large H and a not too 
small Tis: 5 

p = J(J + I )g2
µ 02N L H = µJ

2N L H 
3kT 3kT 

(VI, 2) 

where NL is the number of molecules per cc. The coefficient 
of H 

J (J + l )g2µo2N L M2N L (VI, 3) 
,.: = 3kT = 3kT 

1S called the paramagnetic susceptibility. 6 It is inversely 

6 An additional term independent or temperature occurs in the more accu­
rate formula. This term is due in part to the influen(!e or the component or u 
perpendicular to J (mentioned in footnote 2, above), and in part to diamagnet­
ism (see p. 207). In most cases, though not in all, this term is negligible 
compared to the main term given in (VI, 2). 

• Yery often, instead of ,c, the molar susceptibility is given: 
G 

X = ,c ­
p 

where G is the molecular weight and p is the density. In order to obtain x, 
in formula. (VI, 3) N, the number of molecules per mol, is substituted for !h. 
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proportional to the temperature (Curie's law). The para­
magnetic behavior of a substance in the gaseous state can 
be predicted according to (VI, 2) and (VI, 3) when J and g 
have been determined from the spectrum; or, conversely, 
from (VI, 3) an experimental value for the magnetic moment 
M of an atom may be derived (rf. Table 19, p. 209). 

Paramagnetic saturation. The Zeeman splitting in the 
magnetic fields practically attainable is so small that for 
room temperatures (and, increasingly, for higher tempera­
tures) the energy difference between the levels M = + J 
and M = - J is exceedingly small compared to k'l'. Con­
sequently, under these conditions, the difference in the 
numbers of atoms occupying these two states is very small. 
At room temperature and H = 20,000 oersted, for the 
alkalis, for which J = S = ½ and g = 2, the ratio of the 
number of atoms oriented parallel and antiparallel to the 
field is 100 : 99.1. The orienting of the atoms in the direc­
tion of the field increases with increasing field strength and 
decreasing temperature. When M = - J for all atoms, a 
further increase in the magnetic moment per unit volume 
(P) in the direction of the field is no longer possible- that is, 
a state of paramagnetic saturation is reached. At room tem-

perature, the field strength 
Pt ---------------------- necessary for t.he pro­

~ 

HIT 
Fig. 77. Dependence of Magnetiza­

tion P on Field Strength and· Absolute 
Temperature, H/T (Langevin). The 
dotted horizontal line corresponds to 
paramagnetic saturation. 

duction of this state 
(in contrast to ferromag­
netic saturation) is so 
great that it cannot be re­
alized (cf. the above ex­
ample). Saturation can 
be reached only at very 
low temperatures. How­
ever, all substances whose 

atoms have a magnetic moment different from zero are 
then in the solid state (see below). 
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Fig. 77 gives the dependence of the magnetization P on 
H/T, according to a formula of Langevin. 7 Formula 
(VI, 2) applies only to the linear part of the curve near the 
origm. It is seen that, with increasing H/T, P does not 
increase above a limiting value corresponding to saturation. 

Diamagnetism. Apart from the orienting effect which 
the magnetic field has upon the individual atomic magnetic 
dipoles, the field also exerts an induction effect on all atoms; 
that is, a current fl.owing in a closed circuit is induced in 
each atom, in accordance with the Faraday law of induction. 
This current, of course, arises from an acceleration or re­
tardation of the electrons in their orbits superimposed on 
the ordinary motion of the electrons. The superimposed 
induction currents are so directed that their magnetic 
moment is in the opposite direction to the external field . 
Thus, in contrast to the paramagnetic directional effect, the 
diamagnetic induction effect produces a magnetic moment 
per unit volume antiparallel to the field. This effect is, 
however, very small and can be conveniently observed only 
when no paramagnetic directional effect is present-that is, 
when the atom considered has no magnetic moment 
(J = O). This is the case for all inert gases as well as for 
most molecular gases. 

Paramagnetism of ions in solutions and in solids. Very 
few atoms having J =t= 0 (that is, atoms having a magnetic 
moment) occur free in the gaseous state; thus the above 
theoretical results can be tested only for a few gases. Up to 
the present time, measurements of susceptibility have been 
carried out only on the vapors of the alkali metals. These 
measurements agree, within the limits of experimental error, 
wit,h formula (VI, 3), where J = S = ½ and g = 2 [Gerlach 
(105)]. . 

Because of the difficulty of investigating other para­
, This formula is derived according to the cla._<sSical theory. Allowing for 

the quantum theory makes ncces.«ary only a slight cmrection. [Cf. Van 
Vlcek (36) .] 
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magnetic atoms in the gaseous state, we have to resort to 
the investigation of paramagnetic ions in solutions and in 
crystals to test the theory. However, most salts and solu­
tions of salts are diamagnetic, since the ions present in them 
have the inert gas configuration, J = 0 and thus µJ = 0. 
Examples are Na+, Ca++, o--, c1-, and so on. (See also 
section 3 of this chapter.) However, ions with a magnetic 
moment (J =f= 0) do occur for those elements in which a 
building-up of inner shells is taking place (see Chapter III). 
The corresponding salts and their solutions are conse­
quently paramagnetic. The rare earths, for example, 
usually occur as trivalent ions, which generally do not have 
the inert gas configuration (inner 4f shell is not filled; cf. 
Table 13, p. 141). The resulting state of the ion usually 
has L =f= 0, S =f= 0, J =f= 0 and, therefore, µJ =f= 0. The 
paramagnetism shown by the salts and salt solutions of the 
rare earths follows, very nearly, the Curie law: 

constant 
K = T 

From this observation it must be concluded that these 
ions in solution or in the crystal have the possibility of 
orienting themselves more or less freely, as have atoms in 
the gaseous state. Such a conclusion is plausible in view 
of the fact that, in solutions and, similarly, in crystals, the 
individual ions are rather widely separated from one another 
either by the diamagnetic solvent or by other larger ions 
which are themselves diamagnetic (for example, SQ4-- and 
water of crystallization). There is also the further fact that 
the magnetic moment is produced by inner electrons. Even 
quantitatively, there is close agreement between the ob­
served susceptibilities and the values calculated, according 
to (VI, 3), from the J and g values for the ground state of 
the ion. To be sure, the ground states of the rare-earth ions 
have, for the most part, not yet been determined spectro­
scopically; they can, however, be theoretically predicted on 
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the basis of the building-up principle and the Hund rule 
(p. 135). 

In Table 19 the·ground st.ates and the number of electrons 
present in the incomplete 4f shell are given. The g values, 
as obtained from the Lande g-formula, are listed also, to­
gether with g...JJ(J + 1)._ According to the foregoing 
g...JJ(J +Dis the magnetic moment of the ion in units of 
µ 0• In the column next to these calculated values appear 
the means of the experimental values for the magnetic mo-

TABLE 19 

CALCULATED AND OBSERVED VALUES FOR THE MAGKETIC 
MOMENTS OF THE RARE EARTH !OKS 

/J-J 1N UNITS OF /J-o 

Ion State g Calculated Observed 
Value Value 

g~J(J + 1) 

La++T 1S 0 % 0.00 Diamagnetic 
Ce+++ 4/ 2F&,~ ,., 2.54 2.51 
Pr+++ 4/2 •II. ¾ 3.58 3.53 
Nd+++ 4/3 'Im 1/i 1 3.62 3.55 
I!+++ 4/1 6/4 % 2.68 -

Sm+++ 4/5 • J-!612 ½ 0.84 1.46 
Eu++-,. 4/6 7Fn % 0.00 3.37 
Gd-t-+-t- 4/7 8S11i 2 7.94 8.0o 
Tb+++ 4/8 'F• .% 9.72 9.33 
Dy+++ 4/0 6Il1&12 ¾ 10.65 10.5, 
Ho+++ 4f10 6[ 8 ¾ 10.61 10.4 
Er+++ 4/11 'ftu2 % 9.60 9.5 

Tm +++ -1/12 3//. ¼ 7.56 7.3, 
Y b+++ 4/13 •Fm ¾ 4.53 4.5 
Lu+++ 4/14 1S0 % 0.00 Diamagnetic 

ments. The latter have been obtained by different authors 
from observations of magnetic susceptibilities of the solid 
sulphates M2(S04)a,8H20, according to formula (VI, 3). 
With the exception of Sm+++ and Eu+++, the agreement is 
very satisfactory. The discrepancies in these two cases 
have been completely accounted for by a refinement pf the 
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theory, proposed by Van Vleck·and Frank [cf. (3o)], who 
have calculated as values for these ions 1.5.5 and 3.40. 8 

When the susceptibilities of the ioul'i in the iron seri<'s from S.c 
to Ni are calculated in the same way, at first no agreement with 
experimental values is obtained. This apparc•nt <liscr~puncy i:,; 
due to the fact that, for these ions, the multiplet splitting in the 
ground state is so small that, at room t<'mpcratur<', not only th<' 
lowest component but al::;o the higher components are prcsE'nt in 
appreciable amount. Consequently, we must c·alculate th<• mag­
netic moment for all the components. The mean valurs obtained 
by using suitable weighting (corresponding to the Boltzmann 
factor) agree more closely with experimental virtues, insofar as 
accurate data are available. [Cf. Hund (7); Van Vleck (36).] 

Magnetocaloric effect; production of extremely low 
temperatures. The paramagnetism of ions (in particular, 
the fact that this paramagnetism follows the Langevin-Curie 
law to very low temperatures even in the solid state) has 
recently led to an important application-namely, the 
production of extremely low temperatures (following a 
suggestion of Giauque and Debye). 

When a magnetic field is applied to a paramagnetic sub­
stance, there is at the first instant a uniform distribution of 
the magnetic moments over all possible directions. In order 
that an atom, whose magnetic moment was originally anti­
parallel to the field direction, may be able to align itself in 
the field direction, energy must be taken away-the amount 
being greater, the stronger the field. This removal of 
energy is accomplisheJ only by thermal collisions or, in the 
case of solids, by heat vibrations. The heat energy is 
thereby raised, and consequently a rise in temperature takes 
place when a magnetic field is applied- This is called the 
magnetocaloric effect. Corresponding to the fact already 

• Their calculations involve making a more exact allowance for the fact that 
the instantaneous.direction of the magnetic moment does not coincide with J 
(see p. 204) and that, further, other multiplet components of the ground Ht,11.te 
a.re excited at the room temperature at which observations are made. (',orre­
spondingly, the values of the magnetic moment for Sm+++ an<l Eu+++ 11:iven 
above ~re only 0 ffective values and do not represent the magnetic moment of 
the free atom in the ground state, as the values for the other ions do for which 
the correction mentioned makes no appreciable difference. 
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I ~d that in the stationa,y state at room temperature 
only a very small percentage of the atoms take a preferred 
direction in a magnetic field, the magnetocaloric effect is so 
small at room temperature that it cannot be observed.9 

With decreasing temperature, the amount of heat produced 
becomes more and more noticeable compared to the total 
heat content of the body. The effect has actually been 
observed at very low temperatures. 

The converse of this process-that is, a cooling by adiabatic 
removal of the magnetic field- has also been observed and is 
due to the consumption of energy in reproducing the com­
pletely unordered direction distribution of the individual 
elementary magnets. This cooling effect has recently been 
used for the production of extremely low temperatures. 

To simplify matters, let us suppose that the ions have 
J = ½ so that only two magnetic sub-levels M = + ½ and 
M = - ½ are present. Due to the interaction with the 
inhomogeneous electric and magnetic field in the crystal 
(the field between the ions), there exists a small energy 
difference !:JJ0 between the two sub-levels, even for H = 0. 
Only those substances are useful for the magnetic cooling 
method for which AE0 is so small that, even for the lowest 
temperatures reached by the ordinary methods ( of the order 
of 1°K), approximately the same number of atoms are in 
the two ,sub-states. 

If now a sufficiently strong magnetic field H is applied, 
the splitting between the levels M = + ½ and M = - ½ 
becomes much larger [namely, 2µ 0H; cf. equation (II, 7)], 
and therefore, if thermal equilibrium has been reached­
that is, if the heat produced by the ordinary magnetocaloric 
effect has been taken away-most of the atoms will be in 
tbe state M = - ½ and only a very small fraction (e-2,..Ht1r) 

in the state M = + ½. If at this stage the field is removed, 
at the first instant, even for H = 0, roost of the atoms are 
in the state M = - ½ and energy has to be supplied from 

9 A mngnetocaloric effect is observed for ferromngnetir substances at room 
temperature. The theory of this effect is rather more complicated. 
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the heat vibrations of the crystal lattice in order to reach 
the equilibrium distribution of the atoms between the 
M = + ½ and M = - ½ states-that is, the temperature of 
the substance is lowered. The decrease in temperature is 
considerable since, as can be shown, the energy of the lattice 
vibrations is small compared to t:..E0• However, this 
method only works if t:..E0 is sufficiently small, because for 
large t:..E0, even at zero field, the equilibrium distribution 
gives most of the atoms in the state M = - ½. Thus, only 
substances such as the rare-earth salts that obey Curie's 
law to very low temperatures are suitable for the process. 
In this way de Haas and Wiersma (106) have reached a 
temperature as low as 0.0044°K. 

At zero field the ratio N +112 : N -112 of the number of atoms in 
the states M = + ½ and M = - ½ is given by e-t1BolkT, which 
for suitable substances is appreciably smaller than 1 only for 
temperatures « 1 °K. If N +112 : N -1/ 2 is < 1, it means that the 
substance has a magnetic moment and therefore conversely, by 
measuring the magnetic moment, N + 112 : N -1/ 2 can be measured 
and the temperature determined according to· the relation 

M+112 = e-"'Eo/kT (Vl, ·4) 
N-112 

For the field H, N+1t2: N_1,2 = e-2""" /kT, where T, is the initial 
temperature (about 1°K). For large H values, e-21A-OH l kT; is much 
smaller than e-r:.Eot kT,_ Since, at the first instant after remov­
ing the field, N +1/ 2 : N _1, 2 is unchanged ( = e-2µoH I kT; ) , the ap­
parent temperature T. [ which corresponds to the N +1t2 : N - 112 
value according to (VI, 4)] is much lower than T, because 
AEo « 2µoH. T. can be immediately calculated from 

which means that 

(VI, 5} 

Due to the fact mentioned above .that the heat energy of the 
lattice vibrations is very small compared to AE0, the true tem­
peratures obtained after equilibrium has been reached are not 
very .different from the Ta values.10 It is seen from equation 
(VI, 5) that Ta is lower, the smaller t:..Eo and the larger H. 

10 Recently Reitler and Teller (142) have shown that at temperatures 
below 1 °K the heat exchange is so slow that usually equilibrium between 
lattice vibrations and t:.E0 is not reached. This would mean that the observed 
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3. Chemical Applications 
Periodicity of chemical properties. In Chapter III it 

was shown how the periodicity of the spectroscopic prop­
erties of the elements of the periodic system results from the 
building-up principle together with the Pauli principle. In 
other words, it was explained how, at certain intervais, ele­
ments recur with qualitatively the same energy level dia­
grams and, therefore, qualitatively the same spectra. These 
periods coincide with the periods of chemical properties, on 
the basis of which the periodic system was originally formu­
lated. This circumstance- that chemically similar ele­
ments are also spectroscopically similar-strongly suggests 
that the foundation of spectroscopic periodicity on the 
building-up principle likewise provides the foundation for 
chemical periodicity. Some general grounds for the fact 
that such is actually the case will first be given. 

The chemical properties of an element depend, without 
doubt, on the behavior of the outer electrons of the atom, 
since when atoms approach, these outer electrons strongly 
influence one another. This leads to chemical reaction, 
molecule formation, and the formation of liquids or solids. 
The inner electrons are mainly inoperative in chemical 
processes, since they are much more tightly bound than the 
outer electrons (because of higher effective nuclear charge). 
The energies necessary to influence appreciably the inner 
electrons are thus very much greater, as is shown by the 
higher spark spectra and the X-ray spectra. Apart from 
that, the distance of the inner electrons of an atom from the 
electrons of another atom is greater and, therefore, the ex­
tent of the interaction is necessarily smaller than for the 
outer electrons: 

Naturally the nucleus and the inner electrons do indirectly 
influence the chemical properties of atoms. The nucleus is 

low temperatures refer to the orientation of J only (ratio N +112 : N - 11! ), 

whereas the lattice vibrations still correspond to a higher temperature. But, 
since the energy of the lattice vibrations does not form an appreciable part 
of the total heat content, one is yet justified in claiming that these low tem­
peratures have been reached. 
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responsible, by its charge, for the total number of electrons of an 
atom, and the inner electrons affect the energy relationships of 
the outer electrons by a partial shielding of the nuclear charge. 
Apart from that, the nuclear mass can sometimes influence 
reaction velocity. 

The chemical properties of an element are thus essen­
tially the properties of the outer electrons of an atom 11 and 
must depend on the arrangement of these electrons, on 
their quantum numbers, on the way in which their angular 
momentum vectors are added together-that is, on just 
those quantities which we can predict theoretically on the 
basis of the building-up principle and which we can evaluate 
empirically with the help of spectra. The foregoing is the 
real reason why spectroscopically similar elements are also 
chemically similar, and why chemical periodicity and 
spectroscopic periodicity coincide. 

In principle it must, therefore, be possible to derive 
theoretically all the chemical properties of any atom, with 
the help of the complete energy level diagram obtained from 
spectra (including electron configurations). Up to the 
present time, on account of mathematical difficulties, no 
great progress has been made toward the completion of this 
program. 

Although the complete theory is not yet developed, it is 
already possible to draw, from the observed energy level 
diagrams of some of the elements, a number of conclusions 
of importance in chemistry and to obtain an understanding 
of some of the characteristic properties of these elements. 
It is not the object of this book to give a complete treatment 
of these applications. Instead, we shall discuss a few 
characteristic examples from which it will be realized that 
even the more complicated considerations of the previous 
chapters are of importance for a fuller understanding of 
certain chemical facts . 

Types of chemical binding (valence). The chemical be­
havior of an atom is characterized mainly by its valence 

11 This connection was first recognized by Kosse!. 
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number, or valency; that is, the number of univalent atoms 
with which an atom can enter into chemical combination 
at the same time ( or double the number of divalent atoms, 
and so on). An atom has often several valencies. For 
example, Cl has valencies of 1, 3, 5, and 7. 

Two main types of chemical valence must be distin­
guished. (1) It has been found that the members of one 
large group of chemical compounds-in particular, the in­
orgamc salts- are built up from positive and neg_ll,tive 
ions. The forces which hold them together are the ordinary 
Coulomb forces of attraction between positive and negative 
charges. This type of compound is called an ionic com­
pound or a heteropolar compound. The term electrovalent 
compound is also used. In order to understand the forma­
tion of these compounds, it is first of all necessary to con­
sider in greater detail the ionization potential (position of 
the ground term). (2) In contrast to these ionic com­
pounds are the compounds belonging to the second large 
group-for example, the elementary molecules H2, 02, N 2; 
most organic molecules; and others which are built up not 
from ions but from atoms. Because of this structure, they 
are called atomic or homopolar compounds. The term 
covalent compound is also used. An actual understanding 
of the forces holding these atomic compounds together was 
first made p0ssible by quantum mechanics. For this pur­
pose it is necessary to take account of the term type of the 
ground state of the atom, together with the type and position 
of the other low-lying terms. 

The ionization potential. In Table 18 (p. 200) are listed 
the first and higher ionization potentials obtained spectro­
scopically for the elements. The dependence of the ioniza­
tion potential of the neutral atom on the atomic number is 
given graphically in Fig. 78. The most noticeable regu­
larity is that the curve has a steep maximum for the inert 
gases and a minimum for the alkalis. The opposite chem­
ical behavior of these two groups of elements is due largely 
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to this fact. The underlying reason for it is that the alkalis 
have a single electron outside closed shells, whereas the inert 
gases have no electrons outside closed shells. An electron 
can be removed from a closed shell only with difficulty; 
a single electron in an outer shell is, on the other hand, 
easily removable. 

For a single electron outside closed shells, the nuclear 
charge is so completely shielded that Zeff is approximately 1. 
Therefore the energy of this outer electron corresponds ap­
proximately to that for hydrogen in an orbit with the cor­
responding principal quantum number. Apart from n = 1, 
these energies (term values) are small (of the order of 3 
volts), and consequently the ionization potentials of the 
alkalis are also small, since for them n === 2. The decrease 
in ionization potential in the alkali group is explained by 
the increase in n. On the other hand, for the inert gases 
and also, though to a somewhat less degree, for the halogens 
(which have completely or nearly completely closed outer 
shells), the nuclear shielding for an electron in such a shell 
is very much smaller, since all the electrons in the shell are 
at approximately the same distance from the nucleus. 
Therefore the ionization potential is very much greater than 
it would be for ·a single electron with the same principal 
quantum number. 

The ionization potentials of the other elements lie be­
tween those of the alkalis and the halogens. For the alka­
line earths the first ionization potential is somewhat greater 
than for the alkalis, but the second ionization potential is 
still comparatively small for the same reason that the first 
ionization potential of the alkalis is small. Therefore the 
alkaline earths can occur relatively easily as doubly charged 
positive ions (in contrast to the alkalis). Correspondingly, 
the elements of the third column may occur as triply 
charged ions. 

Electron affinity. While the alkalis, alkaline earths, and 
earths easily give up electrons to form positive ions, the 
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halogens and the elements of the oxygen group readily take 
on electrons to form negative ions. They have a positive 
electron affinity; that is, although they are electrically neu­
tral, energy is liberated when the outermost shell is filled 
up by adding one or two additional electrons. The reason 
for this positive electron affinity is the same as for the 
relatively high ionization potential of the halogens­
namely, the incomplete shielding of the nuclear charge in 
the outermost shell of electrons. Thus, although the atom 
as a whole is obviously neutral, an additional electron (or 
even two) can be held in the outer shell. In contrast, for 
the inert gases no further electron can come into the outer­
most shell (Pauli principle). It can at best gojnto an orbit 
lying farther out, in which, however, the nuclear charge is 
almost completely shielded. Consequently, it is not held 
in this orbit and the electron affinity of the inert gases is 
zero. The alkalis, alkaline earths, and the earths are quite 
similar in this respect, and their electron affinity is also 
practically zero. 

Experimentally an exact determination of the electron 
affinity is rather difficult and usually only possible indirectly. 
We shall not go into the various methods for its determina­
tion, but give simply a summary in Table 20 of the results 
thus far obtained.12 

It is to be expected that the excited states of a negative ion will 
not be stable since, as soon as the electron is in an orbit of higher 
quantum number than the ground state, the nuclear shielding is 
practically complete and therefore the additional electron is no 
longer field. Consequently discrete electron affinity spectra have 
never been observed. Even the continuous emission spectrum 
corresponding to the capture of an electron by a neutral atom, 
such as a halogen atom, has not yet been observed with certainty 
[cf. Oldenberg (ll2)], although Franck and Scheibe (ll3) have 
been successful in showing the reverse of this process: a continuous 
absorption spectrum by negative ions (electron affinity spectrum). 
Negative ions are present in high concentrations in solutions of 
the alkali halides. Scheibe (114) found that, in all solutions con-

a Compare the corresponding table by Mulliken (111), and a paper on the 
electron affinity of iodine by Sutton and Mayer (110). 
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TABl,E 20 

ELECTRO~ AFFI:\'ITTES 

ELECTRON AFFI NITY 

Voltl' kcnl./mol. 

0.7157 16.50 
4.13 95.3 
3.72 85.8 
3.49 80.5 
3.14 72.4 
3.07 70.8 
2.8 65 
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Reference 

(57) (153) 
(107) 
(154) 
(155) 
(156) 
(157) 
(108) 

taining the I- ion, there occur two relatively small continuous 
absorption bands whose separation is 7600 cm-1. This separa­
tion agrees exactly with the doublet separation of the iodine atom 
in the ground state as found spectroscopically. According to 
Franck and Scheibe, the explanation is, therefore, that by light 
absorption an electron is separated from the iodide ion in the 
solution. The energy required for this varies according as the I 
atom remains in a 2P 312 state or a 2P 112 state (two series limits; 
see Chapter IV, section 2). The difference is just equal to the 
doublet separation. One would therefore expect two positions 
of absorption (continua) corresponding to the two different 
processes. This is found experimentally. The absolute positions 
of the continua can also be correctly calculated by a more detailed 
treatment of the process (allowing for hydration and so on). 
Analogous effects are found for Br- and CI-. This is one of the 
few cases in which the elementary act in a light absorption process 
in solution has been unambiguously explained. 

Ionic compounds. The small ionization potentials of the 
alkalis, alkaline earths, and earths are responsible for their 
el.ectropositive chemical character; the considerable electron 
affinity of the halogens and the elements of the oxygen 
group, for their electronegative character. Owing to the 
Coulomb attraction between ions, the elements of these 
two groups form typical ionic compounds with one another. 
In solution they occur as positive and negative ions, re­
spectively. The number of electrons that an atom can 
easily give up or take on decides the number of partners with 
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which it can form such ionic compounds, and is known as 
the heteropolar valency ( electrovalency). The maximum 
numerical value of this valency depends on the number of 
electrons present outside closed shells, or on the number of 
electrons lacking to make up a closed shell. The alkalis which 
have one electron in an unclosed shell are correspondingly 
univalent. On the other hand, the alkaline earths (for 
example, Ca) have two easily removable electrons which 
are outside closed shells (cf. Table 18, p. 200). These two 
electrons can therefore be taken up either by an electro­
negative atom lacking two electrons for a closed shell (for 
example, 0 or S) or by two atoms each lacking one electron 
(for example, Cl). The alkaline earths are therefore di­
valent. Thus it can be understood, for example, that CaO 
and CaCb are formed, but not Ca02 or CaCl3• The singly 
positively charged Ca+ can, however, form a moderately 
stable compound with Cl-, as observation of the compound 
CaCl shows. Similarly, the earths B, Al, Ga, In, Tl have a 
maximum valency of 3, but can have valencies of 1 and 2, 
as ob5'erved for Ga and In. Correspondingly, the halogens 
are univalent, since they lack one electron for a closed shell; 
and the elements of the oxygen group are divalent, since 
they lack two electrons for a closed shell. 

On the basis of the Pauli principle, a given number of 
electrons lying outside a closed shell or required to make up 
a closed shell recur periodically in the system of elements 
as the atomic number increases. The same is therefore true 
for heteropolar valence. This shows very clearly the value 
of the Pauli principle for an understanding of the periodicity 
of the chemical properties of elements. 

In the early development of the subject it was generally 
assumed that all chemical compounds were more or less 
ionic (Kossel) ; that is, that their component parts were 
bound together as ions.13 For example, according to this 
assu.tnption, in CC14 four singly charged negative Cl ions 

11 Ct. van Arkel and de Boer (37). 
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should be bound to a C ion with four positive charges, and 
correspondingly in other cases. We know now, however, 
that apart from this ionic binding there is also true atomic 
binding, in which the components are bound to one another as 
atoms (see below). In principle, a given number of atoms 
(or ions), such as C + 4Cl, can form one and the same mole­
cule either in a state with atomic binding or in one with 
ionic binding. The molecule will be an ionic compound or 
an atomic compound in the ground state according to which 
state has the lower energy. We can therefore say qualita­
t ively that an ionic compound is more probable, the smaller 
t he difference between the ionization potentials involved 
(for CC'l4, for example, the work to remove the four outer 
electrons of C') and the electron affinity of the negative ion 
or ions. ..\ eonoideration of the following cycle may help to 
make this clear. 

- 290 kcal. 
CCl4 - --- C + 4 Cl 

+ 3358 kcal " / - 3068 kcal. 
c++++ + 4 CJ-

The energy required to transform C + 4 Cl into 
c++++ + 4 c1- is: 148.0 ~ (4 >< 3.72 = 133.1 volts or 
3068 kcal. (cf. Tables 18 and 20). On the other band, it is 
known that 12.5 volts or 290 kcal. are required to split CC4 
into C + 4Cl. If the ground state of CCl. really originated 
from ions, (3068 + 290) kcal. should be set free when it is 
formed from ions. We can, however, calculate the theoret­
ical amount of energy which would be set free by the com­
bination of a singly positively charged ion with a singly 
negatively charged ion, on the basis of the Coulomb law 
(V = e2tr0), using a plausibl~ value for the smallest separa­
tion of the two ions ro. This energy is at most 8 volts or 
185 kcal. If we had a fourfold positively charged ion and 
a fourfold negatively charged ion, the energy would be 
4 X 4 = 16 times as great. However, in dealing with 
c++++ and 4 c1-, the mutual repulsion of the c 1- ions must 
be taken into account. A more detailed calculation shows 
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that a value 12 times that for singly charged ions should be 
used. This gives 96 volts or 2200 kcal., which is consider­
ably smaller than the above 3340 kcal. CC14 cannot there­
fore be an ionic compound. 

Corresponding considerations for NaCl lead to quite 
different conclusions. The analogous cycle is given below. 

- 97 kcal. 
NaCl ___ _. Na+ Cl 

+ 129.7 kcal.""' / - 32.7 kcal. 
Na++ Cl-

The work required to transform Na+ Cl--+ Na++ Cl­
is now only 32.7 kcal., and, since the heat of reaction for 
Na+ Cl--+ NaCl is 97 kcal. , 129.7kcal. would be obtained 
by combining Na+ + CI- --+ NaCl. This is, however, 
quite a plausible value for the amount of energy that would 
be liberated by bringing together two such ions. It is 
thereby shown that NaCl, in contrast to CC14, may very 
well be an ionic compound. That it really is an ionic com­
pound receives confirmation from the fact that the observed 
heat of reaction agrees quite well with the results of quanti­
tative calculations by Born and Heisenberg for such an 
ionic compound. This is apart from other evidence such 
as the dissociation into ions in solution. 

The foregoing considerations cover only the investigation 
of the question whether a free molecule in the gas state is an 
ion molecule or an atom molecule. However, the same 
do not necessarily apply to the compound in the liquid 
state or in aqueous solution or in the crystal state. The free 
molecule of HCl, for example, is certainly an atomic com­
pound. However, in aqueous solution it is dissociated into 
H + + Cl- AgCl is an atomic compound in the vapor state, 
but in the solid it forms an ionic lattice. The reason for 
this difference is that in the lattice several ions exert an at­
tractive force on a given ion. Consequently, the amount of 
energy liberated per mol by the coming together of the ions 
to form a lattice (lattice energy) is relatively much greater 
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than the energy set free in the formation of an ionic mole­
cule in the gas state. Therefore in the solid state the ionic 
linkage may sometimes give a lower energy state than the 
atomic linkage, though the reverse is true for the gaseous 
state. The difference between an aqueous solution and the 
gas state (for example, for HCI) is due mainly to the hydra­
tion of the ions-that is, to the fact that a number of water 
molecules are arranged about each ion, their dipoles being 
radially directed. This means a considerable gain in 
energy for the ionic state and is the main reason for the 
dissociation into ions. In spite of this, CC14 does not occur 
in the ionic form in the liquid, solid, or dissolved states, be­
cause of the highly endothermic nature of the ionic state 
of the free molecule.14 

Atomic compounds (homopolar valence) . The fact that 
neutral atoms can attract one another strongly, as shown 
by the formation of such molecules as H2 and N 2, could not 
be understood on the basis of the Bohr model. An explana­
tion for this fact was first provided by quantum mechanics. 
In particular, the saturation of homopolar valencies was 
difficult to explain on the old theory (for example, that a 
hydrogen molecule no longer attracts a third hydrogen 
atom) in contrast to ionic binding where saturation is easily 
explained purely classically as electrical neutralization. 

The first successful theoretical attack on the treatment 
of homopolar chemical binding was made by Reitler and 
London (115). For the simplest case dealt with, that of 
H2, they found that two normal H atoms attract each other 
only when the spins of the two electrons are antiparallel to each 
other; whereas they repel each other when the spins are parallel. 
The value of the heat of dissociation of the molecule ob­
tained theoretically agrees approximately with experiment. 

According to this theory, the large binding energy is caused, 
not by the interaction of the spins, but by a resonance process 
similar to that for the He atom (see p. 67). At large separations 

14 Further examples and details may be found in Rabinowitsch and Thilo 
(38). 
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of the two atoms a degeneracy is introduced by the equivalence 
of the two electrons, since the state: electron I with nucleus A, 
and electron 2 with nucleus B (see Fig. 79), has the same energy 

1 
0 

as the state: electron 2 with nucleus A and 
:, electron I with nucleus B (exchange degen-

eracy). The eigenfunctions belonging to 
@ @ these states are: 'PA(l)cps(2) and 'PA(2)cps(l), 
A B where 'PA and (()Bare hydrogen eigenfunctions 
Fig. 79. Hydrogen referred to A and B, respectively (seep. 39). 

Molecule. As the two atoms approach each other, an 
exchange of the two electrons takes place 

with increasing frequency [transitions from (()A(l),p8 (2) to 
(()A(2)(()s(l), and conversely]; that is, a periodic transition from 
the one state to the other results. Just as for He, this process can 
be represented as the superposition of two stationary vibrations: 

Via = 'f'A(l)(()B(2) + (()A(2)(()B(l) 
V'o = (()A(l)(()s(2) - (()A(2)(()s(l) 

Wave mechanically the system can be in only one of the two 
states, either the state characterized by y;, or the state character­
ized by Via· The former remains unchanged by the exchange of 
electrons I and 2 (is symmetric in the electrons); the latter changes 
sign (is antisymmetric). Just as in the case of He, the two states 
have different energies E, and E,., the energy difference being 
greater, the greater the coupling (that is, the smaller the separa­
tion of the nuclei). In contrast to He, here the state y;, has 
smaller energy. Fig. 80 shows the variation of E, and Ea with 
changing nuclear separation. In the same way as for He, the 
influence of the spin consists, not in its effect on the energy, but 
in its effect through the Pauli principle. According to that 
principle, the total function must always be antisymmetric in all 
the electrons (seep. 123). Therefore only the state Via with energy 
Ea can be realized without spin. But, as Fig. 80 shows, Ea in­
creases continuously with decreasing nuclear separation, which 
means r,pulsion of the two atoms. However, since by including 
the spin function the total eigenfunction can be made antisym­
metric even for the symmetric co-ordinate function (in the same 
way as for He), the symmetric state 1{,, with energy E, can yet 
occur. E, first decreases with decreasing separation, and an 
attraction (molecule formation) takes place (lower curve in Fig. 
80). The minimum of E, (the potential energy for the motion of 
the nuclei) corresponds to the equilibrium position of the nuclei. 
Quantitative calculations yield the right value for the equilibrium 
distance, known accurately from the H2 spectrum, as well as for 
the heat of dissociation (separation of the minimum from the 
asymptote). According to the Pauli principle, y;, can occur only 
with the antisymmetric spin function-that is, with antiparallcl 
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spin directions of the two electrons ( t O; whereas VI a can occur 
only with parallel spin directions ( t t). The former is a singlet 
state; the latter, a triplet. 

•Volta 

-51.-------'-----'-----JL..----,-L--
0.5 ·1.0 1.5 2.0 -8 

r(lO cm.) 

Fig. 80. Dependence of the Potential Energy of Two H Atoms on Nuclear 
Separation. 

The extension of the Reitler-London calculation for H2 
to more general cases has shown that the deciding factor 
for the homopolar valence of an atom is the multiplicity of 
its ground state or its low-lying terms, or, expressed in 
another way, the number of unpaired electron spins. Ac­
cording to Reitler and London, this latter number is directly 
equal to the valency of the atomic state considered. It is 
equal to 2S where S is the quantum number of the resultant 
spin. We can therefore say that the valency is one less than 
the multiplicity. 

Correspondingly, He and the other inert gases have a 
valency O in accord with experiment, since their ground 
state is a singlet state. The alkalis have a valency 1 
(doublets). The alkaline earths should again have valency 
0 in the ground state (18). However, there is an excited 
triplet state (S = 1) lying not far above the ground state, 
and therefore the alkaline earths can sometimes have a 
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homopolar valency 15 of 2. The earths have as ground state 
zp and, thus, a valency 1. There is, however, a quartet 
state lying not very high above the ground state 
(1s22s2p2 4P); that is, a state with three free valencies. 
Carbon is divalent in the ground state 3P. Again the ob­
served tetravalency of C is traced back by Reitler and 
London to an excited state in which one electron is brought 
from a 2s orbit to a 2p orbit, the ls22s2p3 5S state (seep. 143), 
for which all four outer electrons have parallel spins. The 
theory is further developed in a corresponding manner for 
other elements. 

The multiplicities and valencies for the ground states 
and some of the excited states of the elements of the 
different columns of the periodic system according to this 
representation are tabulated in Table 21. The valency in 
the ground state is printed in heavy, boldface type. It is 
especially worthy of note that, whereas the elements of the 
0 and F groups have a number of different valencies, in 
agreement with experiment, the elements O and F them­
selves show only the valencies 2 and 1, respectively, of the 
ground state. This is naturally explained by the fact that, 
to raise their multiplicity, an electron must be brought into 
a shell with higher principal quantum number, whereas with 
the other elements in the same columns this is not necessary. 

Group in I 
Periodic Alkalis System 

Multiplicity 2 
Valency 1 

TABLE 21 

HOMOPOLAR VALENCY 

II III IV V 
Alkaline Earths Carbon Nitrogen 
Earths G roup Group 
--- ------

1 3 2 4 1 3 5 246 
02 1 3 0 2 4 1 3 5 

VI VII 
Oxygen 
Group Halogens 

1 3 5 7 2 4 6 8 
0 2 4 6 1 3 5 7 

It is furthermore important to note that for any one 
column either only even or only odd valencies occur, since 

16 Practically, this homopolar valence is of no importance, since most com­
pounds of the alkaline earths are ionic. 
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only odd or only even multiplicities occur. An alternation 
law holds for the homopolar valence just as for multiplici­
ties: For an even number of electrons the valency is even, 
whereas for an odd number of electrons it is odd. 

The saturation of homopolar valencies follows naturally 
from this representation as a saturation of the spins-a pair­
ing off in antiparallel pairs. If an additional H atom ap­
proaches an H2 molecule having an~iparallel spins, no addi­
tional pair is formed and consequently there is no further 
gain in energy-that is, no bonding action. More compli­
cated cases can be treated in a similar way. 

The Reitler-London mode of representation is thus in 
principle simple, but its use involves some fundamental 
difficulties which must now be mentioned. The Heitler­
London theory is rigorously derived only for atoms which 
are in S states and is true for these only when there are no 
other atomic states in the neighborhood. The calculations 
for P states do not lead to any simple results. Actually, P 
states occur quite frequently as ground states, and there 
often are, also, other states in the neighborhood of the 
ground state (for example, for C, N, and 0). 

Because of these difficulties, two further methods for the 
treatment of homopolar binding have been worked out: 
the method of Slater and Pauling, and the method of Hund 
and Mulliken. 

Slater and Pauling calculate the interaction of the indi­
vidual electrons of the different atoms instead of the inter­
action of the atomic states. From this point of view the 
chemical behavior of an atom depends not so much on the 
term type as on the electron configuration. Terms with the 
same electron configuration are treated as one state. Using 
this method of treatment, one can deduce the fact that cer­
tain valencies always occur at a definite angle to one 
another; for example, in H20 the two OH directions are 
approximately at right angles to each other, and similarly 
for the three NH directions in NH3• The tetrahedral 
symmetry of the four valence directions for C is obtained by 

I_ 
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taking into account the electron configuration sp3 as well 
as s2p2

• 

The Hund-Mulliken method attempts to explain chemical 
binding from a consideration of the behavior of individual 
electrons in the field of the different nuclei (many-center 
problem). 

A detailed discussion of these modern valence theories 
will not be attempted here. [See Hund in (ld); Pauling­
Wilson (32); Sponer (39).] All that we wished to show 
was that the chemical behavior of an element depends on the 
term types and electron configurations of its lower energy states 
-that is, on the angular momenta of the atom. Thus a 
knowledge of the energy level diagram of an element is of 
great importance for an understanding of its chemical 
behavior. 

Activated states and collisions of the second kind; ele­
mentary chemical processes. So-called activated states of 
atoms and molecules often play a very important part in 
chemical reactions. These are simply excited atomic or 
molecular states. The excitation energies are the energies 
of activation. Owing to their larger energy content, excited 
atoms (or molecules) have in general a much higher reac­
tivity than normal atoms. Furthermore, there is the addi­
tional effect that excited states often have more free valen­
cies than the ground state (see above). In such cases the 
atom is more reactive, the smaller the excitation energy to 
this state. The inert gases are distinguished by a particu­
larly high first excitation energy. They are therefore en­
tirely unreactive in the ground state. 16 

A knowledge of the spectroscopically obtained excitation 
energies of atoms (and molecules) is thus of particular im­
portance for the understanding of elementary chemical 
processes. A few examples will be considered briefly. A 

16 The first excited state of He is at 20 volts. When helium has heen 
brought to this state-for example, by an electric discharge-it has a very high 
reactivity and csn form a molecule with a second normal He atom. This is 
shown by the He2 bands emitted by the discharge. 
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systematic treatment is possible only with the help of a 
more complete knowledge of molecular spectra and molec­
ular structure than can be assumed here. 

When a collision between two atoms or molecules occurs, 
we distinguish between collisions of the first and the second 
kind. In collisions of the first kind a change of kinetic energy 
of translation into excitation energy takes place by collision 
(corresponding to excitation by electron collision); that is, a 
process: 

A + B + kinetic energy -t A + B* (VI, 6) 

where A and B are two different (or identical) atoms in 
the ground state and B* is the atom B in an excited state. 
The necessary kinetic energy may be present if the tempera­
ture is sufficiently high or if the atoms are artificially ac­
celerated, possibly as ions 17 (excitation by atom or ion 
collision). Collisions of the second kind (Klein-Rosseland) 
are more important for our purpose. They include not 
only the exact reverse of collisions of the first kind; that is, 
a process: 

A + B* -t A + B + kinetic energy (VI, 7) 

but also all other processes in which an atom or molecule gives 
up excitation energy by colliding with another partner; for 
example: 

A+ B*-tA* + B (VI, 8) 

The conversion of excitation energy into chemical energy­
for example, into the dissociation energy of a molecule-is a 
further possibility. 

The most thorough investigations of such collisions of the 
second kind have been made for Hg. When a number of 
Hg atoms have been brought into the excited 3P1 state by 
irradiating the Hg vapor with the 2537 A line (see Fig. 75, 
p. 202), the Hg vapor reradiates the 2537 line as fluorescence. 
If now Tl vapor, for example, is added to the Hg vapor, it 
is observed that Tl lines occur in the fluorescence spectrum 

17 We might also think of atoms or molecules with a particularly high velocity 
resulting from a chemical reaction . 



230 Experimental Results and Applications [VI, 3 

as well as the Hg 2537 line [Franck and Cario, see (le)]. 
Only those Tl lines occur whose excitation energy is less than 
that of the Hg 3P 1 state. Apparently the collision process 

Hg(8P 1) + Tl(2P112) ---+ Hg(1S0) + Tl* (VI, 9) 

has taken place. Such a process is called sensitized fluores­
cence. Any excess excitation energy of the Hg over that 
of the metal atom is changed into kinetic energy of the two 
partners after collision. 

When gases whose excitation energy for fluorescence is 
greater than that of the line 2537 A (for example, He, H2, 02, 
CO, N2) are added to the Hg vapor, naturally no sensitized 
fluorescence appears, although an increasing quenching of 
the fluorescence takes place with increasing pressure. This 
quenching can have different origins. Either the whole 
excitation energy can be converted to inner energy by colli­
sion without leading to subsequent radiation; or the Hg can 
go from the 3 P 1 state to the metastable 3 Po state by collision 
and only the small difference in energy be transferred to the 
collision partner; or, finally, a chemical reaction can take 
place.18 All these cases have been observed. By 02, for 
example, a transfer of Hg(3P1) atoms into the 1S ground 
state is brought about 19 ; by N 2, a transfer to the metastable 
3P 0 state.20 The case of Hg vapor plus hydrogen has par­
t icularly interesting and important chemical applications. 
In this case the quenching of the fluorescence of 2537 A is 
particularly strong and the Hg(3 P 1) atoms are transferred 
directly to the ground state. At the same time atomic 
hydrogen is found to be present. Two elementary processes 

11 The case of the exact reverse (VI, 7) of the collision of the first kind might 
have Men expected for the inert gases which cannot take up inner energy of the 
order of the excitation energy of Hg(1P,). Actually, this process of changing 
the total excitation energy into kinetic energy of the collision partner takes 
place very seldom, and hence bas not yet been proved with certainty. See 
Ham6s (118). 

u Pa.rt of the 0: reacts chemically with excited Hg: Hg* + 02--+ Hg0 + 0. 
See Bonhoeffer and Ha.rteck (119) . 

zo The evidence that meta.stable Hg atoms a.re produced may be obtained, 
for example, by investigating the absorption of Hg lines having this state as 
the lower state. 
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are assumed in order to explain this: 

Hg(3P 1) + H 2 ----+ Hg(1S0) + H + H + kinetic energy (VI, 10) 
Hg(3P1) + H2----+ HgH + H + kinetic energy (VI, 11) 

That the second process occurs as well as the first is shown 
by the observation of the HgH spectrum [see (120); (121)]. 
The excitation of the resulting HgH follows by a second 
collision process, as in sensitized fluorescence: 

Hg(3P) + HgH----+ Hg(1S) + HgH* 

The process (VI, 11) is the prototype of an elementary 
chemical process for which the excitation energy of the 
colliding partner is the deciding factor. The reaction 
(formation of HgH from Hg + H2) would not be possible at 
ordinary temperatures without excitation, since it would be 
much too strongly endothermic. 

Exactly the same elementary processes (VI, 10) and 
(VI, 11) are possible with the metastable 3Po state, and 
have in fact been observed when N2 as well as H2 was added 
to Hg vapor, the N2 causing preferentially a transfer from 
3P1 ----+ 3Po. 

Two general laws are of importance for these elementary 
processes. The first one states that for a collision of the 
second kind, the yield is greater, the less the energy which needs 
to be thereby converted to translational energy [see (122); 
(123)]. Thus we find, for the Hg sensitized fluorescence 
of metal vapors, that those lines are particularly intense 
whose excitation energy is approximately the same as that 
of the Hg(3P 1) state, or possibly of the Hg(3Po) state. 
Similarly, the strongest quenching on the Hg fluorescence 
is exerted by those added gases which have a corresponding 
excitation energy. A theoretical basis for this law has been 
given by Kallmann and London (124). 

The second general law is that, for a collision, the to~l 
spin of the two collision partners must remain unaltered before 
and after the collision [Wigner (125)]. For example, 
Beutler and Eisenschimmel (126) found that in the collision 
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of excited Kr in the 3P state with normal Hg(1S 0), triplet 
terms are preferentially excited in the Hg when the Kr 
returns to the singlet ground state by collision: 

Kr(3P) + Hg(1S) -+ Kr(1S) + Hg (triplet state) 

Thus before and after collision the total spin S = 1. 
Collisions of the second kind in which Kr alters its multiplic­
ity but not the Hg occur much less of ten. The basis for 
this prohibition of intercombinations is the same as for 
transitions within a single atom involving radiation (see 
p. 125). This prohibition also holds to the same approxima­
tion as the ordinary intercombination rule, becoming less 
and less strict for higher atomic numbers. 

In all collision processes in which excited atoms take part, 
the lifetimes of the excited states are important since 
the collision must occur before a transition to the ground 
state takes place with radiation. Therefore metastable 
states are often more effective than states 'which are not 
metastable and which have a life only of the order of 10-s 
sec., particularly when not every gas kinetic collision is 
effective or when an interaction of two excited atoms is 
necessary for the procesS'. 

We have considered above what is really an elementary 
chemical process-namely, ,the dissociation of H 2 by ex­
cited Hg. We shall now consider two further examples of 
important elementary processes in which excited atoms play 
a role. 

Investigations of molecular spectra have shown that, by 
irradiation of 02 with light of wave length below 1750 A, 
a normal O atom in the 3 P state and an excited O atom in the 
1D state are produced [see Herzberg (127); cf. Fig. 59, 
p. 163]. The resulting O atoms react with the molecules 
present, and this leads, for example, to ozone formation. 
However, this reaction has not yet been explained with 
certainty. When hydrogen is added to the oxygen, the 0 
atoms can also react with H2 molecules [cf. Neujmin-Popov 
(128)]. The reactions which might be expected to take 
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place are: 

Chemical Applications 

O(3P) + H 2 - OH + H - 1.3 kcal. 
O(1D) + H 2 - OH + H + 43.8 kcal. 

(VI, 12) 

(VI, 13) 

Reaction (VI, 12) is weakly endothermic; it therefore does 
not generally occur, and this has in fact been shown in ex­
periments by Harteck and Kopsch (129), who used atomic 0 
produced in an electric discharge. The observed H2O or 
H2O2 formation by irradiation of an O2-H2 mixture is thus 
probably due to reaction (VI, 13), in which the excited 
metastable 0(1D) atom brings the activation energy di­
rectly with it. Similar experiments have been done with 
NO2 + H2 [Schumacher (130)]. We know from the 
spectrum that NO2 decomposes into NO + O(3P) by irra­
diation with light in the region 3800 A but, in contrast to 
this, gives NO + O(1D) by irradiation with light < 2450 A 
[Herzberg (131)]. Thus again the above two reactions 
can take place if hydrogen is added. It was found that no 
water formation takes place by irradiation at the longer 
wave length, although such formation does take place by 
irradiation with the light of shorter wave length. 

One of the photochemical reactions most of ten investi­
gated is the formation of HCl from H2 + Cl2, It is known 
from the molecular spectrum that the primary process is: 

Ch+ hv - CI(2P312) + Cl(2P 112) 

Thus there result one Cl atom in the ground state and one 
in an excited metastable state [ cf. the energy level diagram 
in Fig. 74 (p. 199)]. When the Cl atom collides with an H2 
molecule, the reaction Cl + H2 --t HCl + H is possible. 
With Cl in the ground state this reaction is about one kcal. 
endothermic, and will therefore, in general, not take place 
at room temperature. On the other hand, the reaction is 
exothermic for the excited Cl atom in the 2P 1,2 state (excita­
tion energy 2.5 kcal.) formed by irradiation of Cl2 with 
light, and can therefore very well take place in this case. 

Thus we have considered two elementary chemical reac­
tions which are encountered in experiment and which can, in 
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general, take place only with excited atoms. It is clear that a 
full discussion of these reactions was possible only after the 
excitation energy of the states had been evaluated by means 
of the somewhat complicated analyses of the corresponding 
atomic spectra. 

In conclusion it should perhaps be mentioned that an 
accurate determination of the heats of dissociation of the 
molecules 02, N 2, the halogen molecules, and others was 
first possible after the atomic excitation energies had been 
evaluated. A knowledge of the values of these heats of dis­
sociation is obviously of extreme importance in discussing 
elementary chemical processes and in calculating the heat 
evolution of individual reactions. 
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Atom collision, excitation by, 229 
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Atomic compounds (atom molecule), 

215, 221 ff., 223 ff. 
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interpretation of the alkali series, 
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wave mechanical, 44 
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influence on the spectrum, 182 ff. 
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Atomic theory, elements of, 11 ff. 
Au (Gold), 141, 150, 195, 201 
Auger effect, 173 
Auroral lines, 158 ff. 
Auto-ionization (pre-ionization), 167, 
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Azimuthal quantum number (k, l), 
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73, 82 ff., 120, 128 
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B (Boron), 140, 1,42, 200,220 
B III, 61 
Ba (Barium), 141, 150, 195, 201 
Balmer formula, 11, SO, 55, 183 
Balmer series of the H atom, 5, 11 ff., 

22, 23, 27 
Balmer terms, 19 ff., 24, 26, 38, 55 
Band spectra, 4, 7 
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166 ff., 195, 200 
Be II,~l 
Be IV, 20 ff. 
Bergmann series, 55 ff., 64, 75, 77 ff. 
Bi (Bismuth), 141, 183, 189 ff., 193, 

195, 201 
Bi II, 183, 189 
Bohr building-up principle, 120 ff., 

128, 151, 181, 209, 213 
Bohr correspondence principle, 28 
Bohr frequency condition, 14, 20, 50, 

52 
Bohr magneton, 103, 108, 186, 202 
Bohr-Sommerfeld elliptical orbits for 

the H atom, 17, 18 
Bohr theory, 18 ff. (I, 2 and 3), 49, 

86 
Boltzmann factor (Boltzmann distri­

bution), 119, 159, 204 
Born's explanation of the ,j, function, 

84 ff., 42 

Boundary conditions for the wave 
equation, 33 

Br (Bromine), 140, 149, 195, 200, 219 
Brackett series of the H atom, 12 
Broadening of spectral lines, 114, 

172 ff. 
Building-up principle, Bohr, 120 ff., 

128, 151, 181, 209, 213 
Burger-Dorgelo-Ornstein sum rule, 

161 

C 

c, velocity of light, 10 
C (Carbon), 140,142,143,162, 175 ff., 

195,200 
C II, 80, 177 ff. 
C IV, 61 
C group of the periodic system, 81, 

142, 162, 175 ff., 226 
Ca (Calcium), 76, 77, 140, 148, 

164 ff .• 195, 200, 220 
Ca II, 74 
Cb (Columbium),'140, 195, 201 
CCI., example of an atomic com-

pound, 220 ff. 
C.. (Cadmium), 140, 195, 201 
Ce (Cerium), 141, 201, 209 
Centrally sy~metric non-Coulomb 

field, 58, 120 
Charge distribution, 84 ff., 42, 43, 44, 

52, 135, 136 ff. 
Chemical bt!havior and energy level 

diagram of an atom, 228 ff. 
Chemical elementary processes, 228 ff. 
Chemical properties, relation to outer 

electrons, 213 
Chemiluminescence, 2 ff., 228 ff. 
Circular orbits in the H atom, 16 
Cl (Chlorine), 140, 146, 195,199,200, 

219 ff., 233 
Cl III, 158 
Closed shells, 1$7, 181, 135, 138, 

146 ff., 150 ff., 169, 216 ff., 
220 

Co (Cobalt), 140, 195, 200 
Collision cross section (yield), 281 ff. 
Collision processes, 228 ff. 
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Compound triplets, 76, 78 
Conservation of spin, in collision proc-

esses, 231 ff. 
Continuous (term) i,pectrum, 2£ ff., 

59, 172 
Continuum at the series limit, 22, 23, 

55, 169, 172 
Conversion factors for energy units, 

91. 
table of, 10 

Cooling by adiabatic demagnetiza-
tion, 210 ff. 

Co-ordinate functions, 124 ff., 224 
Core, atomic, 58 ff., 62, 70, 92 ff. 
Corona lines, 158 
Correspondence principle, Bohr, SB 
Cosmic nebulae, 157 ff. 
Coulomb field (potential), 15, 37, 46, 

120 
Coupled vibrations, 67 
Coupling (see also Interaction): 

types of, 128, 173 ff. (IV, 3) 
Cr (Chromium), 140, 149, 200 
Cs (Cesium), 60, 62, 91, 141, 150, 

195,201 
Cu (Copper), 140, 149, 195, 200 
Curie law, 205 ff., 208, 210, 212 
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d-electrons, 86, 129 ff., 149 
d, Rydberg correction, 5b 
D lines of Na, 5, 71, 74, 97, 106, 107, 

111, 116, 160 ff. 
D terms, 56 ff., 73 ff. 
De Broglie waves, 29 ff., 36 ff. 
Degeneracy, 46 ff., 67, 119, 224 
Derivation of terms of p2, 134 
Deuteron, 194 ff. 
Diamagnetism, 207 
Dielectric constant, 114 

Diffraction: 
atomic rays, 30 
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De Broglie waves at a slit, 37 
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Dipole moment, 51 ff., 115 
Dipole radiation, 51 ff., 153 

enforced, 155 ff. 
magnetic, 54, 111, 154 ff., 158 

Dirac theory of light emission, 50 ff. 
Dirac wave mechanical theory of the 

electron, 91, 93, 112 
Discharge, electric, 3, 59 
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164 ff. 
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sel), 81 ff., 92 
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heat of, 224 ff., 234 
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Doublets, 71 ff., 74 

compound, 7S, 74, 75 
Doublet structure: 

of the alkali spectra, 71 ff., 74, 94, 
139 

of the H spectrum, 95, 138 
Dy (Dysprosium), 141, 209 
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e, elementary charge, 9 ff. 
Earths (B, Al, etc.), 81, 142, 216, 226 
Effective nuclear charge (Zeff), 58 ff., 

216 
Effective principal quantum number, 

55, 60ft'. 
Ehrenfest 11.diabatic law, 86, 114, 121, 

133 
Eigenfunctions, SS ff., SB ff., 67, 

153 ff., 171 ff. 
of the H atom, SB ff., 40 

Eigenvalues, SS, 37 ff. 
Einstein transition probability, 152 
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44, 52 
Electrill field : 

influence on the atom (Stark 
effect), 114 ff. 

transgression of selection rules in, 
'66, 118, 156 

Electric moment (dipole moment), 
51 ff., 115 

Electroluminescence, 2 ff. 
Electromagnetic waves, emission of, 

51 
Electron affinity, 216 ff. 

spectrum, 218 ff. 
table, 219 

;;Jectron BB point charge, 45 ff. 
possible states in an atom, 1t7 

Electron capture, 29 
Electron clouds, 44 ff., 52, 135, 136 ff. 
Electron collision experiments, 15, 

25,100,229 
Electron configuration: 

of the ground state, 121 ff., 128, 
198 ff. (III, 3), 226 

table, 140-141 
term type Crom, 86 ff., 128 ff. (Ill, 
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Electron diffraction, 30, 37 
Electron distribution, 94 ff., 42, 43, 

44, 52, 195, 136 ff. 
Electro-negative elements, 219 
Electron mass, 17 
Electron orbits, 15, 16 ff. , 18 ff., 44, 

46, 49, 58, 121 ff. 
Electrons in an atom, 82 ff., 120 ff., 

129 ff. 
Electron spin, 66, 98, 108, 120, 124, 

129,225 
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Electron structure of molecules, 117 
Electron volt, 9 
Electro-positive elements, 219 
Electrostatic interaction of the eleo-

trons, 67, 125 
Electrovalency, 215, 219-ff. 
Elementary chemical procesSllS, 228 ff. 

Elements: 
of atomic theory, 11 ff. 
periodic system of the, 81 ff., 128, 

188 ff. (III, 3), 219 ff. 
Elliptical orbits, 17, 18, 58, i21 
Emission electron, 59, 82 ff., 122, 127, 

141, 162 
Emission spectra, 3, 55, 152, 156 
Energy level diagrams (see alao each 

element), 23 ff. (I, 3) 
derivation of, 120 ff., 162 ff., 181 

Energy levels, 14, 56 
Enforced dipole radiation, 155 ff. 
Equivalent -electrons, 127, 190 ff. 
Er (Erbium), 141, 209 
Eu (Europium), 141, 195, 201, 209 
Even term.~, 158 ff., 177 
Exchange degeneracy, m 
Exchange of electrons, 67, 69, 123 ff., 

224 
Excitation energy, importance of, for 

elementary chemical proc­
esses, 228 ff. 

Excitation of inner electrons, 167 ff. 
Excitation potential, 15, 25 
Excited states, 15, 25, 50, 127, 228 ff. 
Exclusion of equivalent orbits (see 

alao Pauli principle), 128 

F 

J-electrons, 150 
J, Rydberg correction, 56 
F (Fluorine), 140, 145 ff., 195, 200, 

219 
F, quantum number of the total 

angular momentum with 
nuclear spin, 187 ff. 

F, selection rule for, 188 ff. 
F, term symbol, 56 
Fe (Iron), 7, 140, 179 ff., 200 
Fe group of the periodic system, 149 
Fine structure constant, 19, 27 
Fine structure of the H-lines and 

terms, 26 ff., 46, 51,.95, 118 
Fixed terms, 55 
Fluorescence, 2 ff., 27, 229 ff. 
Forbidden lines (transitions), 28, 75, 

79, 118, 154 ff. 
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!l-factor, Land<\ 106 ff., 202, 209 
for nucleUB, 186 ff., 190 ff. 

g-formula, LanM, 109, 175, 209 
g, statistical ll'eight, 151, 160 
Ga (Gallium), 140, 149, 195, 200, 220 
Gd (Gadolinium), 141, 201, 209 
Ge (Germanium), 140, 149, 175 ff., 

200 
Goudsmit-Uhlenbeck assumption of 

electron spin (au also Elec­
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Graphical representation by energy 
level diagrams, es ff. (I, 3) 

Ground state (ground term), 15, 25, 
56, lto ff., 127 ff., 204 

of the elements, 140 ff. 
table, 140-141 
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h, Planck's constant, 9, 14 
H (Hydrogen), 5, 11 ff. (I, 1), 20, 23, 

24, 26, 87 ff., 95, 136, 138, 
200, 219 

H atom: 
according to wave mechanics, 87 ff., 

95 
doublet structure (hydrogen fine 

structure), 95, 138 
electron clouds (probability density 

distribution), 42, 43, 44 
isotope effect (heavy hydrogen), 

188 
Stark effect, 117 ff. 

H eigenfunctions, SB ff., 40, 41 
H fine structure, 26 ff., 46, 51, 95, 118 
H-like ions, 20 ff., 26, 87 ff. 
H 1
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194 

H2, dissociation by excited Hg, 230 ff. 

H, molecule, 223 ff. 
Halogens, 81, 145, 218, .226 
HCI, 222 ff., 233 
He (Helium), 64, 65 ff., 75 ff.,{». 114, 

Jt3 ff., 138, 158, 195, :200, 
225,228 

according to wave mechanics, 66 ff .. 
123 ff. 

He II, to ff., 138 
He-like ions, 66 
Heat vibrations of crystal lattice, 212 
Heavy hydrogen, 183 
Heisenberg resonance, 66 ff., 128 ff., 

129, 171 
Heisenberg uncertainty principle, 

S6 ff., 47 
Reitler-London theory of homopolar 

binding, 223 ff. 
Hertz oscillator, 51 
Heteropolar valence (compounds), 

215,220 
Hf (Hafnium), 141, 195 
Hg (Mercury), 6, 75, 79, 91, 141, 155, 

195, 197, 201, 202, 229 ff. 
Ho (Holmium), 141,195,209 
Homopolar valence (compounds), 

• 215, 228 ff. 
Hund-Mulliken method for dealing 

with chemical binding, 228 
Hund rule, 135, 209 
Hydration of ions in aqueous solu-

tion, 219, 223 
Hyperbolic orbits, 22 
Hyperfine structure, 182 ff. 
Hypermultiplets, 183, 188 ff., 189 

I 

I (Iodine), 140, 195, 201, 219 
1- ion, absorption of the, 218 ff. 
I, nuclear spin quantum number, 

186 ff. 
In (Indium), 140, 195, 201, 220 
Indeterminacy principle (see Uncer-

tainty principle, Heisenberg) 
Inert gas, 81, 146, 150 ff., 215 ff., 225 
Inner electrons, 127, 167 ff., 213 
"Inner'' quantum number (see also 

J), 73 
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Intensity of spectral lines, 50 ff., 111, 
119, 152 ff. (IV, 1), 193 

Interaction (coupling): 
between J and I, 187 ff. 
between l, and s,, 17 4 ff. 
between Land S , 90 ff., 95 ff., 112, 

128ff., 173 
electrostatic, of the electrons, 67, 

125 
of j;'s, 17 4 ff. 
of l;'s, 82 ff., 128 ff., 173 
of the spins, 96, 129, 173 

Interaction energy, 178 ff. 
Interatomic fields, 118 
lntercombination lines, 65, 68 ft., 79, 

94, 125 ff., 153, 155, 159 
Interference of De Broglie waves, 

30 ff., 37 
Interval rule, Lande, 178 ff., 190 
Inversion, 154 
Inverted multiplet, 92, 135, 181 
Ion collision, activation by, 229 
Ionic compounds (ion molecules), 215, 

219 ff. 
Ionic lattice, 222 
Ionization, 22, 59, 162, 172 
Ionization potential, 15, 21, 59, 66, 

162, 181, 197 ff., 215 ff., 217 
of atoms and ions, table, 200-201 

Ions, paramagnetism of, 207 tr. 
Ir (Iridium), 141, 195 
Irregular doublets, law of, 63 
Isotope effect, 182 ff. (V, l} 
Isotopes, 182 

J 
j, quantum number, 123, 174 ff. 
j, selection rule for, 154, 175 
(j,j) coupling, 154, 174 ff. 
J, quantum number (total angular 

momentum of the electrons), 
73 ff., 77 ff., 87 ff., 98 ff., 
106, 119 

J, selection rule for, rs ff., 79, 92, 
153 ff., 175 

J values: 
for doublet terms, table, 73 
for triplet terms, table, 78 

K 

k, azimuthal quantum number, 17, 
27ff., 38 

k, selection rule, 27 ff. 
K (Potassium), 60, 62, 72, 140, 147, 

170,195,200 
K+, radial charge distribution in the 

ground state, 136 
K electrons (K shell), 121 ff., 137 
Kr (Krypton), 140, 149, 195, 200 

L 

I, azimuthal quantum number (orbit­
al angular momentum of 
an electron), SB ff ., 45 ff., 58, 
73, 82 ff., 120, 128 

l , selection rules for, 51, 58, 65, 153 
L, quantum number (resultant orbit­

al angular momentum), 73, 
82 ff., 87, 96, 112 ff. 

L, selection rule for, 73, 82, 85, 118, 
153 

L shell (L electrons), 137, 146 
L value of terms of different electron 

configurations, table, 87 
Li, L, shells, 142 
La (Lanthanum), 141, 150, 195, 201, 

209 
Lande g-factor, 106 ff., 202, 209 
Lande g-formula, 109, 175, 209 
Lande interval rule, 178 tr., 190 
Langevin curve, 206 
Laporte rule, 154, 157, 165, 175, 177 
Larmor frequency, 103, 112 
Larmor precession, 98, 103, 109, 112 
Lattice energy, 222 
Lattice vibrations, 212 
Li (Lithium), 54, 56, 57 ff., 61, 71, 

91, 122, 139 tr., 184, 195, 
200 

Li+, radial charge distribution in the 
ground state, 136 

Li++, 20 tr., 138 
Li-like ions, 60, 61, 63 
Lifetime of excited states, fit, 157, 

232 

_ j 
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Light, eJTUSS1on by an atom, JS ff., 
50ff., 152 

Light quantum, 14, 34 ff. 
Light sources, f ff. 
Limit: 

or a series of lines, 12, 22, 23, 55, 159 
of a series of terms, $2, 57, 162 ff. 

(IV, 2), 197 
Linear Stark effect, 117 ff. 
Line series (se.e also Series in line 

spectra), 4, 11 ff., 22, 25, 51, 
54 ff., 64, 69, 159, 162, 169 

Line width, 4, 114, 172 ff. 
Low temperatures, production by 

adiabatic demagnetization, 
210 ff. 

Lu (Lutecium), 141, 150, 195, 209 
Luminescence, $ ff. 
Lyman series: 

for the H atom, JS, 25, 27 ff., 95 
of hydrogen-li.ke ions, 21 

m, magnetic quantum number, 89, 
47, 50 

m, running number, 12, 55, 72, 197 
m1, magnetic quantum number, 123, 

174 
m1, magnetic quantum number, 122, 

126 ff. , 130 ff., 133 ff. 
m., magnetic quantum number, !St, 

126 ff., 130, 133 ff. 
M, magnetic quantum number, 98 ff., 

103 ff., 115 ff. 
M, selection rule for, 104 ff., 153 
M shell (M electrons), 127, 137, 

146 ff. 
M ,, quantum number, 191 ff. 
M ,, selection rule for, 192 
M,, quantum number, 191 ff. 
M,, selection rule for, 19! 
MJ = M, quantum number, 191 ff. 
ML, quantum number, 118, 117 
ML, selection rule for, 113 
Ms, quantum number, 118, 117 
Ms, selection rule for, 118 
M,, Mt, M, shells, 147 

tJ, magnetic moment (see Magnetic 
moment) 

lJJ, magnetic moment in the direction 
or J,. 109 ff., 202, 209 

lJL, magnetic moment of L, 109 ff. 
tfs, magnetic moment of S, 109 ff. 
Ma (Masuriurn), 140 
Magnetic dipole radiation, 54, 111, 

154 ff., 158 
Magnetic field, splitting of spectral 

lines (Zeeman effect), 96, 
97ff. 

Magnetic moment: 
of a 1P111 state, 111 
of the electron, 95 ff., 108 
of the extranuclear electrons of au 

atom, 83, 96 ff., 109 ff., 
202 ff. (VI, 2) 

of the nucleus, 185 ff., 191, 194 
Magnetic susceptibility, 200 ff. (VI, 2) 
Magnetization P, 205 ff . 
Magneto-caloric effect, /210 ff. 
Magnet.on: 

Bohr, 108,108,186,202 
nuclear, 186 

Magnitude of angular momentum 
vectors, according to quan­
tum mechanics, 101 ff. 

Mas!l: 
of the electron, 17 
of the proton (H nucleW!), 17 

Matrix, 5S 
Matrix element, 53, 105, 125 ff. 
Matter waves, !!9 ff., 36 ff. 
Maximum number of electrons in a 

shell, 1!7 
Metastable state, 65, 138, 157 ff., 232 
Mg (Magnesium), 6, 64, 69, 140, 147, 

165, 195, 200 
Mixing of eigenfunctions, 67 ff., 171 ff. 
Mn (Manganese), 140, 195, 200 
Mo (Molybdenum), 140, 195, 201 
Molecular spectra (band spectra), 4, 7 
Molecule formation, theory of, 114, 

£16 ff. 
Moment: 

electric, 51 ff., 115 
magnetic (see Magnetic moment) 
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Momentum, 47 ff. 
probability distribution of, 48 

Monopole, 53 
Moseley lines (Moseley diagram), 8t, 

63 
Multiplet analysis, example of, 179 ff. 
Multiplets: 

higher, 79 ff., 177 ff. 
intensities in, 161 ff. 
inverted, 92, 135 
normal (regular), 92, 135 

Multiplet splitting, magnitude of, 91, 
95 ff., 126, 129 

Multiplet structure of line spectra, 
71 ff. 

Multiplicity, 79 ff., 89 ff., 94 ff., 225 ff. 
and valence, t25 ff. 
law of alternation of, 81 ff., 94 ff., 

227 

N 

n, principal quantum number, 16, 18, 
41, 51, 58, 120 

n, selection rule for, 51 
n*, effective principal quantum num-

ber, 55, 60 ff. 
n., radial quantum number, 17 
n., (aee k) 
N (Nitrogen), 140, 144 ff., 153, 162, 

195,200 
NII, 157 ff. 
NV, 61 
N group in the periodic system, 81, 

226 
N (Avogadro number), 9 ff. 
Na (Sodium), 5, 23, 54 ff., 60, 62, 71, 

74, 140, 146 ff., 194, 200 
Na+, radial charge distribution in the 

ground state, 136 
NaCl, example of an ionic compound, 

tte 
Nd (Neodymium), 141, 209 
Ne (Neon), 140, 146, 184, 195, 200 
Ne III, IV, V, 158 
Nebulae, cosmic, 157 ff. 
Nebulium lines, 157 ff. 
Negative terms, 184, 172 
Ni (Nickel), 140, 149, 203, 210 

Nodal surfaces of ,J,, 41, 45,-154 
Non-Coulomb field, centrally sym-

metric, 58, 120 
Non-equivalent electrons, 1t9 ff., 1St 
Normalization of ,J,, 35, 137 
Normal multiplet, 92, 135 
Normal state (ground state), 15, 25, 

56, 120 ff., 127 ff., 140 ff., 
204 

table, 140-141 
Normal Zeeman effect, 97, 103 ff. 
Nuclear angular momentum (8ee alao 

Nuclear spin), 156, 182, 
185 ff. (V, 2) 

Nuclear charge, effective (Zerr), 58 ff., 
216 

shielding of, 62, 216 ff. 
Nuclear g-factor, 186. ff., 190 ff. 
Nuclear magneton, 186 
Nuclear masa, effect on hyperfine 

structure (isotope effect), 
182 ff. (V, 1) 

Nuclear radius, influence on hyper­
fine structure, 185 

Nuclear spin, 156, 182, 185 ff. (V, 2) 
determination of, 190 ff., 193 ff. 
influence on statistical weight, 119, 

193 
table of observed values, 195 

Nuclear structure, theory of, 194 ff. 

0 

0 (Oxygen), 140, 145, 153, 16£, 
163 ff., 195, 200, 219, 232 ff. 

0 II, III, 157, 158 
0 VI, 60, 61 
0 group in the periodic system, 81, 

219,226 
Odd terms, 15S ff., 177 
One-electron problem, 15 ff., 32 ff., 

117 
Orbital angular momentum, 17 ff., 

47 ff., 58, 8t ff., 153 
Orbits of the electrons, 15, 16 ff., 

18 ff., 44, 46, 49, 58, 121 ff. 
Order number, 12, 55, 72 
Order of a spark spectrum, 59 

_ __J 
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Ordinal number Z (11tomic number), 13 
Orthohelium, 64 ff., 75, 125, 138 
Ortho system of the alkaline earths, 

70, 75 
Os (Osmium), 141, 201 
Overtones, 32 ff. 

p 

p-electrons, 86, 126, 129 ff. 
p, Rydberg correction, 55 
P (Phosphorus), 140, 147, 195, 200 
P, magnetization, 205 ff. 
P terms, !i6 ff., 64, 72 ff. 
r-components, 104 ff. 
,J, function, 82 ff. 

nodal surfaces, 41, 45, 154 
normalization of, 85, 137 
physical interpretation, 84 ff., 4f ff. 

Pa (Protoactinium), 141, 195 
Paramagnetic saturation, 206 ff. 
Paramagnetism, eo4 ff. 

of ions, S07 ff. 
Para system of the alkaline earths, 

69, 75 
Parhelium, or parahelium, 64 ff., 75, 

125, 138 
Paschen-Back effect, 112 ff., 122, 133, 

154 
analogue in electric field, 117 
of hyperfine structure, 192 ff. 

Paschen series of the H atom, 12, 24 
Pauli principle (Pauli exclusion prin­

ciple), zea ff. (III, 1), 1S0ff., 
138, 142, 145, 151, 218, 220, 
224 

Pb (Lead), 141, 175 ff. , 185, 195, 201 
Pd (Palladium), 140, 150, 201 
Pd group in the periodic system of the 

elements, 150 
Penetrating orbits, 58 
Periodicity of chemical and spectro­

scopic properties of the ele­
ments, 122, 128, 147,218 ff., 
220 

Periodic system of the elements, 81 ff., 
128, 188 ff. (III, 3), 213 ff. 

Perturbation of term series, 170 ff. 

Pfund series of the H atom, 12, 24 
Phosphorescence, 3 
Photochemical reactions, examples of, 

282 ff. 
Photo effect, es 
Photoluminescence, 3 
Physical interpretation: 

of the ,J, function, 84 ff., 4f ff. 
of the quantum numbers, 82 ff. 

(II, 2) 
Planck's constant (h), 9, 14 
Po (Polonium), 141 
Polarization: 

of an atom in an electric field, 115 
of spectral lines, 51, 104 ff. 

Polyads of terms, 164 
Possible states of an electron in an 

atom, 126 ff. 
Pr (Praseodymium), 141, 195, 209 
Pr II, hyperfine structure, 183, 189 
Precession: 

in a magnetic field, 98, 112 ff., 204 
of J and/ about F, 187, 188, 191 ff. 
of S and L about J, 84, 90 ff., 96, 

109, 112, 188 
of the l, about L, 84 ff. 
of the magnetic moment, 109, 111, 

191 ff., 204 
velocity of, 84, 98, 112, 192 

Pre-ionization (auto-ionization), 167, 
171 ff. 

Principal quantum number n, 16, 18, 
41, 51, 58, 120 

effective n•, 55, 60 ff. 
true, 59, 61 ff. 

Principal series, 54 ff., 64, 72, 77, 162 
Probability density distribution, 84 ff., 

4f, 43, 44, 52, 185, 136 ff. 
Probability distribution of the mo­

mentum (velocity) in an H 
atom, 47, 48 ff. 

Production of extremely low tempera­
tures, 210 ff. 

Prohibition of combinations: 
of a symmetric and an antisym­

metric state, 68 ff. 
of terms of the same electron con­

figuration, 154 
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Prohibition of intercomhinations (in­
tercombination lines), 65, 
68 ff., 79, 94, 125 ff., 153, 
155, 159 

for cc>lliRion processeii, 281 ff. 
Proton, spin nnd mngnetic momPnt, 
Proton mass, 17 ISO, 194 ff. 
Pt (Platinum), 141, 150, 195, 201 
Pt group in the periodic ijystcm, 150 

Q 

Quadrupole, 53 ff. 
Quadrupole moment of nucleus, 196 
Quadrupole radiation, li4, 154 ff., 159 
Quantum conditions, 14, 16 ff., 29 
Quantum jump, 14, 85, 153 

radiationless, 172 ff. 
Quantum me<'hanirs (wave mechan­

ics), 28 ff. (I, 4), 104 ff., 110, 
123 ff., 153 ff., 215, 223 ff. 

Quantum numbers (see also the indi­
vidual quantum numbers), 
16 ff., 88 ff., 41 ff. 

of a single electron in an atom, 122, 
126 ff. 

physical interpretation of, 82 ff, 
(II, 2) 

QuantOm states, 14 ff., 32, 38, 52 
Quartets, 79, 80, 90 ff., 95, 178 
Quenching of fluor~cence, 230 ff. 
Quintets, 79, 91, 95, 180 ff. 

R 

Ra (Radium), 141, 201 

. 
Radial quantum number (n,), 17 
Radiation from an atom, according 

to wave mechanics, 52 ff. 
Radiationless quantum jump, 172 ff. 
Rare earths, 82, 150, 208 ff. 
Rb (Rubidium), 60, 62, 140, 150, 195, 

201 
Re (Rhenium), 141, 195 
Recombination of ion and electron, 23 
Reduced mass, 16 
Reflection at the origin, 154 
Regular multiplets, 92, 135 
Relativity theory, influence on the H 

spectrum, 19, fr!, 38, ·us 

ReRonance degeneracy, 67 
Resonance fluorescence (radiation), fr! 
Resonance lines of an atom, 27, 139 
Resonance process, 66 ff., 171 ff. 
Resultant orbital angular momentum 

L, 73, 82 ff., 87, 96, 112 ff. 
Resultant spin S of the extranuclear 

electrons, 88, .92 ff., 108 ff., 
125, 128 ff., 225 

Rh (Rhodium), 140, 201 
Rn (Radon), 141, 150, 201 
Rosette motion, 19 
Ru (Ruthenium), 140 
Runge rule, 106 
Running number (111), 12, 55, 72, 197 
Running term, 55 
Russel-Saunders coupling, 128 If., 153, 

155, 161, 169, 173 ff., 204 
Rutherford-Bohr model of the atom, 

18 
Rydberg constant, 11, 20 ff., 55 ff., 

183 
Rydberg correction, 55, 58, 64 
Rydberg-Ritz combination principle, 

18, 27 
Rydberg series (see also Series in line 

spectra), 55 ff., 177, 181, 197 

s 
a-electrons, 88 ff., 127, 130, 138 
~, Rydberg correction, 56 
S (Sulphur), 140, 147, 195, 200, 219 
S II, III, 158 
S, quantum number (resultant spin 

of the extra.nuclear elec­
trons), 88, 92 ff., 108 ff., 125, 
128 ff., 225 

S, selection rules for, 94, 125 ff., 153, 
155 

S terms, 58 ff., 62 ff., 64 ff., 72 ff., 
77 ff., 89 

er-component, 104 ff. 
Saturation: 

of valence, 223, 227 
paramagnetic, 20u ff. 

Sb (Antimony), 140, 195, 201 
Sc (Scandium), 140, 149, 150, 195, 

200,209 
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Schrodinger equation, 33 ff., 37, 66 
Screening doublets, law of, 63 
Se {Selenium), 140, 149, 195, 200 
Selection rules: 

for U, j ) coupling, 154, 175 
for perturbations, 171 
for radiationless transitions, 173 
general, 27 ff., 50 ff., 153 ff. 
special (see each quantum number) 

Sensitized fluorescence, 230 
Separation energy of the electron, 15 
Series formulae, 55 ff. 
Series in line spectra, 4, 11 ff., 22, 25, 

51, 54 ff., 64, 69, 159, 16£, 
169 

by excitation of an inner electron, 
167 ff. 

by excitation of one outer electron, 
58 ff., 64 ff., 69 ff., J{j/d ff., 
167 ff. 

by excitation of two electrons, 
164 ff. 

Series limits, 12, ee, 23, 55 ff., 159, 
16£ ff. {IV, 2), 198 

Sextets, 81, 91, 95, 145 
Sharp series, 55 ff., 64, 72, 77 ff. 
Shells: 

closed, 1£7, 131, 135, 139, 146, 
150 ff., 169, £16 ff., 220 

of the extranuclear electrons of an 
atom, 127, 135 ff., 151 

Shielding of nuclear charge, 62, 216 ff. 
Si {Silicon), 140, 147, 175 ff., 200 
Singlets, 75 ff., 80 ff., 90 ff., 95~ 104, 

125 
Slater-Pauling quantum mechanical 

treatment of valence, 2£7 ff. 
Sm (Samarium), 141, 195, l!Ol, 209 
"Smearing out" of the electrons (see 

also Electron clouds), 44 
Sn (Tin), 140, 175 ff., 195, 201 
Solar corona, lines in, 158 
Solutions: 

dissociation into ions, 222 ff. 
hydration of ions in, 219, 223 
light absorption by, £18 ff. 

Sommerfeld fine structure constant, 
1,9, 27 

Sommerfeld fine structure formula, 
19, 27, 91 

Sommerfeld " inner" quantum num­
ber (see also J), 73 

Sommerfeld-Kosse! displacement law, 
81 ff., 92 

Sp&<'e degeneracy, 47, 50, 100 
Space quantization, 50, 96 fl'., 112 ff., 

191 ff. 
Spark spectra, 59, 81 
Spectra, examples of (see also indi­

vidual elements), 5, 6, 7, 23, 
74, 76, 97, 183 

Spectral ar.alysis, 4 ff. 
Spectrograms (see Spectra) 
Spin: 

conservation of, in collision proc­
esses, £31 ff. 

of the electron, 66, 93, 108, 120, 
124, 129, 225 

resultant, of the extranuclear elec-
trons (see S) 

Spin eigenfunction, 1£4 ff., 224 
Spin interaction, 96, 1£9 
Splitting of spectral lines and terms: 

in a magnetic field {Zeeman effect), 
96 ff. (III, 3), 191 ff. 

in an electric field (Stark effect), 
114, 115 ff. 

in hypermultiplets {hyperfine struc­
ture), 182 ff. 

in multiplets, 71 ff. 
Sr (Strontium), 14-0, 150, 195, 201 
Stark effect, 114, 115 ff. 

linear (H atom and H-like ions), 
117 ff. 

Stationary states (quantum states), 
17, 31 ff., 52, 68 

Stationary vibrations, 67, 224 
Statistical weight, 118 ff ., 125, 152, 

159 ff., 193 
Stem-Gerlach experiment, 100, 101, 

1.93 ff., 204 
String, vibrating, 32 ff. 
Subordinate series (see Diffuse series; 

Sharp series) 
Suro rule, 161 
Supermultiplet, 164 
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Susceptibility, magnetic, 202 ff. (VI, 
2) 

Symbols: 
for electron configurations, 86, 

126 ff. 
for terms, 56, 7.9 ff., 126 ff., 139 

Symmetric eip;enfunctions, or states, 
67 ff., 123 ff., 224 ff. 

T 

T, term, 13 ff., 55 ff. 
Ta (Tantalum), 141, 195 
Tables (see list, p. xiv) 
Tb (Terbium), 141, 195, 209 
Te (Tellurium), 140, 195, 201 
Temperature excitation of spectral 

lines (thermal radiation), 
2 ff., 159 ff. 

Term perturbations, 170 ff. 
Terms, 13, 55, 79 ff., 120 

anomalous, 141, 164 ff. 
even and odd, selection rule, 154 
negative, 164, 172 
number of, 86, 121, 170 
odd and even, selection rule, 154 
of equivalent electrons, 180 ff. 

tables, 132, 134 
of non-equivalent electrons, 127, 

130 ff. 
table, 132 

of the same electron configuration 
(relative energies), 135 

representation of spectral lines by, 
12 ff., 55 ff. 

Term series, 13, 56 ff., 64, 71, 162 ff. 
for several outer electrons, 161: ff. 

Term splitting in a magnetic field 
(Zeeman effect), 96 ff. (II, 
3), 97, 156, 159, 184 ff., 
191 ff. 

Term symbols, 56, 79 ff., 126 ff., 139 
Term systems (see Singlets; Doublets; 

etc.) 
Term types: 

from electron configuration, 86 ff., 
128 ff. (III, 2) 

Term t~·pcs (Conlittued): 
of the grow1d states of the elements 

in the periodic system, 
JJ8 ff. (III, 3), 140, 141 

Th (Thorium), 141, 201 
Thermal equilibrium, 159 ff. 
Ti (Titanium), 140, 200 
Tl (Thallium), 141, 195, 201, 220, 

229 ff. 
Tm (Thulium), 141, 195, 209 
Total angular momentum F, in­

cluding nuclear spin, 187 ff. 
Total angular momentum J of the 

extranuclear electrons, 87 ff., 
98 ff., 106 ff., 153 

Total eigenfunction, 123 ff. , 154 
Total spin S of the extranuclear 

electrons, 88, 92 ff., 109 ff., 
128 ff., 225 

Transition moment, 52 ff., 105 
Transition probability, 50 ff., 68 ff., 

105,152 
for radiationless transitions, 172 ff. 

Transitions, forbidden, 28, 75, 79, 
118, 154ff. 

Triad of terms, 164 
Triplets, 75, 76 ff., 90 ff., 95, 125 

anomalous, 76, 164, 165 ff. 
compound, 78 ff. 

True principal quantum number, 59, 
61 ff. 

Two-electron problem, 66 ff. 

u 
U (Uranium), 141 
Uncertainty principle, Heisenberg, 

36ff., 47 
Uncoupling: 

of J and I in a magnetic field, 192 
of l, ands,, 122 
of L and S by a magnetic field 

(Paschen-Back effect), 112 ff. 
of L and S by an electric field, 

117 
Units, 8 ff. 
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V 

V (Vanadium), 140, 195, 200 
Valence, 214 ff., 220, S28ff. 

types of, 215 
Vector diagram allowing for nuclear 

spin, 187 ff. 
Velocity distribution in an atom 

(wave merhanical), 47, 48 
Vibrating string, 82 ff. 
Vibrations, coupled, 67 

w 
W tTungsten), 141, 193 
W11.ve equation, Schrodinger, J;3 ff. , 

37,66 
Wave function ,J,, :u ff. 
Wave length of De Broglie waves, i9 
Wav.i mechanics (quantum mechan-

ics), 28 ff. (I, 4) , 104 ff., 
110, 123 ff., 153 ff., 215, 
223 ff. 

Wave number, 8 ff., 14 

X 

X (Xenon), 140, 150, 195, 201 
X-ray spectra, 1, 169 ff., JiJ 
X-ray terms (see X-ray spectra) 

y 

Yb (Ytterbium), 141, 209 
Yield, in collision prO<'c,;scl<, 2Jl If. 
Yt (Yttrium), 140, 150, 19j, 201 

z 
Z, atomic number (nuclear charge), 

13 
Zerr, effective nuclear charge, 58 If., 

216 
Zeeman effect, 96 ff. (II, 3), 97, 156, 

159, 184 ff., 191 ff. 
anomalous, 93, 97, LOG ff. 
normal, 97, JOJ, 104 
of hyperfine strU<·ture, 1!)1 IT. 

Zn (Zinc), 140, 149, 184, 195, 200 
Zn l b, 168 ff. 
Zr (Zirconium), 140, 201 
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sections on elasticity, compression theory, potential theory, theory of sound, heat conduc­
tion, wave propagation, vibration theory. Contents include: deduction of differential equa­
tions, vibrations, normal funct ions, Fourier's series. Cauchy's method, boundary problems, 
method of Riemann-Volterra, spher ical, cylindrical, ellipsoidal harmonics, applications, etc. 
97 figures. vi i + 440pp. 5¾ x 8. S263 Paperbound $2.00 

ORDINARY DIFFERENTIAL EQUATIONS, E. L. Ince. A most compendious analysis In real and 
complex domains. Existence and nature of sol utions, cont inuous transformation groups, 
solutions in an infinite form, defini te integrals, algebraic theory. Sturmian theory, boundary 
problems, existence theorems, 1st order, higher order, etc. "Deserves highest praise, a 
notable addition to mathemat ical literature," Bulletin, Amer. Math. Soc. Historical appendix. 
18 figures. viii + 558pp. 5¾ x 8. S349 Paperbound $2.55 

ASYMPTOTIC EXPANSIONS, A. Erdi!lyi. Only modern work available in English; unabridged 
reproduction of monograph prepared for Office of Naval Research. Discusses various proce­
dures for asymptotic evaluation of integrals containing a large parameter; solutions of 
ordinary linear differential equations. vi + 108pp. 5¾ x 8. S318 Paperbound $1.35 

LECTURES ON CAUCHY'S PROBLEM, J. Hadamard. Based on lectures given at Columbia, Rome, 
discusses work of Riemann, Kirchhoff, Volterra, and author 's own research on hyperbol ic 
case in linear partial differential equations. Extends spherical cylindrical waves to apply 
to all (normal) hyperbolir. equations. Partial contents: Cauchy's problem, fundamental for­
mula, equations with odd number, with even number of independent variables; method of 
descent. 32 figures. Iii + 316pp. 5¾ x 8. S105 Paperbound $1.75 



CATALOGUE OF 

NUMBER THEORY 

INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson. Thorough, comprehensive, wifn 
adequate coverage of classical literature. Nol beyond beginners. !:hapters on divisibility, 
congruences, quadratic residues and reciprocity, Diophantine equations, etc. Full treatment 
of binary quadratic forms without usual restriction to integral coefficients. Covers infinitude 
of primes, Fermat's theorem, Legendre's symbol, automorphs, Recent theorems of Thue, 
Siegal, much more. Much material not readily available elsewhere. 239 problems. 1 figure. 
viii + 183pp. 5¾ x 8. S342 Paperbound $1.65 

ELEMENTS OF NUMBER THEORY, I. M. Vinogradov. Detailed lSt course for persons wi thout 
advanced mathematics; 95% of this book can be understood by readers who have gone 
no farther than high school algebra. Partial contents, divisibility theory, important number 
theoretical functions, congruences, primitive roots and indices, etc. Solutions to problems, 
exercises. Tables of primes, Indices, etc. Covers almost every essential formula in ele­
mentary number theory! "Welcome addi tion ... reads smoothly," Bull. of the Amer. Math. 
Soc. 233 problems. 104 exercises. vi ii + 227pp. 51/e x 8. S259 Paperbound $1 .60 

PROBABILITY THEORY AND INFORMATION THEORY 

SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESSES, edited by Prof. Nelson Wax, U. of 
Illinois. 6 basic papers for those whose work involves noise characteristics. Chandrasekhar, 
Uhlenback and Ornstein, Uhlenbeck and Ming, Rice, Doob. Included is Kac's Chauvenet­
Prize winning " Random Walk." Extensive bibliography lists 2D0 articles, through 1953. 21 
figures. 337pp. 61/e x 9¼. S262 Paperbound $2.35 

A PHllOSDPHICAl ESSAY ON PROBABILITIES, Marquis de Laplace. This famous essay explains 
without recourse to mathematics the principle of probability, and the application of prob­
abiilty to games of chance, natural philosophy, astronomy, many other fields. Translated 
from 6th French edition by F. W. Truscott, F. L. Emory. Intro. by E. T. Bell. 204pp. 5¾ x 8. 

Sl66 Paperbound $1.25 

MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A. I. Khinchin. For mathematicians, 
statisticians, physicists, cyberneticists, communications engineers, a complete, exact intro­
duction to relatively new field. Entropy as a measure of a finite scheme, applications to 
coding theory, study of sources, channels and codes, detailed proofs of both Shannon 
theorems for any ergodic source and any stationary channel with finite memory, much more. 
"Presents for the first lime rigorous proofs of certain fundamental theorems ... quite 
complete ... amazing expository ability," American Math. Monthly. vii + 120pp. 53~ x 8. 

S434 Paperbound $1.35 

VECTOR AND TENSOR ANALYSIS AND MATRIX THEORY 

VECTOR AND TENSOR ANALYSIS, G. E. Hay. One of clearest introductions to increasingly 
important subject. Start wi th simple definitions, fin i sh with sure mastery of oriented 
Cartesian vectors, Christoffel symbols, solenoidal tensors. Complete breakdown of plane, 
solid, analytical, differential geometry. Separate chapters on application. All fundamental 
formulae listed, demonstra ted. 195 problems. 66 figures. viii + 19Jpp, 5¾ x 8. · 

Sl09 Paperbound $1.75 

APPLICATIONS OF TENSOR ANALYS IS, A. J. McConnell. Excellent text for applying tensor 
methods to such familiar subjects as dynamics, electricity, elasticity, hydrodynamics. Ex­
plains fundamental Ideas and notation of tensor theory, geometrical treatment of tensor 
algebra, theory of differentiation of tensors, and a wealth of practical material. "The 
variety of fields treated and the presence of extremely numerous examples make this 
volume worth much more than Its low price," Alluminlo. Formerly tilled "Applications of the 
Absolute Differential Calculus." 43 illustrations. 685 problems. xii + 38lpp. 

S373 Paperbound $1.85 

VECTOR AND TENSOR ANALYSIS, A. P. Wills. Covers entire field, from dyads to non-Euclidean 
manifolds (especially detailed), absolute differentiation, the Riemann-Christoffel and Ricci­
Einstein tensors, calculation of Gaussian curvature of a surface. Illustrations from electrical 
engineering, relativity theory, astro-physics, quantum mechanics. Presupposes only working 
knowledge of calculus. Intended for physicists, engineers, mathematicians. 44 diagrams. 
114 problems. xxxii + 285pp. 5¾ x 8, S454 Paperbound ~t.75 
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DOVER SCIENCE BOOKS 

PHYSICS, ENGINEERING 
MECHANICS, DYNAMICS, THERMODYNAMICS, ELASTICITY 

MATHEMATICAL ANALYSIS OF ELECTRICAL ANO OPTICAL WAVE-MOTION, H. Bateman. By one 
of century's most distinguished mathematical physicists, a practical introduction to develop­
ments of Maxwell's electromagnetic theory which directly concern the solution of partial 
differential equation of wave motion. Methods of solving wave-equation, polar-cylindrical 
coordinates, diffraction, transformation of coordinates, homogeneous solutions, electromag­
netic fields with moving singularities, etc. 168pp. 5¾ x 8. Sl4 Paperbound $1.60 

THERMODYNAMICS, Enrico Fermi. Unabridged reproduction of 1937 edition. Remarkable for 
clarity, organization; requires no knowledge of advanced math beyond calculus, only familiar­
ity with fundamentals of thermometry, calorimetry. Partial Contents, Thermodynamic sys­
tems, 1st and 2nd laws, potentials; Entropy, phase rule; Reversible electri c cells; Gaseous 
reactions, Van't Hoff reaction box, principle of LeChatelier; Thermodynamics of dilute 
sol utions: osmoti c, vapor pressures; boi ling, freezing point; Entropy constant. 25 problems. 
24 illustrations. x + 160pp. 5¾ x 8. S361 Paperbound $1.75 

FOUNDATIONS OF POTENTIAL THEORY, 0. 0 . Kellogg. Based on courses given at Harvard, 
suitable for both advanced and beginning mathematicians, Proofs r igorous, much material 
here not generally available elsewhere. Partial contents: gravity, fie lds of force, divergence 
theorem, properties of Newtonian potentials at points of free space, potentials as solutions 
of LaPlace's equation, harmonic functions, electrostatics, electric images, logarithmic po­
tential, etc. ix + 384pp. 5¾ x 8. Sl44 Paperbound $1.98 

DIALOGUES CONCERNING TWO NEW SCIENCES, Galileo Galilei, Classic of experimental science, 
mechanics, engineering, as enjoyable as it i s important. Characterized by author as "superior 
to everything else of mine." Offers a lively exposition of dynamics, elasticity, sound, ballistics, 
strength of materials, scientifi c method. Translated by H. Grew, A. de Salvio. 126 diagrams. 
xxi + 288pp. 5¾ x 8. S99 Paperbound $1.65 

THEORETICAL MECHANICS; AN INTRODUCTION TO MATHEMATICAL PHYSICS, J. s. Ames, F. D. 
Murnaghan. A mathematically r igorous development for advanced students, with constant 
practical applications. Used in hundreds of advanced courses. Unusually thorough coverage 
of gyroscopic baryscopic material, detailed analyses of Corilis acceleration, appllcalions of 
Lagrange's equations, motion of double pendulum, Hamilton-Jacobi partial differential equa­
tions, group veloci ty, dispersion, etc. Special relativity included. 159 problems. 44 figures. 
ix + 462pp, ~¾ x 8. S461 Paperbound $2.00 

STATICS AND THE DYNAMICS OF A PARTICLE, W. D. MacMillan. This is Part One of "Theorel· 
ical Mechanics." For over 3 decades a self-contained, extremely comprehensive advanced 
undergraduate text in mathematical physics, physics, astronomy, deeper foundations of 
engineering. Early sections require only a knowledge of geometry; later, a working knowledge 
of calculus. Hundreds of basic problems including projectiles lo moon, harmonic motion, 
ballistics, transmission of power, stress and strain, elasticity, astronomical problems. 340 
practice problems, many fully worked out examples. 200 figures. xvii + 430pp, 5¾ x 8. 

S467 Paperbound $2.00 

THE THEORY OF THE POTENTIAL, W. D. MacMillan. This is Part Two of "Theoretical Mechan­
ics." Comprehensive, well-balanced presentation, serving both as introduction and reference 
with regard to specific problems, for physlcisls and mathematicians. Assumes no prior 
knowledge of integral relations, all math Is developed as needed. Includes, Atlraction of 
Finite Bodies; Newtonian Potential Function; Vector Fields, Green and Gauss Theorems; 
Two-la)'er Surfaces; Spherical Harmonics; etc. ''The great number of particular cases .•. 
should make the book valuable to geo-physicists and others actively engaged in practical 
appli cations of the potential theory," Review of Scientific Instruments. xii + 469pp. 5¾ x 8. 

S486 Paperbound $2.25 

DYNAMICS OF A SYSTEM OF RIGID BOD IES (Advanced Section), E. J. Routh. Revised 6th edi· 
lion of a classic reference aid. Partial contents, moving axes, relative motion, oscillat ions 
about equi librium, motion. Motion of a body under no forces, any forces. Nature of motion 
given by linear equations and condi tions of stability. Free, forced vibrations, constants of 
integration, calculus of finite differences, variations, procession and mutation, mot ion of 
the moon, motion of string, chain, membranes. 64 figures. 498pp. 5¾ x 8. 

S229 Paperbound $2.35 

THE DYNAMICS OF PARTICLES AND OF RIGID , ELASTIC, AND FLUID BODIES: BEING LECTURES 
DN MATHEMATICAL PHYSICS, A. G. Webster. Reissuing of classic fills need for comprehensive 
work on dynamics. Covers wide range in unusually greal depth, applying ordinary, partial 
differential equations. Partial contents: laws of motion, methods applicable to systems of 
all sorts; oscillation, resonance, cyclic systems; dynamics of rigid bodies; potential theory; 
stress and strain; gyrostatics; wave, vortex motion; kinematics of a point; Lagrange's equa­
tions; Hamilton's principle; vectors; deformable bodies; much more not easily found to­
gether in one volume. Unabridged reprint ing of 2nd edition. 20 pages on differential 
equations, higher analysis. 203 illustrations. xi + 588pp. 53/e x 8. S522 Paperbound $2.35 

3 



CATALOGUE OF 

PRINCIPLES OF MECHANICS, Heinrich Hertz. A classic of great interest in logic of science. 
Last work by great 19th century physicist, created new system of mechanics based upon 
space, time, mass; returns to axiomatic analysis, understanding of formal, structural 
aspects of science, taking into account logic, observation, a priori elements. Of great 
historical importance to Poincar~. Carnap, Einstein, Milne. 20 page introduction by R. S. 
Cohen, Wesleyan U., analyzes impl ications of Hertz"s thought and logic of science. 13 page 
introduction by Helmholtz. xiii + 274pp. 5¼ x 8. S3!6 Clothbound $3.50 

S317 Paperbound $1.75 

MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A. I. Khinchin. A thoroughly 
up-to-dale introduction, offering a precise and mathematically rigorous formulation of the 
problems of statistical mechanics. Provides analytical tools to replace many commonly 
used cumbersome concepts and devices. Partial contents: Geometry, kinematics of phase 
space; ergodic problem; theory of probability; central limit theorem; ideal monatomic gas; 
foundation of thermodynamics; dispersion, distribution of sum functions; etc. " Excellent 
Introduction ... clear, concise, rigorous," Quarterly of Applied Mathematics. viii + 179pp. 
5;1, x 8. S!46 Clothbound $2.95 

S147 Paperbound $1.35 

MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. f. Deimel, Prof. of Me· 
chanical Engineering, Stevens Inst. of Tech. El ementary, general treatment of dynamics of 
rotation, wi th special application of gyroscopic phenomena. No knowledge of vectors 
needed. Velocity of a moving curve, acceleration to a point, general equations of motion, 
gyroscopic horizon, free gyro, motion of discs, the damped gyro, 103 similar t opics. Exer­
cises. 75 figures. 208pp. 5¾ x 8. S66 Paperbound $1 .65 

MECHANICS VIA THE CALCULUS, P. w. Norris, w. s. Legge. Wide coverage, from l inear motion 
to vector analysis; equations determining motion, linear methods, compounding of simple 
harmonic motions, Newton's laws of motion, Hooke"s law, the simple pendulum, motion of 
a particle in I plane, centers of gravity, virtual work, fric tion, kinetic energy of rotating 
bodies, equilibrium of strings, hydrostatics, sheering stresses, elasticity, etc. Many worked· 
out examples. 550 problems. 3rd revised edition. xii + 367pp. S207 Clothbound $3.95 

A TREATISE ON THE MATHEMATICAL THEORY Of ELASTICITY, A. E. H. Love. An indispensable 
reference work for engineers, mathematicians, physicists, the most complete, authoritative 
treatment of classical elasticity in one volume. Proceeds from elementary notions of exten· 
sion to types of strain, cubical dilatation, general theory of strains. Covers relation between 
mathematical theory of elasticity and technical mechanics; equil ibrium of isotropic elastic 
solids and aelotropic solid bodies; nature of force transmission, Volterra's theory of 
dislocations; theory of elastic spheres in relation to tidal , rotational, gravitational effects 
on earth; general theory of bending; deformation of curved plates; buckling effects; much 
more. "The standard treatise on elasticity," American Math. Monthly. 4th revised edi tion. 
76 figures. xviii + 643pp. 61/s x 9¼. S174 Paperbound $2.95 

NUCLEAR PHYSICS, QUANTUM THEORY, RELATIVITY 

MESON PHYSICS, R. E. Marshak. Presents basic theory, and results of experiments wi th em­
phasis on theoretical significance. Phenomena Involving mesons as virtual transitions 
avoided, eliminating some of least satisfactory predictions of meson theory. Includes pro­
duction study of .,,. mesons at nonrelativistlc nucleon energies contracts between .,,. and u 
niesons, phenomena associated with nuclear interact ion of ,,,. mesons, etc. Presents early 
evidence for new classes of particles, indicates theoretical difficulties created by discovery 
of heavy mesons and hyperons. viii + 378pp. 5¼ x 8. S500 Paperbound $1 .95 

THE FUNDAMENTAL PRINCIPLES OF QUANTUM MECHANICS, WITH ELEMENTARY APPLICATIONS, 
E. C. Kemble. Inductive presentation, for graduate student, speciali sts in other branches of 
physics. Apparatus necessary beyond differential equations and advanced calculus developed 
as needed. Though general exposition of principles, hundreds of individual problems fully 
treated. "Excellent book ••. of great value to every student ..• rigorous and detailed 
mathematical discussion . .. has succeeded In keeping his presentation clear and under­
standable," Or. Linus Pauling, J. of American Chemical Society. Appendices: calculus of 
variations, math. notes, etc. 61lpp. 5¼ x 8¼. T472 Paperbound $2.95 

WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin. General method, application to 
di fferent problems: pure physics-scattering of X-rays in crystals, thermal vibration in 
crystal lattices, electronic motion in metals; problems in electrical engineering. Partial 
contents: elastic waves along l·dimensional lattices of point masses. Propagation of waves 
along l·dimensional lattices. Energy flow. 2, 3 dimensional lattices. Mathieu's equation. 
Matrices and propagation of waves along an electric l ine. Continuous electric l ines. 131 
illustrations. xii + 253pp. 5¾ x 8. S34 Paperbound $1.85 
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THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 
HEAT, H. Lorentz. Lectures delivered at Columbia Univ., by Nobel laureate. Unabridged, form 
historical coverage of theory of free electrons, motion, absorption of heat, Zeeman effect, 
optical phenomena In moving bodies, etc. 109 pages notes explain more advanced sec­
tions. 9 figures. 352pp. 5¾ x 8. SI 73 Paperbound $1 .85 

SELECTED PAPERS ON QUANTUM ELECTRODYNAMICS, edited by J. Schwinger. Facsimiles of 
papers which establ ished quantum electrodynamics; beginning to present position as part 
of larger theory. First book publication in any language of collected papers of Bethe, Bloch, 
Dirac, Dyson, Fermi, Feynman, Heisenberg, Kusch, Lamb, Oppenheimer, Paull, Schwinger, 
Tomonoga, Weisskopf, Wigner, etc. 34 papers: 29 in English, I in French, 3 in German, 
I in Italian. Historical commentary by edi tor. xvii + 423pp. 61/e x 91/4. 

S444 Paperbound $2.45 

FOUNDATIONS OF NUCLEAR PHYSICS, edited tiy R. T. Beyer. 13 of the most important papers 
on nuclear physics reproduced in facsimile in the original languages; the papers most often 
cited in footnotes, bibliographies. Anderson, Curle, Joliot, Chadwick, Fermi, Lawrence, Cock­
roft, Hahn, Yukawa. Unparal leled bibliography: 122 double columned pages, over 4,000 
articles, books, classified. 57 figures. 288pp. 61/e x 9¼. SI 9 Paperbound $1 . 75 

THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Schroedinger's wave equation, 
de Broglie"s waves of a particle, Jordon-Hoelder theorem, Lie's continuous groups of trans­
formations, Paull exclusion principle, quantization of Mawell-Dirac field equations, etc. 
Unitary geometry, quantum theory, groups, application of groups to quantum mechanics, 
symmetry permutation group, algebra of symmetric transformations, etc. 2nd revised edi· 
lion. xxii + 422pp. 5¾ x 8. S268 Clothbound $4.5D 

S269 Paperbound $1.95 

PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. Nobel laureate dis­
cusses quantum theory· his own work, Compton, Schroedinger, Wi lson, Einstein, many 
others. For physicists, chemists, not specialists in quantum theory. Only elementary formulae 
considered in text; mathematical appendix for specialists. Pro found without sacrificing 
clari ty. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp. 53/a x 8. 

Sll3 Paperbound $1.25 

INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints 
from rare European Journals, translated into English. 5 basic papers, including Elementary 
Theory of the Brownian Movement, written at request of Lorentz to provide a simple 
explanation. Translated by A. D. Cowper. Annotated, edited by R. FUrth. 33pp. of notes 
elucidate, give history of previous investigations. 62 footnotes. 124pp. 5¾ x 8. 

S304 Paperbound $1 .25 

THE PRINCIPLE OF RELATIVITY, E. Einstein, H. Lorentz, M. Minkowski, H. Weyl. The 11 basic 
papers that founded the general and _special theories of relativity, translated into English. 
2 papers by Lorentz on the Michelson experiment, electromagnetic phenomena. Minkowski"s 
"Space and Time," and Weyl's " Gravitation and Electri city." 7 epoch-making papers by Ein­
stein: " Electromagnetlcs of Moving Bodies," " Influence of Gravitation in Propagation of 
Light," "Cosmologica l Considerations," "General Theory," 3 others. 7 diagrams. Special 
notes by A. Sommerfeld. 224pp. 53/a x 8. S93 Paperbound $1.75 

STATISTICS 

ELEMENTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES, 
F. E. Croxton. Based primarily on biological sciences, but can be used by anyone desiring 
int roduction to statistics. Assumes no prior acquai ntance, requires only modest knowl edge 
of math. All basic formulas carefully explained, i llustrated ; all necessary re ference tables 
Included. From basic terms and concepts, proceeds to frequency distribut ion, li near, non­
linear , multiple correlat ion, etc. Contains concrete examples from medicine, biology. I OI 
charts. 57 tables. 14 appendices. Iv + 376pp. 5¾ x 8. S506 Paperbound $1.95 

ANALYSIS AND DESIGN OF EXPERIMENTS, H. B. Mann. Offers method for grasping analysis ot 
variance, variance design quickly. Partial contents: Chi-square distribution, analysis of 
variance distribution, matrices, quadratic forms, likelihood ration tests, test of linear 
hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock estimates, etc. 
15pp. of useful tables. x + 195pp. 5 x 7¾. Sl80 Paperbound $1.45 

FREQUENCY CURVES AND CORRELATION, w. P. Elderton. 4th revised edition of standard 
work on classical statistics. Practical, one of few books constantly referred to for clear 
presentation of basic material. Partial contents, Frequency Distributions; Pearsons Fre­
quency Curves; Theoretical Distributions; Standard Errors; Correlation Ratio-Contingency; 
Corrections f or Moments, Beta, Gamma Functions; etc. Key to terms, symbols. 25 examples. 
40 tables. 16 figures. xi + 272pp. 5½ x 8½. Clothbound $1.49 
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CATALOGUE OF 

HYDRODYNAMICS, ETC. 

HYDRODYNAMICS, Horace Lamb. Standard reference work on dynamics of liquids and gases. 
Fundamental theorems, equations, methods, solutions, background for classical hydrody­
namics. Chapters: Equations of Motion, Integration of Equations in Special Gases, Vortex 
Motion, Tidal Waves, Rotating Masses of Liquids, etc. Excellently planned, arranged, Clear, 
lucid presentation. 6th enlarged, revised edition. Over 900 footnotes, mostly bibl iograph­
lcal. 119 figures. xv + 738pp, 6¼ x 9¼. S256 Paperbound $2.95 

HYDRODYNAMICS, A STUDY OF LOGIC, FACT, ANO SIMILITUDE, Garrett Birkhoff. A stimulating 
application of pure mathematics to an applied problem. Emphasis is on correlation of 
theory and deduction with experiment. Examines recently discovered paradoxes, theory of 
modelling and dimensional analysis, paradox and error in flows and free boundary theory. 
Classical theory of virtual mass derived from homogenous spaces; group theory applied 
to fluid mechanics. 20 figures, 3 plates. xiii + 186pp. 5¾ x 8. S22 Paperbound $1.85 

HYDRODYNAMICS, H. Dryden , F. Murhaghan, H. Bateman. Published by National Research 
Council, 1932. Complete coverage of classical hydrodynamics, encyclopedic In quality. 
Partial contents: physics of fluids, motion, turbulent flow, compressible fluids, motion in 
1, 2, 3 dimensions; laminar motion, resistance of motion through viscous fluid eddy 
viscosity, discharge of gases, f low past obstacles, etc. Over 2900-item bibliography. 23 
figures. 634pp. 5¾ x 8. S303 Paperbound $2. 75 

ACOUSTICS AND OPTICS 

PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. Classical examination of propagation of light, 
color, polarization, etc. Historical, philosophical treatment unequalled for breadth and 
readability. Contents: Rectilinear propagation, reflection, refraction, dioptrics, composition 
of light, periodicity, theory of interference, polarization, mathematical representation of 
properties, etc. 279 illustrations. 10 portrai ts. 324pp. 5¾ x 8. Sl70 Paperbound $1.75 

THE THEORY OF SOUND, Lord Rayleigh. Written by Nobel laureate, classical methods here 
will cover most vibrating syst ems likely to be encountered in practice. Complete coverage 
of experimental, mathematical aspects. Partial contents: Harmonic motions, lateral vibra­
tions of bars, curved plates or shells, applications of Laplace's functions to acoustical 
problems! fluid friction, etc. First low-priced edition of this great reference-study work. 
Historica Introduction by R. 8. Lindsay. 1040pp, 97 figures. 5¾ x 8. 

S292, S293, Two volume set, paperbound $4,00 

THEORY OF VIBRATIONS, N. W. Mclachlan. Based on exceptionally successful graduate 
course, Brown University. Discusses linear systems having 1 degree of freedom, forced 
vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of 
bars and tubes, of circular plate, sound waves of fin ite amplitude, etc. 99 diagrams. 160pp. 
5% x 8. Sl90 Paperbound $1.35 

APPLIED OPTICS ANO OPTICAL DESIGN, A. E. Conrady. Thorough systematic presentation of 
physical and mathematical aspects, limited mostly to "real optics." Stresses practical 
problem of maximum aberration permissible without affecting performance. Ordinary ray 
tracing methods; complete theory ray tracing methods, primary aberrations; enough higher 
aberration to design telescopes, low powered microscopes, photographic equipment. Covers 
fundamental equat ions, extra-axial Image points, transverse chromatic aberration, angular 
magnification, similar topics. Tables of functions of N. Over 150 diagrams. x + 518pp. 
5¾ x 8%. S366 Paperbound $2.98 

RAYLEIGH'S PRINCIPLE AND ITS APPLICATIONS TO ENGINEERING, G. Temple, W. Bickley. 
Rayleigh's principle developed to provide upper, lower estimates of true value of funda­
mental period of vibrating system, or condition of stability of elastic system. Examples, 
rigorous proofs. Partial contents: Energy method of discussing vibrations, stabil ity. Per­
turbation theory, whirling of uniform shafts. Proof, accuracy, successive approximations, 
applications of Rayleigh's theory. Numerical, graphical methods. Ritz 's method. 22 figures. 
Ix + 156pp. 5¾ x 8. S307 Paperbound $1.50 

OPTICKS, Sir Isaac Newton. In its discussion of light, reflection, color, refraction, theories 
of wave and corpuscular theories of light, this work is packed with scores of insights and 
discoveries. In its preci se and practical discussions of construction of optical apparatus, 
contemporary understanding of phenomena It Is truly fascinating to modern scientists. 
Foreword by Albert Einstein. Preface by I. il. Cohen, Harvard. 7 pages of portraits, facsimile 
pages, letters, etc. cxvi + 414pp. 5¾ x 8. S205 Paperbound $2.00 
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ON THE SENSATIONS OF TONE, Hermann Helmholtz. Using acoustical physics, physiology, 
experiment, history of music, covers entire gamut of musical tone: relation of music 
science to acoustics, physical vs. physiological acoustics, vibration, resonance, tonal ity, 
progression of parts, etc. 33 appendixes on various aspects of sound, physics, acoustics, 
music, etc. Translated by A. J. Ellis. New introduction by H. Margenau, Yale. 68 figures. 43 
musical passages analyzed. Over 100 tables. xi x + 576pp. 61/s x 9¼. 

Sll4 Clothbound $4.95 

ELECTROMAGNETICS, ENGINEERING, TECHNOLOGY 

INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Describes almost all manipulative re­
sources of value In solution of differential equations. Treatment i s mathematical rat her 
than physical. Extends general computational process to include almost all branches of 
applied math and physics. Approximate numerical methods are demonstrated, although high 
accuracy is obtainable without undue expenditure of time. 48pp. of tables for computing 
Irregular star first and second derivatives, irregular star coefficients for second order 
equations, for fourth order equations. "Useful. . , . exposition is clear, simple ... no 
previous acquaintance with numerical methods Is assumed," Science Progress. 253 dia· 
grams. 72 tables. 400pp. 5% x 8. S244 Paperbound $2.45 

THE ELECTROMAGNETIC FIELD, M. Mason, W., Weaver. Used constantly by graduate engineers. 
Vector methods exclusively; detailed treatment of electrostatics, expansion methods, with 
tables converting any quantity into absolute electromagnetic, absolute electrostatic, prac­
tical units. Discrete charges, ponderable bodies. Maxwell field equations, etc. 416pp. 
5% x 8. Sl85 Paperbound $2.00 

ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R. Houwink. Standard tceatise on 
rheological aspects of different technically important solids: crystals, resins, texti les, rubber, 
clay, etc. Investigates general laws for deformations; determines divergences. Covers gen­
eral physical and mathematical aspects of plasticity, elasticity, viscosity. Detailed examina­
tion of deformations, Internal structure of matter In relation to elastic, plastic behaviour, 
formation of solid matter from a fluid, etc. Treats glass, asphalt, balata, proteins, baker's 
dough, others. 2nd revised, enlarged edition . Extensive revised bibliography in over 500 
footnotes. 214 figures. xvii + 368pp. 6 x 9¼. S385 Paperbound $2,45 

DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the 
instrument designer, engineer; how to combine necessary mathematical ~bstractions with 
independent observations of actual facts. Partial contents: instruments and their parts, 
theory of errors, systematic errors, probability, short period errors, erratic errors, design 
precision, kinematic, semlkinematic design, stiffness, planning of an instrument, human 
factor, etc. 85 photos, diagrams. xii + 288pp. 5% x 8. S270 Paperbound $1.95 

APPLIED HYDRO· AND AEROMECHANICS, L. Prandtl , 0. G. Tietjens. Presents, for most part, 
methods valuable to engineers. Flow in pipes, boundary layers, airfoil theory, entry condi· 
lions, turbulent flow, boundary layer, determining drag from pressure and velocity, etc. 
"Will be welcomed by all students of aerodynamlcg," Nature. Unabridged, unaltered. An 
Engineering Society Monograph, 1934. Index. 226 figures. 28 photographic plates illustrating 
flow patterns. xvi + 3llpp. 5% x 8. S375 Paperbound $1.85 

FUNDAMENTALS OF HYDRO· AND AEROMECHANICS, L. Prandtl, 0. G. Tietjens. Standard work, 
based on Prandtl's lectures at Goettingen. Wherever possible hydrodynamics theory is 
referred to practical considerations in hydraulics, unifying theory and expenence. Presenta­
tion extremely clear. Though primarily physical, proofs are rigorous and use vector analysis 
to a great extent. An EngiAeering Society Monograph, 1934. "Still recommended as an 
excellent introduction to this area," Physikalische Blatter. 186 figures. xvi + 270pp. 
5¾ x 8. S374 Paperbound $1.85 

GASEOUS CONDUCTORS: THEORY AND ENGINEERING APPLICATIONS, J. D. Cobine. Indispensable 
text, reference, to gaseous conduction phenomena, with engineering viewpoint prevailing 
throughout. Studies kinetic theory of gases, Ionization, emission phenomena; gas breakdown, 
spark characteristics, glow, discharges; engineering applications in circuit interrupters, recti · 
tiers, etc. Detailed treatment of high pressure arcs (Suits); low pressure arcs (Langmuir, 
Tonks). Much more. " Well organized, clear, straightforward," Tonks, Review of Scientific 
Instruments. 83 practice problems. Over 600 figures. 58 tables. xx + 606pp. 
5¾ x 8, S442 Paperbound $2.75 

PHOTOELASTICITY: PRINCIPLES AND METHODS, H. T, Jessop, F. C. Harris. for engineer, spe· 
clfic problems of stress analysis. Latest time-saving methods of checking calculations in 
2-dimensional design problems, new techniques for stresses in 3 dimensions, lucid descrip­
t ion of optical systems used in practical photoelectricity. Useful suggestions, hints based 
on on-the-job experience Included. Partial contents: strain, stress-strain relations, ci rcular 
disc under thrust along diameter, rectangular block with square hold under vertical thrust, 
simply supported rectangular beam under central concentrated load, etc. Theory held to 
minimum, no advanced mathematical training needed. 164 Illustrations. vii i + 184pp. 
61/a x 9¼. Sl37 Clothbound ~3.75 
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CATALOGUE OF I 
MICROWAVE TRANSMISSION DESIGN DATA, T. Moreno. Originally classified, now rewritten, 
enlarged (14 new chapters) under auspices of Sperry Corp. Of immediate value or reference 
use to radio engineers, systems designers, appl ied physicists, etc. Ordinary transmission 
line theory; attenuation; parameters of coaxial lines, flexible cables; tuneable wave guide 
impedance transformers; effects of temperature, humioity; much more. "Packed with informa­
tion . . . theoretical discussions are directly related to practical questions," U. of Royal 
Naval Scientific Service. Tables of dielectrics, flexible cable, etc. ix + 248pp. 5¾ x 8. 

S549 Paperbound $1 .50 

THE THEORY OF THE PROPERTIES OF METALS AND ALLOYS, H. F. Mott, H. Jones. Quantum 
methods develop mathematical models showing Interrelationship of fundamental chemical 
phenomena wtih crystal structure, electrical, optical properties, etc. Examines electron 
motion In applied field, cohesion, heat capacity, refraction, noble metals, transition and 
di-valent metals, etc. " Exposition is as clear • .. mathematical treatment as simple and 
reliable as we have become used to expect of ••. Prof. Mott," Nature. 138 figures. xi ii + 
320pp. 5¾ x 8. S456 Paperbound $ 1.85 

THE MEASUREMENT OF POWER SPECTRA FROM THE POINT OF VIEW OF COMMUNICATIONS 
ENGINEERING, R. B. Blackman, J. W. Tukey. Pathfinding work reprinted from " Bell System 
Technical Journal." Various ways of getting practically useful answers in power spectra 
measurement, using results from both transmission and statistical estimation theory. Treats: 
Autocovarlance, Functions and Power Spectra, Distortion, Heterodyne Filtering, Smoothing, 
Decimation Procedures, Transversal Filterlng, much more. Appendix reviews fundamental 
Four ier techniques. Index of notation. Glossary of terms. 24 figures. 12 tables. 192pp. 
5¼ x 8¼. S507 Paperbound $1.85 

TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. for more t han 80 years 
a seemingly inexhaustible source of leads for physicists, mathematicians, engineers. Total 
of 1082pp. on such topics as Measurement of Quantities, Electrostatics, Elementary Mathe­
matical Theory of Electr icity, Electrical Work and Energy in a Syst em of Conductors, Gen­
eral Theorems, Theory of Electrical Images, Electrolysis, Conduction, Polar ization, Dielect rics, 
Resistance, much more. " The greatest mathematical physicist since Newton," Sir James 
Jeans. 3rd edition. 107 figures, 21 plates. 1082pp. 5¾ x 8. S186 Clothbound $4.95 

CHEMISTRY AND PHYSICAL CHEMISTRY 

THE PHASE RULE AND ITS APPLICATIONS, Alexander Findlay. Covers chemical phenomena of 
1 to 4 multiple component systems, the "standard work on the subject" (Nature). Completely 
revised, brought up to date by A. N. Campbell, N. 0. Smith. New material on binary, tertiary 
liquid equilibria, sol id solutions In ternary systems, quinary systems of salts, water, etc. 
Completely revised to triangular coordinates in ternary syst ems, clarified graphic representa­
tion, solid models, etc. 9th revised edition. 236 figures. 505 footnotes, mostly bibOographic. 
xii + 449pp. 5¾ x 8. S92 Paperbound $2.45 

DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathema tical, physical chapters for 
convenience of those not expert in mathematics. Discusses mathematical theory of gas 
in steady state, thermodynamics, Bolzmann, Maxwell, kinet ic theory, quantum theory, expo­
nentlals, etc. "One of the classics of scientific wri ting • • . as lucid and comprehensive 
an exposition of the kinetic theory as has ever been written," J. of Institute of Engineers. 
4th enlarged edition, with new mater ial on quantum theory, quantum dynamics, etc. 28 figures. 
444pp. 61/a x 9¼. Sl36 Paperbound $2.45 

POLAR MOLECULES, Pieter Debye. Nobel laureate offers complete guide to fundamental 
electrostatic field relations, polarizabillty, molecular structure. Partial contents: electric 
Intensity, displacement, force, polarization by orientation, molar polarization, molar refrac­
tion, halogen-hydrides, polar l iquids, ionic saturation, dielectr ic constant, etc. Special 
chapter considers quantum theory. "Clear and concise .. . coordination of experimental 
results wi th theory will be readily appreciated," Electronics Industries. 172pp. 5% x 8. 

S63 Clothbound $3.50 
S64 Paperbound $1.50 

ATOMIC SPECTRA AND ATOM IC STRUCTURE, G. Herzberg. Excellent general survey for chem­
ists, physicists specializing in other fields. Partial contents: simplest line spectra, elements 
of atomic theory; multiple structure of l ine spectra, elect ron spin; building-up principle, 
periodic system of elements; finer details of atomic spectra; hyperfine structure of spectral 
l ines; some exper imental results and applications. 80 figures. 20 tables. xiii + 257pp. 
5% x 8. SllS Paperbound $1.95 

TREATISE ON THERMODYNAMICS, Max Planck. Classic based on his original papers. Brill iant 
concepts of Nobel laureate make no assumptions regarding nature of heat, reject s earl ier 
approaches of Helmholtz, Maxwell, to offer uniform point of view for entire field. Seminal 
work by founder of quantum theory, deducing new physical, chemical laws. A standard 
text, an excellent introduction to field for students with knowledge of elementary chemistry, 
physics, calculus. 3rd English edition. xvi + 297pp. 5% x 8. S219 Paperbound $1.75 
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DOVER SCIENCE BOOKS 

KINETIC THEORY OF LIO.UIDS, J. Frenkel. Regards kinetic theory of liquids as generalization, 
extension of theory of solid bodies, covers all types of arrangements of solids; thermal 
displacements of atoms; interstitial atoms, ions; orientational, rotational motion of mole­
cules; transition between states of matter. Mathematocal theory developed close to physical 
subject matter. " Discussed in a simple yet deeply penetrating fashion •.• will serve as 
seeds for a great many basic and applied developments in chemistry," J. of the Amer. 
Chemical Soc. 216 bibliographical foot,otes. 55 figures. xi + 485pp. 5¼ x 8. 

ASTRONOMY 

S94 Clothbound $3.95 
S95 Paperbound $2.45 

OUT OF THE SKY, H. H. Nininger. Non-technical , comprehensive iptroduction to "meteoritics" 
-science concerned with arrival of matter from outer space. By one of world's experts 
on meteorites, this book defines meteors and meteorites; studies fireball clusters and 
processions, meteorite composition, size, distribution, showers, exploslons, origins, much 
more. viii + 336pp. 5¼ x 8. T519 Paperbound $1.85 

AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, S. Chandrasekhar. Outstanding 
treatise on stel lar dynamics by one of greatest astro-pllysicists. Examines relationship be­
tween loss of energy, mass, and radius of stars in steady state. Discusses thermodynamic 
laws from Caratheodory's axiomatic standpoint; adiabatic, polytroplc laws; work of Ritter, 
Emden, Kelvin, etc. ; Stroemgren envelopes as starter for theory of gaseous stars; Gibbs 
statistical mechanics (quantum); degenerate stellar configuration, theory of white dwarfs; 
etc. "Highest level of scientific merit," Bulletin. Amer. Math. Soc. 33 figures. 509pp. 
5¼ x 8. S413 Paperbound $2.75 

LES METHODES NOVELLES DE LA MECANIO.UE CELESTE, H. Poincare. Complete French text 
of one of Poincare•s most Important works. Revolutionized celestial mechanics: first use of 
Integral invariants, first major application of linear differential equations, study of periodic 
orbi ts, lunar motion and Jupiter's satellites, three body problem, and many other Important 
topics. "Started a new era . . • so extremely modern that even today few have mastered 
his weapons," E. T. Bell. 3 volumes. Total 1282pp. 6¼ x 9¼. 

Vol. 1 S401 Paperbound $2.75 
Vol. 2 S402 Paperbound $2.75 
Vol. 3 S403 Paperbound $2.75 

The set $7 .50 

THE REALM OF THE NEBULAE, E. Hubble. One of the great astronomers of our time presents 
his concept of "Island universes," and describes its effect on astronomy. Covers velocity­
distance relation: classification, nature, distances, general field of nebulae; cosmological 
theories; nebulae in the neighborhood of the Milky way; etc. 39 photos, including velocity­
distance relations shown by spectrum comparison. "One of the most progressive lines 
of astronomical research," The Times, London. New Introduction by A. Sandage. 55 illustra­
tions. xxlv + 20lpp, 5¼ x 8. S455 Paperbound $1 .50 

HOW TO MAKE A TELESCOPE Jean Texereau. Design, build an f/ 6 or f / 8 Newtonian type 
reflecting telescope, with ariazimuth Couder mounting, suitable for planetary, lunar, and 
stellar observation. Covers every operation step-by-step, every piece of equipment. Dis­
cuss~s basic principles of geometric and physical optics (unnecessary to construction), 
comparative merits of reflectors! refractors. A thorough discussion of eyepieces, finders, 
grinding, Installation, testing, e c. 241 figures, 38 photos, show almost every operation 
and tool. Potential errors are anticipated. Foreword by A. Couder. Sources of supply. xiii + 19lpp. 6¼ x 10. T464 Clothbound $3.50 

BIOLOGICAL SCIENCES 

THE BIOLOGY OF THE AMPHIBIA, G. K. Noble, Late Curator of Herpetology at Am. Mus. of 
Nat. Hist. Probably most used text on amphlbia, most comprehensive, clear, detailed. 19 
chapters, 85 page supplement: development: heredity; l ife history; speciation; adaptation: 
sex, Integument, respiratory, ci rculatory, digestive, muscular, nervous systems; instinct, 
intelligence, habits, economic value classification, environment relationships, etc. "Nothing 
comparable to it:• C. H. Pope, curator of Amphibia, Chicago Mus. of Nat. Hist. 1047 item 
bibliography. 174 i llustrations. 600pp. 5¼ x 8. S206 Paperbound $2.98 

THE ORIGIN OF LIFE, A. I. Oparln. A classic of biology. This is the first modern statement 
of theory of gradual evolution of Ille from nitrocarbon compounds. A brand-new evaluation 
of Oparon's theory in light of later research, by Dr. S. Margulis, University of Nebraska. 
xxv + 270pp. 5¼ x 8. S213 Paperbound $1.75 
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CATALOGUE OF 
THE BIOLOGY OF THE LABORATORY MOUSE, edited by G. D. Snell. Prepared in 1941 by staff 
of Roscoe B. Jackson Memorial Laboratory, still the standard treatise on the mouse, 
assembling enormous amount of material for which otherwise you spend hours of research. 
Embryology, reproduction, histology, spontaneous neoplasms, gene and chromosomes muta­
t ions, genetics of spontaneous tumor formations, of tumor transplantation, endocrine secre­
tion and tumor formation, milk influence and tumor formation, inbred, hybrid animals, 
parasites, Infectious diseases, care and recording. "A wealth of Information of vital con­
cern .•.. recommended to all who could use a book on such a subject," Nature. Classified 
bibliography of 1122 items. 172 figures, including 128 photos. ix + 497pp. 6½, x 9¼. 

S248 Clothbound $6.00 

THE TRAVELS OF WILLIAM BARTRAM, edited by Mark Van Doran. Famous source-book of 
American anthropology, natural history, geography, is record kept by Bartram in 1770's on 
travels through wilderness of Florida, Georgia, Carolinas. Containing accurate, beautiful 
descriptions of Indians, settlers, fauna, flora, it is one of finest pieces of Americana 
ever written. 13 original illustrations. 448pp. 5¾ x 8. Tl3 Paperbound $2.00 

BEHAVIOUR AND SOCIAL LIFE OF THE HONEYBEE, Ronald Ribbands. Outstanding scientific 
study; a compendium of practically everything known of social life of honeybee. Stresses 
behaviour of Individual bees in field, hive. Extends von Frisch's experiments on communi­
cation among bees. Covers perception of temperature, gravity, distance, vibration; sound 
production; glands; structural differences; wax production; temperature regulation; recogni­
tion, communication; drifting, mating behaviour, other highly interesting topics. " This 
valuable work is sure of a cordial reception by laymen, beekeepers and scientists," Prof. 
Karl von Frisch, Brit. J. of Animal Behaviour. Bibliography of 690 references. 127 diagrams, 
graphs, sections of bee anatomy, fine photographs. 352pp. S410 Clothbound $4.50 

ELEMENTS OF MATHEMATICAL BIOLOGY, A. J. Lol~a. Pioneer classic, 1st major attempt to 
apply modern mathematical techniques on large scale to phenomena of biology, biochem­
istry, psychology, ecology, similar life sciences. Partial contents: Statlst,cal meaning of 
irreversibi lity; Evolution as redistribution; Equations of kinetics of evolving systems; Chem­
ical, Inter-species equilibrium; parameters of state; Energy transformers of nature, etc. 
Can be read with profi t by even those having no advanced math; unsurpassed as study. 
reference. Formerly titled " Elements of Physical Biology." 72 figures. xxx + 460pp. 5¾ x 8. 

S346 Paperbound $2.45 

TREES OF THE EASTERN AND CENTRAL UNITED STATES AND CANADA, W. M. Harlow. Serious 
middle-level text covering more than 140 native trees important escapes, with informa­
tion on general appearance, growth habit, leaf forms, flowers, fruit , bark, commercial use, 
distribution, habitat, woodlore, etc. Keys within text enable you to locate various species 
easily, to know which have edible fruit , much more useful, interesting information. "Well 
Illustrated to make identification very easy," Standard Cat. for Publlc Libraries. Over 600 
photographs, figures. xi i i + 288pp. 5% x 6½. T395 Paperbound $1.35 

FRUIT KEY AND TWIG KEY TO TREES AND SHRUBS (Fruit key to Northeastern Trees, Twig key 
to Deciduous Woody Plants of Eastern North America), W. M. Harlow. Only guides with photo­
graphs of every twig, fruit described. Especially valuable to novice. Fruit key (both deciduous 
trees, evergreens) has introduction on seeding, organs lnvoJved, types, hab,ts. Twig key 
introduction treats growth , morphology. In keys proper, identification Is almost automatic. 
Exceptional work, widely used In university courses, especially useful for identification in 
winter, or from fruit or seed only. Over 350 photos, up to 3 times natural size. Index of 
common, scientific names, in each key. xvii + 125pp. 5% x 8¾. TSU Paperbound $1.25 

INSECT LIFE AND INSECT NATURAL HISTORY, S. W. Frost. Unusual for emphasizing habits, social 
life, ecological relations of insects rather than more academic aspects of classification, 
morphology. Prof. Frost's enthusiasm and knowledge are everywhere evident as he discusses 
Insect associations, specialized habits loke leaf-rolling, leaf mining, case-making, the gall 
insects, boring insects, etc. Examines matters not usually covered on general works: insects 
as human food; insect music, musicians; ,nsect response to rad,o waves; use of insects on 
art, literature. "Distinctly different, possesses an individuality all ,ts own," Journal of 
Forestry. Over 700 i llustrations. Extensive bibliography. x + 524pp. 5¾ x 8. 

T519 Paperbound $2.49 

A WAY OF LIFE, AND OTHER SELECTED WRITINGS, Sir WIiiiam Osler. Physician, humanist, 
Osler discusses brilliantly Thomas Browne, Gui Patin. Robert Burton, Michael Servetus, 
William Beaumont, Laennec. Includes such favorite writing as title essay, "The Old Human­
ities and the New Science," " Books and Men," "The Student life," 6 more of his best 
discussions of philosophy, literature, religion. " The sweep of his mind and interests em­
braced every phase of human activity," G. L. Keynes. 5 photographs. Introduction by G. L. 
Keynes, M.D., F.R.C.S. xx + 278pp. 5¾ x 8. T488 Paperbound $1.50 

THE GENETICAL THEORY OF NATURAL SELECTION, R. A. Fisher. 2r.d revised edition of vital 
reviewing of Darwin's Selection Theory In terms of particulate Inheritance, by one of 
greatest authorities on experimental, theoretical genetics. Theory stated in mathematica l 
form. Special features of particulate Inheritance are examined: evolution of dominance, main· 
tenance of specific variability, mimicry, sexual selection, etc. 5 chapters on man's special 
circumstances as a social animal. 16 photo&raphs. x + 310pp. 5¾ x 8. 

S466 Paperbound $1.85 
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~ER SCIENCE BOOKS 
THE AUTOBIOGRAPHY OF CHARLES DARWIN, AND SELECTED LETTERS, edited by Francis 
Darwin. Darwin's own record of early life; historic voyage aboard "Beagle;" furore surround­
ing evolution, his repl ies; reminiscences of his son. Letters to Henslow, Lyell, Hooker, 
Huxley, Wallace, Kingsley, etc., and thoughts on religion, vivisection. We see how he revo­
lutionized geology with concepts of ocean subsidence; how his great books on variation 
of plants and animals, primitive man, expression of emotion among primates, plant fertiliza­
tion, carnivorous plants, protective coloration, etc., came into being. 365pp, 5¾ x 8. 

T479 Paperbound $1.65 

ANIMALS IN MOTION, Eadweard Muybridge. Largest, most comprehensive selection of Muy­
brldge's famous action photos of animals, from his "Animal Locomotion." 3919 high-speed 
shots of 34 different animals, birds, in 123 types of action; horses, mules, oxen, pigs, 
goats, camels, elephants, dogs, cats guanacos, sloths, li ons, tigers, jaguars, raccoons, 
baboons, deer, elk, gnus, kangaroos, many others, walking, running, flying, leaping. Horse 
alone In over 40 ways. Photos taken against ruled backgrounds; most actions taken from 
3 angles at once: 90°, 60°, rear. Most plates original size. DI considerable interest to 
scientists as biology classic, records of actual facts of natural history, physiology. "Really 
marvelous series of plates," Nature. "Monumental work," Waldemar Kaempffert. Edited by 
L. S. Brown, 74 page introduction on mechanics of motion. 340pp. of plates. 3919 photo· 
graphs. 416pp. Deluxe binding, paper. (Weight: 4112 lbs.) 71/s x 10%. 

T203 Clothbound $10.00 

THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. New edition of great classic in history 
of science and photography, largest selection ever made from original Muybridge photos of 
human action, 4789 photographs, il lustrating 163 types of motion: walking, running, lifting, 
etc. in time-exposure sequence photos at speeds up to l/6000th of a second. Men, women, 
ch ildren/ mostly undraped, showing bone, muscle positions against ruled backgrounds, 
mostly aken at 3 angles at once. Not only was this a great work of photography, acclaimed 
by contemporary critics as work of genius, but it was also a great 19th century landmark 
in biological research. Historical introduction by Prof. Robert Taft, U. of Kansas. Plates 
original size, full of detail. Over 500 action strips. 407pp. 73/• x 10%. Deluxe edition. 

7204 Clothbound $10.DO 

AN INTRODUCTION TO THE STUOY OF EXPERIMENTAL MEDICINE, Claude Bernard. 90-year old 
classic of medical science, only major work of Bernard available in English, records his 
efforts to transform physiology Into exact science. Principles of scientific research illus­
trated by specified case histories from his work; rol es of chance, error, preliminary fa lse 
conclusion, in leading eventually to scientific truth: use of hypothesis. Much of modern 
application of mathematics to biology rests on foundation set down here. "The presentation 
is polished ... reading is easy," Revue des questions scientifiques. New foreword by Prof. 
I. B. Cohen, Harvard U. xxv + 266pp. 5¾ x 8. T400 Paperbound $1.50 

STUDIES ON THE STRUCTURE AND DEVELOPMENT OF VERTEBRATES, E. S. Goodrich. Definitive 
study by greatest modern comparative anatomist. Exhaustive morphological, phylogenetic 
expositions of skeleton, fins, limbs, skeletal visceral arches, labial cartilages, visceral 
clefts, gills, vascular, respi ra tory, excretory, periphal nervous systems, etc., from fish to 
higher mammals. " For many a day this will certainly be the standard textbook on Vertebrate 
Morphology in the Engl ish language," Journal of Anatomy. 754 illustrations. 69 page bio· 
graphical study by C. C. Hardy. Bibliography of 1186 references. Two volumes, total 906pp. 
5¾ x 8. Two vol. set S449, 450 Paperbound $5.00 

EARTH SCIENCES 

THE EVOLUTION OF IGNEOUS BOOKS, N. L. Bowen. Invaluable serious introduction applies 
techniques of physics, chemistry to explain igneous rock diversity in terms of chemical 
composi tion, fractional crystallization. Discusses liquid immiscibil ity In si li cate magmas, 
crystal sorting, liquid l ines of descent, fractional resorption of complex minerals, petrogen, 
etc. Of prime importance to geologists, mining engineers: physicists, chemists working with 
high temperature, pressures. "Most important ," Times, London. 263 bibliographic notes. 
82 figures. xviii + 334pp. 5¾ x 8. S311 Paperbound $1 ,85 

GEOGRAPHICAL ESSAYS, M. Davis. Modern geography, geomorphology rest on fundamental 
work of this scientist. 26 famous essays present most important theories, fie ld researches. 
Partial contents, Geographical Cycle: Plains of Marine, Subaerial Denudation; The Peneplain; 
Rivers, Valleys of Pennsylvania ; Outline ol Cape Cod; Sculpture of Mountains by Glac iers; 
etc. " l ong the l eader and guide," Economic Geography. " Part of the very texture of geog­
raphy •.• models of clear thought," Geographic Review. 130 figures. vi + 777pp. 53/s x 8. 

S383 Paperbound $2.95 

URAN IUM PROSPECTING, H. L. Bames. For immediate practical use, professional geologist 
considers uranium ores, geological occurrences, field conditions, all aspects of highly 
profitable occupation. " Helpful information ... easy-to-use, easy-to-find style," Geot imes. 
x + 117pp. 5¾ x 8. T309 Paperbound $1.00 
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CATALOGUE OF 
DE RE METALLICA, Georgius Agricola. 400 year old classic translated, annotated by former 
President Herbert Hoover. 1st scientific study of mineralogy, mining, for over 200 years 
after its appearance in 1556 the standard treatise. 12 books, exhaustively annotated, discuss 
history of mining, selection of si tes, types of deposits, making pits, shafts, ventilat ing, 
pumps, crushing machinery; assaying, smelting, refining metals; also salt alum, nitre, glass 
making. Definitive edition, with all 289 16th century woodcuts of original. Biographical, 
historical introductions. Bibliography, survey of ancient authors. Indexes. A fascinating bo_ok 
for anyone interested in art, history of science, geology, etc. Oeluxe Edition. 289 illustra­
tions. 672pp. 61/• x 10. Library cloth. S6 Clothbound $10.00 

INTERNAL CONSTITUTION OF THE EARTH, edi ted by Beno Gutenberg. Prepared for National 
Research Council, this is a complete, thorough coverage of earth origins, continent forma­
t ion, nature and behaviour of earth's core, petrology of crust, cooling forces in core, 
seismic and earthquake material, gravity, elastic constants, strain characteristics, simi lar 
topics. "One is filled wi th admiration . . . a high standard .•. there is no reader who 
will not learn something from this book," London, Edinburgh, Dubl in, Philosophic Magazine. 
Largest Bibliography In print, 1127 classified items. Table of constants. 43 diagrams. 
439pp. 61/a x 9¼. S414 Paperboumt $2.45 

THE BIRTH ANO DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. 0. Adams. Most thorough 
history of earth sciences ever written. Geological thought from earliest limes to end of 
19th century, covering over 300 early thinkers and systems; fossils and their explanation. 
vulcanists vs. neptunists, figured stones and paleq_ntology, generation of stones, dozens of 
similar topics. 91 Illustrations, including Medieval, Renaissance woodcuts, etc . 632 footnotes, 
mostly bibliographical . 51lpp. 5¾ x 8. T5 Paperbound $2.DD 

HYDROLOGY, edited by o. E. Meinzer, prepared for the National Research Counci l. Detailed, 
complete reference library on precipitation, evaporation, snow, snow surveying, glaciers, 
lakes, infiltration, soil moisture, ground water, runoff, drought, physical changes produced 
by water hydrology of limestone terranes, etc. Practical in application, especially valuable 
for engineers. 24 experts have created "the most up-to-dale, most complete treatment of 
the subject," Am. Assoc. of Petroleum Geologists. 165 illustrations. xi + 712pp. 61/e x 9¼. 

S191 Paperbound $2.95 

LANGUAGE AND TRAVEL AIDS FOR SCIENTISTS 

SAY IT language ph rase books 

"SAY IT" in the foreign language of your choice! We have sold over ½ million copies of 
these popular, useful language books. They will not make you an- expert linguist overnight, 
but they do cover most practical matters of everyday life abroad. 

Over 1000 useful phrases, expressions, additional variants, substitutions. 

Modern! Useful! Hundreds of phrases not avai lable in other texts, " Nylon," " air-condi­
tioned," etc. 

The ONLY inexper.slve phrase book completely indexed. Everything is avai lable at a flip 
of your finger, ready to use. 

Prepared by native linguists, travel experts. 

Based on years of travel experience abroad. 

May be used by Itself, or to supplement any other text or course. Provides a living ele· 
men!. Used by many colleges, institutions: Hunter College; Barnard College; Army Ordinance 
School, Aberdeen; etc. 

Avai lable, 1 book per language, 
Danish (T818) 75¢ 
Dutch (T817) 75¢ 
English (for German-speaking people) (T801) 60¢ 
English (for Italian-speaking people) (T816) 60¢ 
English (for Spanish-speaking people) (1'802) 60¢ 
Esperanto (T820) 75¢ 
French (T803) 60¢ 
German (T804) 60¢ 
Modern Greek (T813) 75¢ 
Hebrew (T805) 60¢ 
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Italian (T806) 60¢ 
Japanese (T807) 75¢ 
Norwegian (T814) 75¢ 
Russian (T810) 15¢ 
Spanish (T811J 60¢ 
Turkish (T821 75¢ 
Yiddish (1815 75¢ 
Swedish (T812) 75¢ 
Polish (T808) 75¢ 
Portuguese (T809) 75¢ 



SCIENCE BOOKS 
MONEY CONVERTER ANO TIPPING GUIDE FOR EUROPEAN TRAVEL, C. Vomacka. Purse-size hand· 
book crammed with information on currency regulations, tipping for every European country, 
including Israel, Turkey, Czechoslovakia, Rumania, Egypt, Russia, Poland. Telephone, postal 
rates; duty-free imports, passports, visas, health certificates; foreign clothing sizes; weather 
tables. What, when to tip. 5th year of publication. 128pp, 3½ x 5¼. T260 Paperbound 60~ 

NEW RUSSIAN-ENGLISH AND ENGLISH-RUSSIAN DICTIONARY, M. A. O'Brien. Unusually com• 
prehensive guide to reading, speaking, writing Russian, for both advanced, beginning stu­
dents. Over 70,000 entries in new orthography, full information on accentuation, grammatical 
classifications. Shades of meaning, idiomatic uses, colloquialisms, tables of irregular verbs 
for both languages. Individual entries indicate stems, transitiveness, perfective, imper­
fective aspects, conjugation , sound changes, accent, etc. Includes pronunciation instruction. 
Used at Harvard, Yale, Cornell, etc. 738pp. 5¾ x 8. T208 Paperbound $ 2.00 

PHRASE AND SENTENCE DICTIONARY OF SPOKEN RUSSIAN, English-Russian, Russian-English. 
Based on phrases, complete sentences, not isolated words-recognized as one of best 
methods of learning idiomatic speech. Over 11,500 entries, indexed by single words, over 
32,000 English, Russian sentences, phrases, In immediately useable form. Shows accent 
changes in conjugation, declension; irregular forms listed both alphabetically, under main 
form of word. 15,000 word Introduction covers Russian sounds, writing, grammar, syntax. 
15 page appendix of geographical names, money, important signs, given names, foods, 
special Soviet terms, etc. Originally published as U.S. Gov't Manual TM 30-944. iv + 573pp. 
5¾ x 8. T496 Paperbound $2,75 

PHRASE AND SENTENCE DICTIONARY OF SPOKEN SPANISH, Spanish-English, English-Spanish. 
Compiled from spoken Spanish, based on phrases, complete sentences rather than isolated 
words-not an ordinary dictionary. Over 16,000 entries indexed under single words, both 
Castillan, Latin-American. Language in immediately useable form. 25 fage introduction 
provides rapid survey of sounds, grammar, syntax, full consideration o irregular verbs. 
Especially apt in modern treatment of phrases, structure. 17 page glossary gives translations 
of geographical names, money values, numbers, national holidays, important street signs, 
useful expressions of high f requency, plus unique 7 page glossary of Spanish, Spanish· 
American foods. Originally published as U.S. Gov't Manual TM 30-900. iv + 513pp. 5% x 8¾. 

T495 Paperbound $1.75 

SAY IT CORRECTLY language r ecord sets 

The best inexpensive pronunciation aids on the market. Spoken by native linguists asso­
ciated wi th major American universities, each record contains: 

14 minutes of speech-12 minutes of normal, relatively slow speech, 2 minutes of 
normal conversational speed. 
120 basic phrases, sentences, covering nearly every aspect of everyday life, travel­
introducing yourself, travel in · autos, buses, taxis, etc., walking, sightseeing, hotels, 
restaurants, money, shopping, etc. 
32 page booklet containing everything on record plus English translations easy-to-follow 
phonetic guide. 
Clear, high-fidelity recordings. 
Unique bracketing systems, selection of basic sentences enabling you to expand use of 
SAY IT CORRECTLY records with a dictionary, to fit thousands of additional situations. 

Use this record to supplement any course or text. All sounds in each language illustrated 
perfectly-Imitate speaker in pause which follows each foreign phrase In slow section, 
and be amazed at increased ease, accuracy of pronounciation. Available, one language per 
record for 

French 
Italian 
Japanese 
Polish 
English (for 

Spanish 
Dutch 
Russian 
Swedish 

German-speaking people) 

German 
Modem Greek 
Portuguese 
Hebrew 

English (for Spanish-speaking people) 

7" (33 1/ 3 rpm) record, album, booklet. $1.00 each. 

SPEAK MY LANGUAGE: SPANISH FOR YOUNG BEGINNERS M. Ahlman, Z. Gilbert. Records pro­
vide one of the best, most entertaining methods oi introducing a foreign language to 
children. Within framework of train tr ip from Portugal to Spain, an English-speaking child 
is introduced to Spanish by native companion. (Adapted from successful radio program of 
N.Y. Slate Educational Department.) A dozen different categories of expressions,. including 
greeting, numbers, time, weather, food, clothes, family members, etc. Drill is combined 
with poetry and contextual use. Authentic background music. Accompanying book enables 
a reader to follow records, includes vocabulary of over 350 recorded expressions. Two 
10,, 33 1/ 3 records, total of 40 minutes. Book. 40 illustrations. 69pp. 5¼ x 10½. 

T890 The set $4.95 
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LISTEN & LEARN language record sets 

LISTEN & LEARN is the only extensive language record course designed especially to meet 
your t ravel and everyday needs. Separate sets for each language, each containing three 33 1/ 3 
rpm long-playing records-I 1/ 2 hours of recorded speech by eminent native speakers 
who are professors at Columbia , New York U., Queens College. 

Check the fol lowiAg features found only in LISTEN & LEARN: 

Dual language recording. 812 selected phrases, sentences , over 3200 words, spoken first 
in English, then foreign equivalent. Pause after each foreign phrase allows time to 
repeat expression. 

128-page manual (196 page for Russian}--everything on records, plus simple transcrip­
tion. Indexed for convenience. Only set on the market completely indexed. 

Practical . No time wasted on material you can find in any grammar. No dead words. 
Covers central core material wi th phrase approach. Ideal for person with limited time. 
living, modern expressions, not found in other courses. Hygienic products, modern 
equipment, shopping, " air-conditioned," etc. Everything is immediately useable. 

High-fidelity recording, equal in clarity to any costing up to $6 per record. 

' ' Excellent . . • impress me as being among the very best on the market,'' Prof. Mario 
Pei , Dept. of Romance Languages, Columbia U. "Inexpensive and well done ... ideal 
present,'' Chicago Sunday Tribune. "More genuinely helpful than anything of its kind ,'' 
Sidney Clark, well-known author of "All the Best" travel books. 

UNCOND ITIONAL GUARANTEE. Try LISTEN & LEARN, then return it within 10 days for full 
refund, if you are not satisfied. It is guaranteed after you actual ly use It. 

6 modern languages-FRENCH, SPANISH, GERMAN, ITI\LIAN, RUSSIAN, or JAPANESE •- one 
language to each set of 3 records (33 1/ 3 rpm). 128 page manual. Album. 

Spanish the set $4.95 
French the set $4.95 
• Available Oct. 1959. 

German 
It alian 

the set $4.95 
the set $4.95 

Japanese• 
Russian 

TRtiBNER COLLOQUIAL SERIES 

the set $5.95 
the set $5.95 

These unusual books are members of the famous TrUbner series of colloquial manuals. They 
have been written to provide adults with a sound colloquial knowledge of a foreign lan­
guage, and are suited for either class use or self-study. Each book is a complete course In 
Itself, with progressive, easy to fol low lessons. Phonetics, grammar, and syntax are covered , 
while hundreds of phrases and idioms, reading texts, exercises, and vocabulary are included. 
These books are unusual In being neither skimpy nor overdetailed in grammatical matters, 
and in presenting up-to-date, colloquial, and practical phrase material. Bilingual presentation 
is stressed, to make thorough self-study easier for the reader. 

COLLOllU IAL HINDUSTANI, A. H. Harley, former ly Nizam's Reader in Urdu, U. of London. 30 
pages on phonetics and scripts (devanagan & Arabic-Persian) are followed by 29 lessons, 
including material on English and Arabic-Persian influences. Key to all exercises. Vocabufary. 
5 x 7½. 147pp. Clothbound $1.75 

COLLOllUIAL ARABIC, Delacy O'Leary. Foremost Islamic scholar covers lan~uage of Egypt, 
Syria\ Palestine, & Northern Arabia. Extremely clear coverage of complex Arabic verbs & noun 
plura s; also cultural aspects of language. Vocabulary. xviii + 192pp. 5 x 7½. 

Clothbound $1.75 

COLLOllU IAL GERMAN, P. F. Doring. Intensive thorough coverage of grammar in easily-followed 
form. Excellent for brush-up, with hundreds of colloquial phrases. 34 pages of blllngual 
texts. 224pp. 5 x 7½. Clothbound $1.75 

COLLOllUIAL SPANISH, W. R. Patterson. Castilian grammar and col loquial language, loaded 
with bilingual phrases and col loquialisms. Excellent for review or self-study. 164pp. 5 x 7½. 

Clothbound $1.75 

COLLOllU IAL FRENCH, W. R. Patterson. 16th revised edition of this extremely popular manual. 
Grammar explained with model clarity, and hundreds of useful expressions and phrases; 
exercises, reading texts, etc. Appendixes of new and useful words and phrases. 223pp. 
5 x 7½. Clothbound $1.75 
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DOVER SCIENCE BOOKS 
COLLOQUIAL PERSIAN, L. P. Elwell-Sutton. Best Introduction to modern Persian, wi th 90 page 
grammatical section followed by conversations, 35 page vocabulary. 139pp. Clothbound $1.75 

COLLOQUIAL CZECH, J. Schwarz, former headmaster of Lingua Institute, Prague. Full easily 
followed coverage of grammar, hundreds of immediately useable phrases, texts. Perhaps the 
best Czech grammar in print. "An absolutely successful textbook,'' JOURNAL OF CZECHO­
SLOVAK FORCES IN GREAT BRITAIN. 252pp. 5 x 7½. Clothbound $2.50 

COLLOQUIAL RUMANIAN, G. Nandris, Professor of University of London. Extremely thorough 
coverage of phonetics, grammar, syntax; also included 70 page reader, and 70 page vocabulary. 
Probably the best grammar for this increasingly important language. 340pp. s x 7½. 

Clothbound $2.50 

COLLOQUIAL ITALIAN, A. L. Hayward. Excellent self-study course in grammar, vocabular y, 
idioms, and reading. Easy progressive lessons wi ll gi ve a good working knowledge of Italian 
in the shortest possible time. 5 x 7½. Clothbound $1.75 

MISCELLANEOUS 

TREASURY OF THE WORLD'S COINS, Fred Reinfeld. Finest general introduction to numis­
matics; non-technical, thorough, always fascinating. Coins of Greece, Rome, modern coun­
tries of every continent, primitive societies, such oddities as 200-lb stone money of Yap, 
nail coinage of New England; all mirror man's economy, customs, religion, politics, phi los­
ophy, art. Entertaining, absorbing study; novel view of history. Over 750 i llustrations. 
Table of value of coins Illustra ted. List of U.S. coin clubs. 224pp. 61/2 x 9¼. 

T433 Paperbound $1.75 

ILLUSIONS AND DELUSIONS OF THE SUPERNATURAL AND THE OCCULT, D. H. Rawcliffe. Ra­
tionally examines hundreds of persistent delusions including witchcraf t , trances, mental 
healing, peyotl, poltergeists, stigmata, lycanthropy, live burial, auras, Indian rope trick, 
spiritualism, dowsing, telepathy, ghosts, ESP, etc. Explains, exposes mental, physical de­
ceptions involved, making this not only an expos~ of supernatural phenomena, but a valuable 
exposition of characteristic types of abnormal psychology. Originally "The Psychology of 
the Occult." Introduction by Julian Huxley. 14 illustrations. 55lpp. 5¾ x 8. 

T503 Paperbound $2.00 

HOAXES, c. D, MacDougall. Shows how art, science, history, journal ism can be perverted · 
for private purposes. Hours of delightful entertainment, a work of scholarly value, often 
shocking. Hamines nonsense news, Cardiff giant , Shakespeare forgeries, Loch Ness monster, 
biblical frauds, political schemes, l iterary hoaxers like Chatterton, Ossian, dlsumbrationist 
school of painting, lady in black at Valentino's tomb, over 250 others. Wi ll probably reveal 
truth about few things you've bel ieved, will help you spot more easily the editorial 
"gander" or planted publici ty release. "A stupendous collection . . . and shrewd analysis," 
New Yorker. New revised edition. 54 photographs. 320pp. 51/e x 8. T465 Paperbound $1.75 

YOGA: A SCIENTIFIC EVALUATION, Kovoor T. Behanan. Book that for first time gave Western 
readers a sane, scientific explanation, analysis of yoga. Author draws on laboratory 
experiments, personal records of year as disciple of yoga, lo investigate yoga psychology, 
physiology, "supernatural" phenomena, ability to plumb deepest human powers. In this 
study under auspices of Yale University Institute of Human Relations, strictest principles 
of physiological, psychological inquiry are followed. Foreword by W. A. Miles, Yale University. 
17 photographs. xx + 270pp. 5¾ x 8. T505 Paperbound $1.65 

Write for free catalogs l 
Indicate you1· field ?f interest. Dover publishes books on physics, earth 
sciences, mathematics, engineering, chemistry, astronomy, anthropol­
ogy, biology, psychology, philosophy, religion, history, literature, 1nath-
1Jmatical recreations, languages, crafts, art, graphic arts, etc. 

Science B 

Write to Dept. catr 
Dover Publications, Inc. 
180 Varick St., N. Y. 14, N. Y. 
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KINETIC THEORY OF LIQUIDS 
by J. Frenkel 

"Each of its topics is discussed in a simple yet deeply penetrating 
fashion . . . this book should be particularly useful to a wide variety 
of chemists. The ideas which Frenkel has expressed will serve as 
seeds for a great many basic and applied developments." J. 0. 
Hirsc~felder, JOURNAL OF AMERICAN CHEMICAL SOCIETY. 

"Most seasonable, does a great service." MATHEMATICAL REVIEWS. 

This is the first inexpensive edition of a modern classic first pub­
lished by Oxford University Press in 1946. It is distinguished from 
previous studies in regarding the kinetic theory of liquids as a 
generalization and extension of that of solid bodies. 

Written by one of the pioneers in the study of solid lattice defects, 
it attempts a unified theory of both solids and liquids. The first chap­
ters consider solids, analyzing changes and additions necessary in 
the classical theory of crystal lattice, while the rema ining chapters 
deal with the liquid state: properties of liquids, mechanism of 
fusion, heat motion, orientation and rotational motion of molecules 
in liquids, kinetics of phase transition, and properties of solutions 
and high polymeric substani:es. 

Valuabl'e analyses are offered of specific heat of liquids, diffusion, 
kinetics of lattice distortions, hole formation, hypersonic. waves in 
liquids, crystallization processes, mechanical and thermodynamic 
properties of rubber-like substances, elasticity, and meny other im­
portant topics. Mathematical theory is ~eveloped clearly and close 
to the physica l subject matter. 

Index. 55 figures. 216 footnotes, mostly bibliographic. xi + 485pp. 
53/s x 8. Paperbound $2.45 



Arr You m 1Jove1·'s M aiU11g· I.J_st! 

ALMOST 30,000 sricntisu. science teachers, 
and science studcntSreceive DO\·er's money­
saving catalogs and new-book announce­
ments regularly, H you also want to be 
posted on these unusual book bargains-all 
of which arc available through }'OUT book­
<il·aler-send your name and address to 

Dover Publicatio11s, Inc., 920 Broadway, 
New York 10, N. Y. Please indicate which 
of the following fields interest you the 
most: Mathematics, Physics, Radio Engineer­
ing, Electrical Engineering, Mechanical 
Engineering, Earth Sciences, Aeronautical 
Engineering, Chemistry, a'tt Chemica I En­
gineering. 
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